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PREFACE TO THE THIRD EDITION 


I HAVE taken the opportunity afforded by the need for a new 

edition to subject the whole work to a careful revision, and to 
introduce a considerable amount of new matter. In Chapter 1 
I have inserted a theory of the lengths of circular arcs, and of 
the areas of circular sectors, based upon arithmetic definitions 
of their measures. Much of that part of the work which deals 
with Analytical Trigonometry has been re-written. Proofs of the 
transcendency of the numbers e and 7 have been introduced into 
Chapter xv. It is hoped that the proof there given of the 
impossibility of “squaring the circle” will prove of interest 
to many readers to whom a detailed discussion of this very 
interesting result of modern Analysis has hitherto not been 
readily accessible. 


EK. W. HOBSON. 


Curist’s CoLLEGE, CAMBRIDGE, 
October, 1911. 


PREFACE TO THE FOURTH EDITION 
In this edition a few errors in the text have been corrected. 


E. W. HOBSON. 


Curist’s CoLLEGE, CAMBRIDGE, 
December, 1917. 


PREFACE TO THE FIRST EDITION 


if2 the present treatise, I have given an account, from the 

modern point of view, of the theory of the circular functions, 
and also of such applications of these functions as have been 
usually included in works on Plane Trigonometry. It is hoped 
that the work will assist in informing and training students of 
Mathematics who are intending to proceed considerably further in 
the study of Analysis, and that, in view of the fulness with which 
the more elementary parts of the subject have been treated, the 
book will also be found useful by those whose range of reading is 
to be more limited. 

The definitions given in Chapter 11, of the circular functions, 
were employed by De Morgan in his suggestive work on Doubla 
Algebra and Trigonometry, and appear to me to be those from 
which the fundamental properties of the functions may be most 
easily deduced in such a way that the proofs may be quite 
general, in that they apply to angles of all magnitudes. It will 
be seen that this method of treatment exhibits the formulae for 
the sine and cosine of the sum of two angles, in the simplest 
light. merely as the expression of the fact that the projection of 
the hypothenuse of a right-angled triangle on any straight line in 
its plane is equal to the sum of the projections of the sides on 
the same line. 

The theorems given in Chapter vil have usually been deferred 
until a later stage, but as they are merely algebraical consequences 
ot the addition theorems, there seemed to be no reason why they 
should be postponed 
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A strict proof of the expansions of the sine and cosine of an 
angle in powers of the circular measure has been given in 
Chapter vii1; this is a case in which, in many of the text books 
in use, the passage from a finite series to an infinite one is made 
without any adequate investigation of the value of the remainder 
after a finite number of terms, simplicity being thus attained at 
the expense of rigour. It may perhaps be thought that, at this 
stage, I might have proceeded to obtain the infinite product 
formulae for the sine and cosine, and thus have rounded off the 
theory of the functions of a real angle; for convenience of 
arrangement, however, and in order that the geometrical appli- 
cations might not be too long deferred, the investigation of these 
formulae has been postponed until Chapter XVII. 

As an account of the theory of logarithms of numbers is given 
in all works on Algebra, it seemed unnecessary to repeat it here; 
I have consequently assumed that the student possesses a know- 
ledge of the nature and properties of logarithms, sufficient for 
practical application to the solution of triangles by means of 
logarithmic tables. 

In Chapter xu, I have deliberately omitted to give any 
account of the so-called Modern Geometry of the triangle, as it 
would have been impossible to find space for anything like a 
complete account of the numerous properties which have been 
recently discovered; moreover many of the theorems would be 
more appropriate to a treatise on Geometry than to one on 
Trigonometry. 

The second part of the book, which may be supposed to 
commence at Chapter XIII, contains an exposition of the first 
principles of the theory of complex quantities; hitherto, the very 
elements of this theory have not been easily accessible to the 
English student, except recently in Prof. Chrystal’s excellent 
treatise on Algebra. The subject of Analytical Trigonometry 
has been too frequently presented to the student in the state in 
which it was left by Euler, before the researches of Cauchy, Abel, 
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Gauss, and others, had placed the use of imaginary quantities 
and especially the theory of infinite series and products, where 
real or complex quantities are involved, on a firm scientific basis. 
In the Chapter on the exponential theorem and logarithms, 
I have ventured to introduce the term “generalized logarithm” 
for the doubly infinite series of values of the logarithm of a 
quantity. 

I owe a deep debt of gratitude to Mr W. B. Allcock, Fellow 
of Emmanuel College, and to Mr J. Greaves, Fellow of Christ’s 
College, for their great kindness in reading all the proofs; their 
many suggestions and corrections have been an invaluable aid to 
me. I have also to express my thanks to Mr H. G. Dawson, 
Fellow of Christ’s College, who has undertaken the laborious 
task of verifying the examples. My acknowledgments are due 
to Messrs A. and ©. Black, who have most kindly placed at my 
disposal the article “Trigonometry” which I wrote for the 
Encyclopedia Britannica. 

During the preparation of the work, I have consulted a large 
number of memoirs and treatises, especially German and French 
ones. In cases where an investigation which appeared to be 
private property has been given, I have indicated the source. 

I need hardly say that I shall be very grateful for any 
corrections or suggestions which I may receive from teachers 


or students who use the work. 


E. W HOBSON. 


Curist’s CoLLEGr, CAMBRIDGE 
? ? 
March, 1891, 
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CHAPTER I. 
THE MEASUREMENT OF ANGULAR MAGNITUDE. 


1. THE primary object of the science of Plane Trigonometry 
is to develope a method of solving plane triangles. A plane 
triangle has three sides and three angles, and supposing the 
magnitudes of any three of these six parts to be given, one at 
least of the three given parts being a side, it is possible, under 
certain limitations, to determine the magnitudes of the remaining 
three parts; this is called solving the triangle. We shall find 
that in order to attain this primary object of the science, it will be 
necessary to introduce certain functions of an angular magnitude ; 
ard Plane Trigonometry, in the extended sense, will be under- 
stood to include the investigation of all the properties of these 
so-called circular functions and their application in analytical and 
geometrical investigations not connected with the solution of 


triangles. 


The generation of an angle of any magmtude. 


2. The angles considered in Kuclidean Geometry are all less 
than two right angles, but for the purposes of Trigonometry it is 
necessary to extend the conception of angular magnitude so as to 
include angles of all magnitudes, positive and negative. Let OA 
be a fixed straight line, and let a straight line OP, initially coinci- 
dent with OA, tarn round the point O in the counter-clockwise 
direction, then as it turns, it generates the angle AOP; when OP 
reaches the position 0.4’, it has generated an angle equal to two 
right angles, and we may suppose it to go on turning in the same 
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direction until it is again coincident with OA; it has then turned 
through four right angles; we may then suppose OP to go on 


turning in the same direction, and in fact, to make any number 
of complete turns round Q; each time it makes a complete 
revolution it describes four right angles, and if it stop in any 
position OP. it will have generated an angle which may be of 
any absolute magnitude, according to the position of P. We 
shall make the convention that an angle so described is positive, 
and that the angle described when OP turns in the opposite or 
clockwise direction is negative. This convention is of course 
perfectly arbitrary, we might, if we pleased, have taken the 
clockwise direction for the positive one. In accordance with 
our convention then, whenever OP makes a complete counter- 
clockwise revolution, it has turned through four right angles 
reckoned positive, and whenever it makes a complete clockwise 
revolution, it has turned through four right angles taken negatively. 


As an illustration of the generation of angles of any magnitude, we may 
consider the angle generated by the large hand of a clock. Each hour, this 
hand turns through four right angles, and preserves no record of the number 
of turns it has made; this, however, is done by the small hand, which only 
turns through one-twelfth of four right angles in the hour, and thus enables 
us to measure the angle turned through by the large hand in any time less 
than twelve hours. In order that the angles generated by the large hand 
may be positive, and that the initial position may agree with that in our 
figure, we must suppose the hands to revolve in the opposite direction to that 


in which they actually revolve in a clock, and to coincide at three o'clock 
instead of at twelve o’clock. 
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3. Supposing OP in the figure to be the final position of 
the turning line, the angle it has described in turning from the 
position OA to the position OP may be any one of an infinite 
number of positive and negative angles, according to the number 
and direction of the complete revolutions the turning line has 
made, and any two of these angles differ by a positive or negative 
multiple of four right angles. We shall call all these angles 
bounded by the two lines OA, OP coterminal angles, and denote 
them by (OA, OP); the arithmetically smallest of the angles 
(OA, OP) is the Euclidean angle AOP, and all the others are 
got by adding positive or negative multiples of four right angles 
to the algebraical value of this. 


The numerical measurement of angles. 


4. Having now explained what is meant by an angle of any 
positive or negative magnitude, the next step to be made, as 
regards the measurement of angles, is to fix upon a system for 
their numerical measurement. In order to do this, we must 
decide upon a unit angle, which may be any arbitrarily chosen 
angle of fixed magnitude; then all other angles will be measured 
numerically by the ratios they bear to this unit angle. The 
natural unit to take would be the nght angle, but as the angles 
of ordinary size would then be denoted by fractions less than 
unity, it is more convenient to take a smaller angle as the unit. 
The one in ordinary use is the degree, which is one ninetieth 
part of a right angle. In order to avoid having to use fractions 
of a degree, the degree is subdivided into sixty parts called 
minutes, and the minute into sixty parts called seconds. Angles 
smaller than a second are denoted as decimals of a second, 
the third, which would be the sixtieth part of a second, not 
being used. An angle of d degrees is denoted by d*, an angle 
of m minutes by m’, and an angle of m seconds by n’, thus 


, “ 


an angle d°m’n” means an angle containing d degrees + m 


d m i n 
90 + 90.60" 90.60.60 


minutes + seconds, and is equal to 


of a right angle. 
This system of numerical measurement of angles is called 
the sexagesimal system. For example, the angle 23°14’ 56-4 
14 564 


23 ; 
AA a el 9 th Sil ale ee ht le, 
denotes 90 50 . 60 90. 50. 60 of a rig angle 
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It has been proposed to use the decimal system of measurement of angles. 
Jn this system the right angle is divided into a hundred grades, the grade 
into a hundred minutes, and the minute into a hundred seconds; an angle of 
g grades, m minutes and x seconds is then written g% m' x“. For example, 
the angle 138 97° 4°*2 is equal to 13°97042 of a right angle. This system has 
however never come into use, principally because it would be inconvenient in 
turning time into grades of longitude, unless the day were divided differently 
than it is at present. The day might, if the system of grades were adopted, 
be divided into forty hours instead of twenty-four, and the hour into one 
hundred minutes, thus involving an alteration in the chronometers; one 
of our present hours of time corresponds to a difference of 50/3 grades of 
longitude, which being fractional is inconvenient. 

It is an interesting fact that the division of four right angles into 360 
parts was used by the Babylonians; there has been a good deal of speculation 
as to the reason for their choice of this number of subdivisions. 


The circular measurement of angles. 


5. Although, for all purely practical purposes, the sexagesimal 
system of numerical measurement of angles is universally used, 
for theoretical purposes it is more convenient to take a different 
unit angle. In any circle of centre O, suppose AB to be an arc 


Ie B 


whose length is equal to the radius of the circle; we shall shew 
that the angle AOB is of constant magnitude independent of 
the particular circle used; this angle is called the Radian or 
unit of circular measure, and the magnitude of any other angle 
is expressed by the ratio which it bears to this unit angle, this 
ratio being called the circular measure of the angle. 
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6. In order to shew that the Radian is a fixed angle, we shall 
assume the following two theorems : 


(a) In the same circle, the lengths of different arcs are to one 
another in the same ratio as the angles which those arcs subtend 
at the centre of the circle. 


(6) The length of the whole circumference of a circle bears 
to the diameter a ratio which is the same for all circles. 


The theorem (a) is contained in Euclid, Book vi. Prop. 38, and 
we shall give a proof of the theorem (0) at the end of the present 
Chapter. From (a) it follows that 

arc AB Yee: 
circumference of the circle 4 right angles’ 


Since the arc AB is equal to the radius of the circle, the first 
of these ratios is, according to (6), the same in all circles, conse- 
quently the angle AOB is of constant magnitude independent of 
the particular circle used. 


7. It will be shewn hereafter that the ratio of the circum- 
ference of a circle to its diameter is an irrational number; that 
is, we are unable to give any integers m and n such that m/n is 
‘exactly equal to the ratio. We shall, in a later Chapter, give an 
account of the various methods which have been employed to 
calculate approximately the value of this ratio, which is usually 
denoted by 7. At present it is sufficient to say that 7 can only 
be obtained in the form of an infinite non-recurring decimal, and 
that its value to the first twenty places of decimals is 


3'14159265358979329846. 


For many purposes it will be sufficient to use the approximate value 


314159. The ratios 2 = 3142807, a3 = 31415929... may be used as approxi- 


mate values of 7, since they agree with the correct value of w to two and six 
places of decimals respectively. 


8. We have shewn that the radian is to four right angles 
in the ratio of the radius to the circumference of a circle; the 


radian is therefore z xa right angle; remembering then that 
T 


a right angle is 90°, and using the approximate value of 7, 
3:1415927, we obtain for the approximate value of the radian 
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in degrees, 57°2957796, or reducing the decimal of a degree to 
minutes and seconds, 57°17’ 44°81. 


The value of the radian has been calculated by Glaisher to 41 places of 
decimals of a second!, The value of 1/m has been obtained to 140 places of 
decimals?. 


9. The circular measure of a right angle is 47, and that of 
two right angles is 7; and we can now find the circular measure 
of an angle given in degrees, or vice versa; if d be the number of 
degrees in an angle of which the circular measure is 6, we have 
6 =—_ 

a 180’ 


angle to two right angles; thus a" is the circular measure of 


for each of these ratios expresses the ratio of the given 


an angle of d degrees, and a @ is the number of degrees in an 


angle whose circular measure is 0; if an angle is given in degrees, 
minutes, and seconds, as d° m' n”, its circular measure is 


(d + m/60 + n/3600) 7/180. 


The circular measure of 1° is 01745329..., of 1’ is °0002908882..., and 
that of 1” is ‘000004848137....... 


10. The circular measure of the angle AOP, subtended at the 
are AP 


centre of a circle by the arc AP, is equal to ———— for 


radius of circle’ 
are AP ZAOP 


this ratio is equal to sro AB 2 AOB’ 


The arc AP may be greater than the whole circumference and 
may be measured either positively, or negatively, according to the 
direction in which it is measured from the starting point A, so 
that the circular measure of an angle of any magnitude is the 
measure of the are which subtends the angle, divided by the 
radius of the circle. The length of an arc of a circle of radius r 
is r@, where @ is the circular measure of the angle the arc 
subtends at the centre of the circle. The whole circumference 
of the circle is therefore 27r. 


» On the calculation of the value of the theoretical unit angle to a great number 
of places. Quarterly Journal, Vol. rv. 
2 See Grunert’s Archiv, Vol. 1., 1841, 
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The length of a circular are. 


11. It has been assumed above that the length of a circular 
arc is a definite conception, and that it is capable of numerical 
measurement; this matter will be now investigated. The primary 
notion of length is that of a linear interval, or finite portion of a 
straight line; and the notion of the length of an arc of a curve, for 
example of a circular arc, must be regarded as derivative. That 
a given finite portion of a straight line has a length which can be 
represented by a definite rational or irrational number, dependent 
upon an assumed unit of length, will be here taken for granted. 
In order to define the length of a circular are AB, we proceed as 


follows: Let a number of points of division A,, A»,... An of the 
arc AB be assigned, and consider the unclosed polygon 


A An A pee amine 


the sum of the lengths of the sides AA,+A,A,+...+AnB of 
this polygon has a definite numerical value p,. Next let a new 
polygon AA,’ A,’... Aw’B, where n’>n, be inscribed in the are 
AB, the greatest side of this polygon being less than the greatest 
side of 4.A,A,....B; let the sum of the sides of this new unclosed 
polygon be p,. Proceeding further by successive subdivision of 
the arc AB, we obtain a sequence of inscribed unclosed polygons 
of which the lengths are denoted by the numbers py, ps, ++. Pn) «++ 
of a sequence which may be continued indefinitely. In case the 
number p, has a definite limit J, independent of the mode of the 
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successive sub-divisions of the are AB, that mode being subject 
only to the condition that the greatest side of the unclosed polygon 
corresponding to p,, becomes indefinitely small as n is indefinitely 
increased, then the are AB is said to have the length J. In order 
to shew that a circular arc has a length, it is necessary to shew 
that this limit J exists, and this we proceed to do. It is clear 
from the definition that, if ABC be an are, then if AB, BC have 
definite lengths, so also has AC; and that the length of ABC is 
the sum of the lengths of the arcs AB, BC. It will therefore be 
sufficient to shew that an arc which is less than a semicircle has a 
definite length. In the first place we consider a particular 
sequence of polygons such that the corners of each polygon are 
also corners of all the subsequent polygons of the sequence. 
Denoting by P,, Ps,... Pn... the lengths of these unclosed 
polygons, it can be shewn that 


Pech GN, Ses Se a 


for, by elementary geometry, it is seen that A,A,,, is less than the 
sum of the sides of an unclosed polygon which joins A,, A,4. 
Again all the numbers P,, Ps,...Pn,... are less than a fixed 
number. For let 7'A, 7'B be the tangents at A, B the ends of 
the arc, and draw A,, A,@,... An ~4,-, parallel to BT, and also 
draw A,§,, A;82,... An+Pn—+ parallel to AZ. We have then 


AA, <Aa,+A,a, #4 Aa,+7B,, and A,A, <a +B,A, &e.; 
hence AA,+A,A,+...+An,B< AT+BT, 
therefore Pye Ak Br 


In accordance with a fundamental principle in the theory of 
limits, since the sequence P,, P,,... Py,... of numbers is such that 
each one is less than the next one, and such that all of them are 
less than a fixed number, the sequence has a limit J, which is such 
that, if % be an arbitrarily chosen positive number, as small as we 
please, from and after some value m of n, all the numbers P, 
differ from J by less than e. 

To shew that if p,, po,...Pn,... are the lengths of any se- 
quence of unclosed polygons whatever joining A, B, not subject 
to the condition that the corners of each polygon are also corners 
of all the subsequent ones, but subject only to the condition that 
the greatest side of the nth polygon decreases as n increases, and 
has zero for its limit, we compare such a sequence with the special 
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sequence considered above, and which has been shewn to have a 
definite number / as the limit of the lengths of the polygons 
Consider a polygon AA, A,... A,B of the sequence whose lengths 
are P,, P.,..., so far advanced that its length is greater than 
t—e. An integer n’ can be determined, such that, if n 2 n’, the 
polygon Aafy,...«, ....B of which the length is p, has its greatest 
side less than the least side of 4A,A,...A,,B and also less than 
e/2r. Some of the points a, 8, y,... are then in each of the ares 
AA,, A,A,,.... Leta, B, y be in AA,; then 


AataB+ By+y4,>AA,. 


Using this and the similar inequalities 4,8+ 5e+...+«A >A,A,, 
we have by addition, and remembering that yA,, A,6,... are all 
less than ¢/2r, pate >AA,+4,4,+...+A,,B>1—e, there- 
fore pn>t—2e, provided nZn’, Next consider a polygon 
AA,'A, A, ... B, of the sequence whose lengths are P,, P,,..., 
so far advanced that the greatest side is less than the least side 
of Aa®y...«B, and also less than e/2s, where s is the number of 
sides in this latter polygon; as before we see that 
pr<e+AA, +A A, +;..<l+e. 
It has now been shewn that, if n Zn’, p, lies between 1+ e and 
!—2e, and therefore differs from J by less than 2e. Since e¢ is 
arbitrarily chosen, and to each value of it there corresponds an 
integer n’, it has been shewn that p, has the same limit J, when 
n is indefinitely increased, as for the special sequence of polygons 
first considered. 

It has now been shewn that the length of a circular are is 
measured by a definite number, a unit of length being assumed. 

The circumference C of the whole circle is itself given as the 
limit of the perimeters of a sequence of inscribed closed polygons, 
such that the greatest of the sides becomes indefinitely small as 
the sequence proceeds. 

That the lengths of different arcs of the same circle are to one 
another as the angles subtended by those arcs at the centre of the 
circle may now be established as in Euclid, Book vi. Prop. 33. 

To prove that the circumferences of circles vary as their 
diameters, let us consider two circles of which the diameters are 
dandd’. If two similar polygons be inscribed in the circles, it 
follows from the properties of similar rectilineal figures that the 
perimeters of these polygons are to one another in the ratio of d 
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to d’. The circumferences ( and C' of the circles may be taken 
to be the limits of the perimeters pn, Pn of two sequences of 
polygons sueh that the polygon corresponding to pp is for each 
value of n similar to the polygon corresponding to pp. Since 
Pn: Pr =a: d’, it follows that the ratio of the limit of p, to that 
of the limit of pp’ is equal to the ratio of d: d’; and therefore 


C:C=d:d 
The area of a sector of a circle. 


12. The area of the sector OAB of a circle, with centre O, 
bounded by the arc AB is defined to be the limit of the sum of 
the areas of the triangles OAA,, 0A,A;,...O0An4B, when the 
number of sides of the polygon AA,A,,...B is increased indefi- 
nitely and the greatest of its sides is diminished indefinitely, as 
explained in §11. It must be proved that this limit exists as a 
definite number. 

Let 41, a,--- Gn be the lengths of the perpendiculars from O 
on the sides AA,, A, A;,... A,B; then the sum of the areas of 
the triangles is $(q,. AA, + q..A:;Ao+-..+9n-An48), and this 
lies between $q’. p, and 4q’pn; where q and q” are the greatest 
and least of the numbers q, ga,--- Gn, and py, is the sum of the 
sides of the polygon. The limit of pp exists as the length of the 
arc AB; also the two numbers q’, q” have one and the same 
limit, the radius of the circle, since they differ from this radius by 
less than half the greatest side of the polygon. Therefore the 
area of the sector is a definite number, equal to half the product 
of the radius r of the circle, and the length r@ of the arc AB; 
where @ is the circular measure of the angle AOB. Thus area 
AOB=}r0. The whole circle is a sector of which the bounding 


arc is the whole circumference; hence the area of the whole circle 
is 7r, 


EXAMPLES ON CHAPTER Tf, 


1. What must be the unit of measurement, that the numerical measure 
of an angle may be equal to the difference between its numerical measures as 
expressed in degrees and in circular measure ? 


2. Ifthe measures of the angles of a triangle referred to 1°, 100’, 10000” 
as units be in the proportion of 2, 1, 3, find the angles, 
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3. Find the number of degrees in an angle of a regular polygon of n sides 


(1) when it is convex, (2) when its periphery surrounds the inscribed circle m 
times. 


4. Two of the angles of a triangle are 52° 53’51”, 418 22° 50“ respectively ; 
find the third angle. 


5. Find, to five decimal places, the arc which subtends an angle of 1° at 
the centre of a circle whose radius is 4000 miles. 


6. An angle is such that the difference of the reciprocals of the number 
of grades and degrees in it is equal to its circular measure divided by 2r ; 
find the angle. 


7. The angles of a plane quadrilateral are in a.p. and the difference of 
the greatest and least is a right angle; find the number of degrees in each 
angle and also the circular measure. 


8. In each of two triangles the angles are in a.p.; the least angle of one 
of them is three times the least angle in the other, and the sum of the 
greatest angles is 240°; find the circular measure of the angles. 


9. If an arc of 10 feet ona circle of eight feet diameter subtend at the 
centre an angle 143° 14’ 22”, find the value of m to four decimal places. 


10. Find two regular figures such that the number of degrees in an 
angle of the one is to the number of degrees in an angle of the other as the 
number of sides in the first is to the number of sides in the second. 


11. ABC is a triangle such that, if each of its angles in succession be 
taken as the unit of measurement, and the measures formed of the sums of 
the other two, these measures are in A.P. Shew that the angles of the 
triangle are in H.p. Also shew that only one of these angles can be greater 
than % of a right angle. 


12. Shew that there are eleven and only eleven pairs of regular polygons 
which are such that the number of degrees in an angle of one of them is 
equal to the number of grades in an angle of the other, and that there are 
only four pairs in which these angles are expressed by integers. 


13. The apparent angular diameter of the sun is half a degree. A planet 
is seen to cross its disc in a straight line at a distance from its centre equal 
to three-fifths of its radius. Prove that the angle subtended at the earth, by 
the part of the planet’s path projected on the sun, is 7/450. 


CHAPTER II. 


THE MEASUREMENT OF LINES. PROJECTIONS. 


13. IF it is required to measure a given length along a given 
straight line, supposed indefinitely prolonged in both directions, 
starting from any assumed point, the question arises, in which 
direction is the given length to be measured off. In order to avoid 
ambiguity, we agree that to lengths measured along the straight 
line in one direction a positive number shall be assigned, and 
consequently in the other direction a negative number; it is 
necessary then in such a straight line to assign the positive 
direction. Suppose, in the figure, we agree that lines measured 


A phe ees, 


from left to right shall be considered to have a positive measure ; 
the length AB is then measured positively, and the length BA 
negatively, or AB=— BA. 


14. If C be any third point anywhere on the straight line, we 
shall have AB= AC + OB, for example if, as in the figure, C lies 
beyond B, the line CB is negative, and therefore its numerical 
length is subtracted from that of AC. The sum of the measures 
of the lengths of any number of such straight lines generated 
by a pomt which starts at A and finishes its motion at B is 
accordingly equal to that of AB. 


15, When, as in Art. 2, an angle is generated by a straight 
line OP turning from an initial position 0.4, we shall suppose 
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that, whilst turning, the positive direction in the line 0 P remains 
unaltered, thus the angle which has been generated in any position 
of OP is the angle between the two positive directions of the 


D 


A B 


bounding lines. It follows, that if AB, CD are the positive 
directions in two straight lines, the angle between AB and DC 
differs by two right angles from the angle between AB and OD, 
for a line revolving from the position AB must turn through an 
angle, in order to coincide with DC, 180° greater or less than the 
angle it must turn through in order to coincide with CD. 

If we consider all the coterminal angles bounded by AB and 
CD, and by AB and DC, respectively, we shall have (AB, CD) 
= (AB, DC)+ 180°, the angles being all measured in degrees. 


16. When a straight line moves parallel to itself, we shall 
suppose its positive direction to be unaltered, so that if AB, CD 
are non-intersecting straight lines, the angle between them is equal 
to the angle between AB and a straight line drawn through A 
parallel to CD. For ordinary geometrical purposes, the angle 
between AB and CD is the smallest angle between AB and this 
parallel, irrespective of sign. 


Projections. 


17. If from the extremities P, Q of any straight line PQ 
perpendiculars PM, QN be drawn to any straight line AB, the 
portion MN, with its proper sign, is called the projection of the 
straight line PQ on the straight line AB. It should be noticed 
that PQ and AB need not necessarily be in the same plane. The 
projection of QP is NM, and has therefore the opposite sign to 
that of PQ. 
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If the points P and Q be joined by any broken line, such as 
PpgqrQ, the sum of the projections of Pp, pq, gr, 7Q on AB is equal 


r Q 


A m M 8 NV n B 


to the projection of PQ on AB. For the sum of the projections 
is Mm+mn+ns+sN, which is, according to Art. 14, equal to 
MN. We obtain thus the fundamental property of projections. 
The sum of the projections on any fixed straight line, of the parts 
of any broken line joining two points P and Q, depends only upon 
the positions of P and Q, being independent of the manner in which 
P and Q are joined. 


A particular case of this proposition is the following: 


The swm of the projections on any straight line, of the sides, 
taken in order, of any closed polygon, ts zero. If, in the above figure, 
the points P and Q coincide, the broken line joining them becomes 
a closed polygon, and since the projection of PQ is zero, the sum of 
the projections of the sides, taken in order, of the polygon, is also 
zero. The polygon is not necessarily plane, and may have any 
number of re-entrant angles. 


CHAPTER III. 


THE CIRCULAR FUNCTIONS. 
Definitions of the circular functions. 


18. HaviNG now explained the manner in which angular and 
linear magnitudes are measured, we are in a position to define the 
Circular Functions or Trigonometrical Ratios. Suppose an angle 
AOP of any magnitude A, to be generated as in Art. 2, by the 


f, 


revolution of OP from the initial position 0A, remembering the 
convention made as to the sign of angles. Let B’OB be drawn 
perpendicular to A’OA; we suppose the positive directions in 
A’OA and BOB to be from 0 to A and O to B respectively. We 
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also remember the convention made in Art. 15, as to the positive 
direction of the revolving line. 


The ratio of the projection of OP on the initial line, to the length 
OP, is called the cosine of the angle A, and is denoted by cos A. 


The ratio of the projection of OP on the straight line OB which 
makes an angle + 90° with the initial line, to the length OP, is called 
the sine of the angle A, and is denoted by sin A. 


The ratio of the projection of OP on OB, to tts projection on OA, 
is called the tangent of the angle A, and is denoted by tan A. 


The ratio of the projection of OP on OA, to its projection on OB, 
ts called the cotangent of the angle A, and is denoted by cot A. 


The ratio of OP, to rts projection on OA, is called the secant of 
the angle A, and is denoted by sec A. 


The ratio of OP, to ats projection on OB, is called the cosecant of 
the angle A, and is denoted by cosec A. 


Thus we have 


OM 2 ON ON 
cos A =p » sin A=p5) tanA=Fa7 
ota oe, ceo A = 74, cosee A= OF. 


When each of the lengths in the ratios is taken with its proper 
sign, the sign of OP is always positive, but those of OM, OWN are 
each positive or negative according to the magnitude of the angle 
A. It should be observed that MP is equal to, and of the same 
sign as ON, so that 


and oo tan A = AP OM OP 


v1 
OP” OM’ cot A=, cosec A = 775. 
In the figure, the angle A has four different magnitudes AOP,, 
AOP,, AOP;, AOP,, corresponding to the four positions P,, P,, 


eyed g00l nee 


The projection of any positive or negative length AB, on a straight line 
CD, is obtained by multiplying the length AB taken with its proper sign 
by the cosine of the angle between the positive directions of the lines on 
which AB and CD lie; the projection is thus given with its proper sign. 

It should be observed that since OP, in the figure, always retains the 
positive sign as it revolves from the position 0.4, when it coincides with 0A’ 
it has the opposite sign to that of OA’. 
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19. The six ratios defined above are the six Circular 
Functions, called also Trigonometrical Ratios or Trigonometrical 
Functions. Each of them depends only upon the magnitude of the 
angle A, and not upon the absolute length of OP. This follows 
from the property of similar triangles, that the ratios of the sides 
are the same in all similar triangles, so that when OP is taken of 
a different length, we have the same ratios as before for the same 
angle. These six ratios are then functions of the angular magni- 
tude A only; we may suppose A to be measured either in the 
sexagesimal system or in circular measure. For convenience, we 
shall in general use large letters A, B, C,... for angles measured in 
degrees, minutes and seconds, and small letters a, 8, 0, ¢,... for 
angles measured in circular measure; so that, for example, sin A 
denotes the sine of the angle of which A is the measure in degrees, 
minutes and seconds, and sina is the sine of the angle of which 
a is the circular measure. To these six circular functions two 
others may be added, which are sometimes used, the versine written 
versin A, and the coversine written coversin A ; these are defined 
by the equations versin A = 1—cos A, coversin A =1-—sin A. 

The versine and coversine are used very little in theoretical 
investigations, but the versine occurs very frequently in the 
formulae used in navigation, 


20. In the case of an acute angle, the definitions of the 
circular functions may be put into the following form. Let P 


A Nv P 


be any point in either of the bounding lines of the given angle ; 
draw PN perpendicular to the other bounding line, we have then 
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the right-angled triangle PAN, of which the angle PAN is the 
given one A. 


Cos A is then defined as 


side adjacent to A 
hypothenuse 


side opposite to A 


eee hypothenuse 


> 


side opposite to A 
side adjacent to A’ 


side adjacent to A 
side opposite to A’ 


tan A as cot A as 


hypothenuse 
side adjacent to A’ 


hypothenuse 


gL side opposite to A* 


sec A as 


21. Until recently, the circular functions of an angle were defined, not as 
ratios, but as lengths having reference to arcs of a circle of specified size. If 
PA be an arc of a given circle, let PV be drawn perpendicular to OA, and let 


‘Pl 


PT be the tangent at P; the line PV was defined to be the sine of the arc 
PA, ON to be its cosine, P7' its tangent, O7' its secant, and AW its versine, 
In this system the magnitudes of the sine, cosine, tangent, &. depended not 
only upon the angle POA, but also upon the radius of the circle, which had 
therefore to be specified. ‘The advantage of the present mode of definition of 
the functions as ratios, is that they are independent of the radius of any 
circle, and are therefore functions of an angular magnitude only. The sine 
of an arc was first used by the Arabian Mathematician Al-Batt&ni (878—918) ; 
the Greek Mathematicians had used the chords PP’ of the double are, instead 
of the sine PV of the are PA, 
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Relations between the circular functions, 


22. Referring to the definitions of the circular functions, 
we see at once that there are the following relations between 
them, 


(1) cos Asec A =1, (3) tan A cot A =1, 
(2) sin A cosec A =1, (4) tan A =sin A/cos A 
cot A =cos A/sin AJ’ 


Expressed in words, the relations (1), (2), (8) assert the facts 
that\the secant, cosecant, and cotangent of an angle are the 
reciprocals of the cosine, sine, and tangent of the angle re- 
spectively ; and relation (4) expresses the fact that the tangent of 
an angle is the ratio of its sine to its cosine, or what, in virtue 
of (3), comes to the same thing, that the cotangent of an angle is 
the ratio of the cosine to the sine of the angle. 


23. Referring to the figure in Art. 18, the square on OP is 
by the Pythagoraean theorem, equal to the sum of the squares ot 
its projections OM and MP, so that since the ratios of these pro- 
jections to OP are the cosine and sine respectively of the angle 
A, we have (cos A)?+(sin A)?=1 or, as it is usually written, 
cos?A+sin?A=1. If we divide both sides of this equation by cos*A 
and remember the relations (1) and (4), we have 1 + tan?A = sec?A; 
similarly if we divide both sides of the equation by sin? A, and 
remember the relations (2) and (4), we have 1 + cot’ A= cosec’A. 
Thus the three identities, 

cos?d + sin? A =1 
ee banceAl—1sec2eAmee werner oe eens (5), 
1 + cot?.A = cosec?A 


are different forms of the same relation between the functions. 


24. The five independent relations just obtained between 
the six circular functions enable us to express any five of these 
functions in terms of the sixth. The student should verify the 
correctness of the following table, in which the meaning of « in 
each column stands at the head of that column, and the value of 
the expressions in each horizontal line, at the beginning. 
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sin A=x|cos A=a2|tan A=x| cot A=x}| sec A= |cosecA=x 


sin A= 


cos A = 


tan A = 


cot A= 


sec A = 


cosec A= 


In this table the ambiguities in the signs of the square roots 
are left undetermined. As an example of the verification of this 
table we will suppose sec A = 2, to be given; we have at once from 
(1) in Art. 22, cos A=1/a, and from the second form of (5), 


tan A = Va2?—1, and then from (8), cot A=1/Va?—1; from the 


first form of (5), sn A= ef 1- ~ ues os - then from (2), 


x 
Va? —1 
fifth column in the table. 


cosec A = ; we have thus verified the correctness of the 


Range of values of the circular functions. 


25. The projection of one straight line upon another cannot 
be of greater length than the projected line, hence the sine or the 
cosine of an angle cannot be numerically greater than unity; each 
of them may have any value between +1 and —1, both inclusive ; 
and secant and cosecant which are the reciprocals of the cosine and 
sine cannot therefore lie between the limits + 1, and are therefore 
numerically greater than, or equal to, unity. The tangent or the 
cotangent, being the ratio of two projections, one of which has its 
greatest numerical value when the other one vanishes, may have 


any value between + o. The versine may have any value between 
0 and 2, 
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Properties of the circular functions. 


26. If the angles AOP, AOp be A and — A respectively, we 
see that OP and Op have equal projections OM, upon OA, but 


that their projections ON, On, on OB, are of equal magnitude but 
opposite sign, therefore 
cos (— A)=cos A, and sin(— A)=—sinA ...... (6); 
it follows that tan(—A)=-— tan A, cot (—A)=-—cot A, 
sec (— A)=sec A, cosec (—A)=-—cosec A. 

If a function of a variable has its magnitude unaltered when 
the sign of the variable is changed, that function is called an even 
function, but if the function has the same numerical value as 
before, but with opposite sign, then that function is called an 
odd function; for instance a? is an even function of a, 2 is an 
odd function of a, but a+ 2° is neither even nor odd, since its 
numerical value changes when the sign of wis changed. We see 
then that the cosine and the secant of an angle are even functions, 
and the sine, tangent, cotangent, and cosecant are odd functions. 
The versine is an even function, but the coversine rs neither even 
nor odd. 

27. The values of the circular functions of an angle depend 


only upon the position of the bounding line OP, with reference 
to the other bounding line OA, consequently all the coterminal 
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angles (OA, OP) have the same circular functions, or in other 
words, all the angles n.360°+.A, where n is any positive or 
negative integer, have their circular functions the same as those 
of A. Ifa be the circular measure of the angle which contains 
A degrees, all the angles 2n7 +a, in circular measure, have the 
same circular functions. We have also, since all the angles 
2nma —a have the same circular functions, 


sin (2na — a) =sin (— a) =—sina, 
and cos (2n7 — a) = cos (— 4) = cos a. 


The properties we have obtained are both included in the 


equations 
sin (2n7r +a)=+sina 
} wuwgest attxyuceen (6) 


cos (2n7 + a) = cos a 


28. If the angle 180° —A or w— a is bounded by OQ, then OQ 
makes the same angle with OA’ as OP does with OA, and we see 
that the projections of OP and OQ on OA are equal and of opposite 


sign, and the projections of OP and OQ, on OB, are equal and of 
the same sign, therefore sin (7r — a) = sin a, and cos (m — a) = — cosa. 
These equations hold whatever a may be, so that we can change @ 
into — a, and we have 

sin (7 + a) = sin (— a) =-—sina 


and COS (7 + &) = — cos (— a) = — cosa, 
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Thus we have the system of equations 


ar oe Give a 
Se Ae Ae erro aares Cine 
from these we obtain 
tan(rm+a)=+tana ..... seeardieee. (8). 
Also sin(2n+ la+a)=sin(r7+a)=F sina 
as Btls $=) = a(n $0.=—o4 enres (9) 
tan (2n + 17+a)=tan(7 ta)=+ tana 


29. In the figure of Art. 28, the angle OP makes with OB’ is 
90° + A; therefore the cosine of the angle 90°+ A or $a +ais the 
ratio of the projection of OP on OB’ to OP; hence since the pro- 
jection on OB’ is equal with opposite sign to the projection on OB, 
we have cos (47+ a)=— sina; changing 47+ into a, we have 
cos 4 = — sin (a— 47), hence in virtue of (6) we have 

cos & = sin (4m — 4). 

In these equations we can, if we please, change the sign of a, 
since a may be either positive or negative; we have then the 
equations 

sin (47 + a) =cosa 
cos ($7 + &) = F SIN A)... .sceeeee2-(10). 
tan (47 + a) = F cota 
We have also, from (6) and (9), 
sin (m +47 + a) =(—1)™sin (47 + @), 
cos (m+ 4 + a)=(—1)™cos(47 +4), 
tan(m +4 + a) = tan (47 ta), 
hence we 
sin (m+4m+a)=(—1)™cosa 
cos (m+4r+a)=F(—-1)"sina@? ......... (11). 
tan(m+4r+4)=F cota 

The angle 7—a is called the supplement of the angle a, and 
the angle $7 — a is called the complement of a. 

We have shewn that the sine of an angle 1s equal to the 
sine of the supplementary angle, and the cosine of an angle ws 
equal, with opposite sign, to the cosine of its supplement ; also that 
the sine of an angle is equal to the cosine of its complement, and the 
cosine of an angle is equal to the sine of its complement. 
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The formulae (6) to (11) enable us to find the circular functions 
of an angle, when we know the values of the circular functions of 
that angle between zero and $7, which differs from the given angle 
by a multiple of 47, or also when we know the circular functions 
of the complement of this latter angle. 


Periodicity of the circular functions. 


30. When a function f(x) of a variable has the property 
J («)=f(a +k) for every value of «, k being a constant, the function 
jf (a) is called periodic; if moreover the quantity k is the least 
constant for which the function has this property, then & is called 
the period of the function. 

It follows at once that if f(x)=f(@+h), then f(a) =f (a+ nk), 
where m is any positive or negative integer; if then we know 
the values of the function for all values of 2 lying between two 
values of w which differ by k, we know the values of the function 
for all other values of 2, the function having values which are a 
mere repetition of its values in the interval for which they are 
given. 

The property (6), of sina and cos a, shews that these functions 
are periodic functions of a, the period being 27, or if the angle is 
measured in degrees, sin A and cos A are periodic functions of A, 
the period being 360°. The property (7) shews that these 
functions are such that their values, for values of the angle 
differing by half the complete period, are equal with opposite sign. 
The property (8) shews that the tangent is periodic, the complete 
period being 7, half the period of the sine and cosine. Obviously 
the period of the secant or of the cosecant is 27, and that of the 
cotangent is 7. It will be hereafter seen that the circular functions 
derive their importance in analysis principally from their possession 
of this property of periodicity. 


Changes in the sign and magnitude of the circular functions. 


31. We shall now trace the changes in the magnitude and 
sign of the circular functions of an angle, as the angle increases 
from zero to four right angles. 


(1) To trace the changes in the value of the sine of an angle, 
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we must observe the changes in magnitude and sign of the 
projection ON, in the figure of Art. 18. When the angle 4 is zero, 
ON is zero, and as A increases up to 90°, OW is positive and 
increases until when A is 90°, OW is equal to OP, thus sin A is 
positive and increases from 0 to 1. As A increases from 90° to 
180°, ON is positive and diminishes until when A is 180° it is 
again zero, therefore sin A is positive and decreases from 1 to 0. 
As A increases from 180° to 270°, OW is negative and increases 
numerically, until when A is 270°, ON=—OP, hence sin A is 
negative and changes from 0 to—1. As A increases from 270° to 
360°, ON is negative and diminishes numerically, until when A 
is 360° it is again zero, thus sin A is negative and changes from 
—1 to 0. 


(2) In the case of the cosine, we must observe the changes in 
magnitude and sign of the projection OM. We find that as A 
increases from 0° to 90°, cos A is positive and diminishes from 1 to 
0; as A increases from 90° to 180°, cos A is negative and changes 
from 0 to —1; as A increases from 180° to 270°, cos A is negative 
and changes from — 1 to 0; and as A increases from 270° to 360° 
cos A is positive and increases from 0 to 1. 


(3) To trace the changes in the tangent of an angle, we must 
consider the ratio of ON to OM; when the angle is zero, this ratio 
is zero, and is positive and increasing as the angle increases from 0° 
to 90°; when the angle is 90°, the projection OM is zero, and ON 
is unity, hence tan 90° = 0; as A increases from 90° to 180°, the 
tangent is negative and changes from — to 0, As A increases 
from 180° to 270°, tan A is positive, since ON and OM are both 
negative, and it increases until it again becomes infinite when 
A=270°. As A increases from 270° to 360°, the tangent is 
negative and changes from —o to 0. It will be observed that 
tan A changes from + 0 to — 0 in passing through the value 90°, 
and from — 0 to + © in passing through 270°; to explain this, it 
is only necessary to remark that as a variable x changes sign by- 
passing through the value zero, its reciprocal 1/a changes sign in 
passing through the value 0. 

(4) The changes in the values of the cosecant, secant, and 
cotangent of A may be deduced from the above, if we remember 
that they are the reciprocals of the sine, cosine, and tangent, 
respectively. Their values for 4=0°, 90°, 180°, 270°, 360° are 
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given in the following table, which also includes the results 
obtained above for the sine, cosine, and tangent. 


0° |0°-90°} 90° | 90°-180°} 180° | 180°-270° | 270° | 270°-360° | 360° 
sin | 0 + + 0 - -1 - 0 
cos + 0 - -—1 - 0 + 1 
tan 0 + +00 = 0 + +0 - 0 
cot | +0 =f 0 _ +o + 0 — Fo 
sec VW + +0 - -l - +00 ah 1 
cosec | +00 + 1 + to - -1 ~ Fo 


Graphical representation of the circular functions. 


32. In order to obtain a graphical representation of the 
changes in value of the circular functions, we shall suppose that 
the circular measure « of an angle is represented by taking a 
length « measured along a fixed straight line, according to any 
fixed scale, from a fixed point, and that the numerical value of the 
function to be represented is the length of a corresponding ordinate 
drawn perpendicularly to the given straight line, through the 
extremity of the length 2; the function is represented graphically 
by the curve traced out by the extremity of this ordinate, This 
curve is called the graph of the function. 

The first of the three figures opposite gives the graphs of sin x 
and of cosz. If O is the ongin from which the length @ is 
measured along the fixed straight line OX, and OA = 7, OB=2r, 
OO’ =4m, OC’ =1, the curve OPAP’B is such that any ordinate 
represents roughly the value of sina corresponding to any value 
of « between 0 and 27. If O’ is taken as origin, and O’B’ = 27, 
the curve O’PP’D’ represents the value of cosa for values of x 
between 0 and 27, ; this follows from the relation cos # = sin (47 + 2). 
Beyond OB, the curve OPP’B will be repeated indefinitely on both 
sides of the origin 0, The second figure represents, in a similar 
manner, the values of tan # and cot x, O being the origin for tan a, 
and O' for cot «; the ordinates through 0’, A’, B’ are asymptotes 
of the curve, where the functions change sign by passing through 
an infinite value. The third figure represents the values of sec « 


THE CIRCULAR FUNCTIONS 27 


and cosec2, O being the origin for cosec 2, and 0’ for seca; the 
ordinates at O, A, B are asymptotes of this curve. 


0 0” A mg 4, B’ x 
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ExampiE. Draw graphs of the following functions 


(1) sin x-+-cosx. , (2) cos (a sin x) . cos (1 cos x). 
(3) tanx+secx. (4) sin (mr cos x)/cos (a sin x). 
(5) sin?x—2cos x. (6) stn (tar +4n cos x). 


Angles with one circular function the same. 


33. We shall now find expressions for all the angles which 
have one of their circular functions the same. 


(1) If in the figure, AOP is a given angle, and PP, is drawn 
parallel to OA, the angles (OA, OP) and (OA, OP,) are the only 
angles which have their sine the same as that of AOP, for they 
are the only angles for which the projection of the radius on OB 
is equal to ON; these angles are 2nm +a and 2nm + —a, where a 
is the circular measure of AOP, and n is any integer; they are 
both included in the expression ma +(—1)™a, where m is any 
positive or negative integer; this is therefore the expression for all 
the angles whose sine is the same as that of a. 


(2) Next draw PP, parallel to OB, then the angles (0A, OP) 
and (OA, OP.) are the only angles which have the same cosine as 
a, for they are the only angles for which the projection of OP on 
OA is equal to OM; they are both included in the formula 2m + a, 
where m is any positive or negative integer. 
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(3) If PO is produced to P;, the angles (OA, OP), (OA, OP,) 
are the only ones which have the same tangent as a; these angles 
are respectively 2na +a and 2nm + +a, and are therefore both 
included in the formula mr-+a, where m is any positive or 
negative integer. 

(4) Since angles which have the same cosecant have also the 
same sine, we see that ma +(—1)™a includes all the angles whose 
cosecant is the same as that of a; also 2mz + a includes all angles 
whose secant is the same as that of a, and mma +a includes all 
angles whose cotangent is the same as that of a. 


In every case zero is included as one value of m or n. 


Determination of the circular functions of certain angles. 
34. The values of the circular functions of a few important 
angles can be obtained by simple geometrical means. 


(1) The angle 45° or $7 is an acute angle in a right-angled 
isosceles triangle, the sine and cosine of this angle are therefore 
obviously equal to one another; and since the sum of their squares 
is unity, each of them is equal to 1//2; the tangent of the angle 
is therefore unity. 


(2) Each of the angles of an equilateral triangle is 60° or 37. 


A 


B E D C 


Let ABC be such a triangle; draw AD perpendicular to BC, 
then the cosine of the angle B is ae and this is equal to 4; the 
sine of the same angle is ¥V1—4=431/3. The cornplement of 60° 
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is 30° or }7, hence we have cos 30° =41/3, and sin30°=}. We 
have also tan 60° = /8, and tan 30° = 1/,/3. 

(3) Draw AE bisecting the angle DAB, then the angle DAE 
is 15° or 747. We have by Euclid, Book vi. Prop. UL 


DE _DA 
EB = 4B 7 2v?: 
DE 4B 
therefore DB 24,3’ ve 
DE ; 
—— ; ——— — 4/3. 
and thence Da 7% tan 15° is equal to 73 Q +13) or 2—/ 
From this we obtain) | iat Oh 
sin 16° = YO— 82 cr fe 


We can, from these values, obtain the sine, cosine, and tangent of 
75° or 3,7, the complementary angle. If we proceeded in the same 
way, bisecting the angle DAZ, we should obtain the tangent of 
7° 30’ or s;77, and we might continue me process so as to obtain 


the tangent of all angles of the form =—., where p is a positive 


3. 5 
integer, but we shall hereafter obtain formulae by which the 
functions of these angles may be successively calculated, thus 
obviating the necessity of continuing the geometrical process. 

By a similar geometrical method we might obtain the circular 
functions of the angles of the form 7/2?. 


(4) Let ABC be a triangle in which each of the base angles 
is double of the vertical angle A; the base angles are each 72°, or 


A 
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#7, and the vertical angle is 36°, or}. If AB is divided at D so 
that AB. BD = A D*, then it is shewn in Euclid, Book rv. Prop. x. 
that AD=DC=CB. Draw AE perpendicular to BC. Denoting 
the ratio of AD to AB by a, we have 1 —a# =a’, and solving this 
quadratic, we find «=4(+¥V5—1); we must take the positive 


root, hence = 45 5—1), thus 
Bee papa, ete : 
cos 72° = sin 18° = 4Zpais —1); 
from this we obtain sin 72° = cos 18° =} V10+ 2/5. 


Also cos 36°=4 = , since DAC is an isosceles triangle, 
therefore cos 36°=}(V5+41), hence sin 36°=}¥V10—2¥5. 


Since 54° is the complement of 36°, we have therefore the 
values of sin 54° and cos 54°. 

In the following table the values we have obtained are collected 
for reference. The functions in the first line refer to the angles 
in the first column, and the functions in the last line to the angles 
in the lest column. 


sine cosine tangent cotangent 


6-2 eS g2\/3 24/3 | Br=75° 


ee 
Asm =18° et mnt ANS 4725-10/5| V5+2/5 | 2r=72° 
4 =30° 3 4,/3 53 AE 4m =60° 
pr—ae|VI0—2v8) V541 | eae | 4/95 10¥5 | Yor =54" 
}r = 45 7 xz 1 1 fr =45° 
by dion 3, sine cotangent tangent 


We can find at once the circular functions of any angle which 
differs from any one of those in the table by a multiple of a right 
angle, by employing the formulae (6) to (11). 
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Examp.e. Find the sine and cosine of 120°, and of — 576°. 
We have 120°=90°+30°, hence 
sin 120° =cos 30°=4,/3, cos 120°= —sin 30°= -$. 
Again — 576° = —(3.180°+ 36°), therefore 
sin (—576°)=sin(+180° —36°)=sin 36°, 
also cos — 576° = cos (180° — 36°) = — cos 36°. 


The inverse circular functions. 


35. If y isa function f(a) of #, then w may also be regarded 
as a function of y; this function of y is called the inverse function 
of f(x), and is usually denoted by f"(y); thus «=f (y). If 
f(a) is a periodic function, of period k, so that f(x) =f(« + mk), 
where m is any positive or negative integer, the function f“ (y) 
will have an infinite number of values given by # + mk, where z is 
any one value of f(y); such a function of y is called multiple- 
valued, since it has not a single value for each value of the 
variable y. We see therefore that, corresponding to a periodic 
function f(x) =y, there 1s a multiple-valued inverse function f(y) 
which has an infinite number of values for any one value of y, these 
values differing by multiples of the period of f (x). 


36. If there are two or more values of z, lying between 0 and 
k, for which f(x) has equal values, the multiplicity of values of 
f(y) is still further increased, since it will have each of the 
values of « for which f(#)=y, and the infinite series of values 
obtained by adding multiples of & to each of these. For example, 
suppose that there are two values a,, a, each lying between 0 and 
k, for which f(x) = y, then the inverse function f~ (y) has the two 
sets of values a, + mk, x2 + nk. 


37. In the case of the circular function sin «= y, the values 
of the inverse function sin—y are na +(—1)"a,, where a, is any 
value of # for which sin z,=y; in this case the complete period 
of sin # is 27, and there are two values of a, say 2, and m — 2, lying 
between 0 and 27, for which sin a= y; thus the values of sin-y are 
the two series of values n.27+a, and n.27 + a —2,, both included 
in nw +(—1)" a. 

In a similar manner, we see that the values of cos y are in- 
cluded in 2na + a, where cos a = y. 

The periods of the functions tana, cot are 7, only half 
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those of sin # and cos, and there is only one value of « between 
0 and 7 for which tan w or cot # has any given value; thus tan y 
has the values nr +a,, and cot y the values nr + 2, where 2, is 
that value of « between 0 and 7, such that tan a, or cot a is equal 
to y. 


_ 38. The numerically smallest quantity 2 which has the same 
sign as y, and is such that sin «= y, is called the Principal Value 
of sin“y; a similar definition applies to the principal values of 
tan™ y, cot y, cosec™ y. 

The numerically smallest positive value of x which is such 
that cos a= y is called the Principal Value of cosy; a similar 
definition applies to sec y. 

Thus the principal values of sin“ y, tan—1y, cot~! y, cosec y 
lie between the values +47, and the principal values of cosy, 
sec y lie between 0 and z. In some works, the principal values 
of sin—y, cosy, tan-1 y are denoted by Sin y, Cos y, Tan y; 
the general values are then given by 
siny=n7 +(—1)"Siny, cosy = 2n7 t+ Cos y, tan y= nr +Tany; 
we shall however not use this notation. It must be remembered 
that in many equations connecting these inverse functions it is 
necessary to suppose that the functions have their principal values, 
or at all events that the choice of values is restricted. For 
example, in such an equation as sin- y + cos y = $7, the choice of 
values of the inverse functions is restricted. 

It should moreover be noticed that the functions cos™ y, sin y 
have only been defined for values of y lying between + 1; beyond 
those limits of y, the functions have no meaning, so far as they 
have been at present defined. The student should draw, as an 
exercise, graphs of the various inverse circular functions. 

In Continental works, the notation are sin 2, arc cos a, arc tan « 
is used for sin a, cosa, tan #. 


EXAMPLES ON CHAPTER IIL 


1. Prove the identities 
(i) tan A (1—cot? A)+cot A (1— tan? d)=0, 
(ii) (sin A +see A)?+(cos A +cosec A)?=(1+sec A cosec A)?. 


m2? — n2 : . 
: find the other circular functions. 
m+n?’ 


2. The sine of an angle is 
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3. If tand+sind=m, tanA-—sind=n, 
prove that m? —n?=4/mn. 
4, Having given ——, ee =p, — ae =q, find tan 4 and tan B, 
sin B cos B ‘2 
sin 4 tan A i ke 
5. If 5-02, pa gov3, find 4 and B. A> q! ae 
@, 18s cos A=tan B, cosB=tanC, cosC=tan A, (> + & 
prove that sin 4 =sin B=sin ('=2 sin 18° 
7. Solve the equations : ~) of, 
(i) siné+2cosé=1, z, oe tp PB ) 
ii) cosa_ 3 
( tana 2” 


(iii) JB cosec? @=4 cot 4, = ni a a6 ake ae 
8. Solve the equations : 

cos (22+) =sin (a —2y) 

cos (w+ 2y) =sin (2a—y) J ° 
9. Find a general expression for 6, when sin? @=sin®a, and also when 


sin 6= —cos 6=1/,/2. 


10. Find the general values of the limits between which A lies, when 
sin? A is greater than cos? A. 


11. Find the general value of 6, when 9 sect@=16. 


Ib} 16% tan (m cot 6) =cot (m tan 6), 
then tan 0=} {2n+1+4/4n? + 4n — 15}, 
where m is any integer which does not lie between 1 and —2. 
13. Give geometrical constructions for dividing a given angle into two 


parts, so that (1) the sines, (2) the tangents of the two parts may be in a 
given ratio. 


14. Construct the angle whose tangent is 3—,/2. 


15. Divide a given angle into two parts the sum of whose cosines may be 
a given quantity c. What are the greatest and least values c can have ? 

16. If Up, = cos” 6+sin" 4, 
prove that 2ug— 3u4+1=0, 

649 - 15ug+ 10%, —1 =(; 

17. Two circles of radii a, 6 touch each other externally; 6 is the angle 
contained by the common tangents to these circles, prove that 
4 (a—b) ab 


sin é@= (a+)? 


EXAMPLES. CHAPTER III 35 


18. A pyramid has for base a square of side a; its vertex lies on a line 
through the middle point of the base, perpendicular to it, and at a distance A 
from it; prove that the angle a between two lateral faces is given by 


2h / 2a? + 4h3 


81D a= a+4e 


19. Two planes intersect at right angles in a line AB, and a third plane 
cuts them in lines 4D, AC; if the angles DAB, CAB be denoted by a, 8 
respectively, prove that the angle BA makes with the plane CAD is 


tanatanB 


tan ~ ! —_________., 
VA tan?a+tan?28 


20. Shew that, if OD be the diagonal of a rectangular parallelepiped, the 
cosines of the angles between OD and the diagonals of the face of which 
OA, OB are adjacent sides are respectively 


AB 0A? ~ OB 
Ope a ODER 
21. Two circles, the sum of whose radii is a, are placed in the same 
plane, with their centres at a distance 2a, and an endless string, quite 
stretched, partly surrounds the circles, and crosses itself between them. 
Shew that the length of the string is (47+2,/3) a. 


22. Prove that 


cos tan~! sin cot-le= (Sts 


23. Illustrate graphically the change in sign and magnitude of the func- 


tions 3sinz+4 cosa, e*sinz, and sin (= sin 2) for all values of x. 
Shew that the equation 22=(2n+1) m vers x, where v is a positive integer, 
has 2n+3 real roots and no more, roughly indicating their localities, 


CHAPTER IV. 
THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 


The addition and subtraction formulae for the sine and cosine. 


39. WE shall now find expressions for the circular functions 
of the sum and of the difference of two angles, in terms of the 
circular functions of those angles. 

Suppose an angle AOB of any magnitude A, positive or 
negative, to be generated by a straight line revolving round O 
from the initial position OA, our usual convention being made as 
to the sign of the angle, and suppose further that an angle BOC of 
any magnitude B is described by a line revolving from the initial 
position OB; then the angle AOC is equal to A+B. In OC take 
a point P, and draw PN perpendicular to OB. 

According to the convention in Art. 15, the straight line ON 
is positive or negative according as it is in OB, or in OB produced ; 
also VP is positive when it is on the positive side of OB, revolving 
counter-clockwise, and negative when on the other side. The 
positive direction of the straight line on which NP lies makes 
an angle A+90° with OA. We have ON=OPcosB, and 
NP=OPsinB; for ON and NP are the projections of OP on 
OB and on the line which makes an angle A+90° with OA. 

In fig. (1), each of the angles A, B is positive and less than 
90°; in fig. (2), the angle A lies between 90° and 180°, and the 
angle B also lies between 90° and 180°; in fig. (3), the angle A lies 
between 180° and 270°, and the angle B is negative and lies 
between — 90° and — 180°. In figs. (1) and (2), WP is of positive 
length, and in fig. (3), WP is of negative length, since, in the last 
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case, PN is the direction of a line making an angle A + 90° with 
OA. : 

By the fundamental theorem in projections, given in Art. 17, 
the projection of OP on OA is equal to the sum of the projections 
of ON and NP on OA, or 

OP cos(A + B)=ON cos A + NP cos (A + 90°) 
= OP cos A cos B+ OP sin B cos (A + 90°), 


therefore cos (A + B)=cos A cos B—sin A sin B............ (1). 


If, instead of projecting the sides of the triangle ONP on OA, 
we project them on a line making an angle + 90° with OA, we 
have 

OP sin(A + B)=ON sin A+ NP sin(A + 90°) 
= OP sin A cos B+ OP sin (A + 90°) sin B, 
therefore sin(A + B)=sin A cos B+cosA sin B............ (2). 


The formulae (1) and (2) have thus been proved for angles of 
all magnitudes, both positive and negative. The student should 
draw the figure, for various magnitudes of the angles A and B, in 
order to convince himself of the generality of the proof. 

If we change B into —B, in each of the formulae (1) and (2), 
we have 


cos (A — B)=cos A cos(— B)—sin A sin (— B) 


and sin (A —.B)=sin A cos(— B)—cos A sin (— B), 
hence cos(A —B)=cosAcosB+sinAsinB ........... (3), 
and sin(A — B)=sin AcosB—cosAsinB ............(4). 


These formulae (3) and (4) would of course be obtained directly, 
by describing the angle B in the figure in the negative direction, 
so that the angle POA would be equal to A —B. 


40. The formulae (1), (2), and (38), (4), are called the addition 
and subtraction formulae respectively ; either of the formulae (1) 
and (2) may be at once deduced from the other; in (1) write 
A+90° for A, we have then 

cos (90° + A + B) = cos (90° + A) cos B — sin (90° + A) sin B 
or —sin(A + B)=—sin A cos B— cos A sin B; 
and changing the signs on both sides of this equation, we have the 
formula (2); in the same way, by writing A + 90° for A in (2), we 
should obtain (1). It appears then that all these four fundamental 
formulae are really contained in any one of them. 
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41. The proof of the addition and suktraction formulae, given by Cauchy, 
is as follows :-—With O as centre describe a circle, and let the radii OP, 0Q 


make angles A, B, respectively, with OA; join PQ, and draw Pf, QW per- 
pendicular to OA, and QR parallel to OA, then we have 
PY=QOR?+ RP? 
=(ON—-OM)?+(PM-QN} 
= 0A? {(cos B—cos A)?+(sin A —sin B)?} 
=20A? (1—cos 4 cos B—sin A sin B). 
Let PS be drawn perpendicular to the diameter QQ’, then 
PO?=OS . OY =204 (0A -— OS) 
=20A* {1 —cos(A— B)}, 
therefore cos (A — B)=cos A cos B+sin A sin B......... eaarereeseae (3). 


The other formulae may then be deduced; (1) by changing B into —B, 
(2) by changing B into 90°—B, (4) by changing B into 90°+ B. 


42. Besides the two proofs which we have given of the 
fundamental addition and subtraction formulae, both of which are 
perfectly general, various other proofs have been given, some of 
which are in the first instance only applicable to angles between 
a limited range of values, and require extension in the cases of 
angles whose magnitudes are beyond that range. We shall make 
this extension in the case in which the formulae have been first 
proved for values of A and B between 0° and 90° Whatever 
A and B are, it is always possible to find angles A’ and B’, lying 
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between 0° and 90°, such that A =m.90°+ A’, B=n.90°+4+ B,, 
where m and n are positive of negative integers; we have then 


cos (A + B) = cos (m+n90° + A’+ B); 


(1) if m and n are both even, we have 


mtn 
cos (A:-+ B)=(—1) 2 cos(dA’+B’) 
mtn 


=(—1) ? (cos A’ cos B’ —sin A’ sin BP’), 


now cos A =(— 1)? cos A’, sin A =(—1)? sin A’, 
with similar formulae for B, 
hence cos (A + B)=cos A cos B—sin A sin B; 


(2) if m and n are both odd, we have 
mot =a m+1 
cos A = (— re Bed oan tes (—1) ®? sinJA’, 
= m—1 
sin A = (—1) = “gin (90° + A’) =(-1) es cos A’, 
with similar formulae for B; hence as before we obtain, by sub- 
stituting the values of cos A’, cos B’, sin A’, sin B’, the formula 
for cos (A + B); 


(8) if m is odd and n is even, 
mt+n-1 


cos(A+B)=(-—1) *# cos(90°+ A’+ B) 
m+n+1 
=(-1) # sin(4’+B’ 
m+nt+l 
=(—1) ? (sin A’cos B’ + cos A’ sin B’), 
m+1 
now cos A =(—1) 2 sin A’, cos B=(—- 4 cos B’, 


sin A = Eee sin B= (-1)3 sin.B; 


hence, substituting as before, we have the formula for cos (A + B). 
The other formulae may be extended in the same manner. 


43. The form in which the addition formulae were known in the 
Greek Trigonometry? is Ptolemy’s theorem given in Euclid, Bk. v1. 
Prop. D; this theorem is, that if ABCD be a quadrilateral in- 
scribed in a circle, AB.CD+AD.BC=AC.BD. Any chord 
AB is the sine of half the angle which AB subtends at the centre 
of the circle, the diameter of the circle being taken as unity, and 


1 See the Article ‘‘ Ptolemy” in the Encyclopaedia Britannica, ninth Edition. 
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this half angle is the angle subtended by the arc AB at the cir- 
cumference. We shall shew that the formulae for sin(a + 8) and 
cos (a + 8) are contained in Ptolemy’s theorem. 


(1) Let BD be a diameter of the circle, and ADB=a, 
BDC = 8; then ABD =}47-—a, DBC =}47—8, AC =sin(a + 8), 
AB=sina, CD=cos8; thus the theorem is equivalent to the 


f : : : 
ue sin (a + 8)=sin a cos 8 + cos asin Bf. 


(2) Let CD bea diameter of the circle, and BOD=a, AOD=8, 
thus AB=sin(a—£), and the theorem is equivalent to 

sin (a— 8)+sin 8 cos a=cosP sina. 

(3) Let BD be a diameter of the circle, and ADB=a, 
CBD=8, then ADC =}7+a—8, thus AC=cos(a—8), and the 
theorem is equivalent to 

cos (a — 8) =cosacos 8 + sin asin f. 

(4) Let CD be a diameter of the circle, and BCD=a, 
ADC=8; then BCA =a+8—47, AB=—cos(a+8), and the 
theorem is equivalent to 


— cos (a+ 8) + cosacos 8 =sinasin £. 
Example. Employ Ptolemy’s theorem to prove the following theorems : 
sina sin (B—y)+s8in B sin (y— a) +siny sin (a—B)=0, 
sin (a+) sin (B+ y)=sin a sin y+ sin B sin (a+ B+). 


Formulae for the addition or subtraction of two sines or two 
cosines. 


44. We obtain at once from the addition and subtraction 


ee N sin(A + B)+sin(A — B) =2sin A cos B, 
sin (A + B)—sin (A — B) =2cos A sin B, 
cos(A + B) +cos(A — B)= 200s A cos B, 
cos (A — B)—cos(A + B)=2sin A sin B, 
let A+ B=C, A—B=D; we obtain then, since A =}(C + D), 
B=4(C—D), the formulae 
sin C + sin D= 2sin}(C + D)cos$(C—D) ...... (5), 
sin C—sin D=2.cos4(C+ D)sin$(C—D) ...... (6), 
cos C' + cos D = 2 cos + (C+ D) cos$(C—D) ....-.(7), 
cos D—cos C=2 sin (C+ D)sin$(C—D) ...... (8). 


42 THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES 


These important formulae (5), (6), (7), (8) are the expressions 
for the sum or difference of the sines or of the cosines of two 
angles as products of two circular functions; they may be ex- 
pressed in words as follows : 

The sum of the sines of two angles is equal to twice the product 
of the sine of half the sum and the cosine of half the difference of 
the angles. 

The difference of the sines of two angles is equal to twice the 
product of the cosine of half the swm and the sine of half the 
difference of the angles. 

The sum of the cosines of two angles is equal to twice the 
product of the cosine of half the swum and the cosine of half the 
difference of the angles. 

The difference of the cosines of two angles is equal to twice the 
product of the sine of half the sum and the sine of half the reversed 
difference of the angles. 


45. These formulae may be proved geometrically by the 
method of projections. 


Co een Miele tha AS 

Let BOA=C, COA =D, and let OB=O0C; draw ON per- 

pendicular to BC, then N is the middle point of BC, also 
NOA=34(C+D), NOB=NOC=}4(C—- D). 
The sum of the projections of OB, OC, on OA, is equal to the sum 
of the projections of ON, NB, ON, NC, on OA, and, since the 
projections of NB and NC are equal with opposite sign, this is 
equal to twice the projection of ON; therefore 
OB cos O + OC cos D = 20N cos 4(C + D), 

and since ON = OB cos 4 (0 — D), 
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we have the formula 
cos C + cos D = 2 cos 4 (C'+ D) cos $(C —D)......... (7). 


If instead of projecting on O.A we project on a straight line 
perpendicular to OA, we have 


OBsin C+ OC sin D=20N sin $(C'+ D), 
hence sin C + sin D=2sin4(C +D)cos}(C—D)......... (5). 
Also the projection of OC on OA is equal to the projection of 
OB, together with twice the projection of BN, or 


OC cos D= OB cos C+ 2BN sin} (C+D), 
hence cos D—cos C0 =2sin}(0+D)sin}(C—D)......... (8), 
and if we project on the line perpendicular to 0A, we have 

OC sin D= OB sin C—2BN cos} (C+D) 
or sin C—sin D=2sin4(C—D)cos4(C+D)......... (6). 


A curious method of multiplying numbers, by means of tables of sines, 
was in use for about a century before the invention of logarithms. This 
method depended on a use of the formula 

sin A sin B= {cos (A— B)—cos(A+B)}; 
the angles A and B, whose sines, omitting the decimal point, are equal to the 
numbers to be multiplied, can be found from a table of sines, and then 


cos (A+B), cos (A —B) can be found from the same table; half the difference 
of these last gives the required product. This method was called rpocOadai- 
pects. An account of this method will be found in a paper by Glaisher, in 
the Philosophical Magazine for 1878, entitled “On Multiplication by a Table 
of single Entry.” 


EXAMPLES, 
(1) Prove the identity 
sin A sin (B—O) sin(B+C—A)+<in B sin (C—A) sin(C+A-B) 
+s C sin(A—B) sin(A+B-—C)=2 sin (B-—C) sin (C— A) sin (A—B). 
The second and third terms on the left-hand side may be written 
$sin B {cos (B— 2A) —cos (2C— B)}+4in C {cos (C'— 2B) — cos (24 — C)}, 
which is equal to 
} {sin 2(B-A)+sin 2A —sin 2C—sin 2(B-C)} 
+4 {sin 2 (C— B)+sin 2B—sin 2A —sin 2(C— A)}, 
or 3(sin2B-sin2C)—4sin2(B-C)+} {sin 2(B-A)—sin2(C— A)}, 
or sin (B- C) {4 cos (B+ C) — cos (B—C)+4 00s (B+ C—24)}, 
which is equal to sin (B—(C) {cos A cos(B+C—A) -—cos(B—C)}; 
adding the term sin A sin (B—C) sin(B+C-— 4), 
we have ein (B—C) {cos (B+ C—2A4) —cos (B— C)}, 
or 2sin (B— C) sin (C— A) sin (A —B). 
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(2) Prove that 
cos A sin(B—C) sin (B+C—A)=2 sin (B—C) sin (C— A) sien(A—B). 
This may be deduced from Ex. (1), by changing A, B, C into 90°— 4A, 
90° — B, 90°— C respectively, or may be proved independently as in Ex, (1). 
Prove the identities 
(3) sin Asin(B—C)=0, cos A sin(B—C)=0. 
(4) Zsin(B+C)sin(B—C)=0, cos(B+C) sin(B—C)=0. 
(5) sin Bsin C sin (B—C)= —sin (B—C)sin(C—A) sin(A - B), 
2 cos B cos C cos (B— C) = — sin (B—C) sin(C—A) sin (A—B). 


(6) Prove that if A+B+C=n, 
sin? A =sin? B+ sin? C—2 sin B sin C cos A, 
and cos? A = 1 —cos? B — cos? C —2 cos A cos Bcos C. 


A large number of Trigonometrical identities are analogous to similar 
Algebraical identities. For example, the following algebraical identities 
correspond to examples (1) to (5), 
2a(b-—c)(b+c—a)=2(b—c) (e—a)(a—b), to (1) and (2), 
Za(b—c)=0, to (3), 2(b+c)(b—c)=0, to (4), 
2 be (b—c)= —(b—c) (c—a)(a—b), to (5). 

We shall, in Chap. vit., give the theory of these correspondences, 


Addition and subtraction formulae for the tangent and cotangent. 


46. From the addition and subtraction formulae we may 
deduce formulae for the tangent or cotangent of the sum or 
difference of two angles in terms of the tangents or cotangents 
of those angles. Thus 
sin(A +B) sin AcosB+cos Asin B 
cos(A +B) cos A cos BF sin A sin B’ 
hence dividing the numerator and the denominator of the fraction 
by cos A cos B, 


tan (A + B)= 


cin A , sin B 
cos A cos B . 
_ sin A sin B’ 

cos A cos B 


tan (A + B)= 


thus we have the two formulae 
tan CAC tan A + tan B 


l—tanAtanBo tO) 
tan A — tan B 
tan(A — B)=7— ata B sesseceeeeeo( 10), 


1 A large number of these correspondences are given by M. Gelin, in Mathesis, 
Vol. um. 
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In a similar manner we obtain the formulae 


cot A cot B—1 


cot (A + 0 ae ee RST ca, bapeeteante. (11), 
_ cot A cot B+1 
cot (A aa B) a cot B —cot A seecceeesese (iz): 


The formulae (9), (10), (11), (12) are the addition and sub- 
traction formulae for the tangent and cotangent. 


Various formulae. 


47. The following formulae may be deduced from the for- 
mulae which we have obtained for two angles, and are frequently 
useful in effecting transformations. The student should verify 
each of them. 


sin (A + B) sin (A — B) =sin? A — sin? B = cos? B — cos? A...(18), 
cos (A + B)cos(A — B) = cos? A — sin? B = cos’ B — sin? A...(14), 


sin (A + B)cos(A — B)=sin 4 cos A +sin Boos B ......... (15), 
cos(A + B) sin (A — B)=sin A cos A — sin Boos B ......... (16), 
sn(A+B) tanA+tanB (7 
sin (A — B) —— tan A = tan B eee meee eeeeseeaessees » 
cos(A +B) 1—tanA tanB (18) 
cos(A — B) ae it re tan A tan B eee eeeeseeareseseres ) 
_ sin(A + B) 
tan A + tan B = oseAlenaie., PPERTYITILE TTT (19). 


From the formulae for the addition and subtraction of two 
gines or cosines we obtain at once 


snA+sinB tan}(4 +B) 


i ea meee (20), 
sin A +sin B_ 

cos A +cos B — tan 4 (A as B) eeeceesteeeseesesee (21), 
DL cow sue erin eee (22), 


cos B—cos A 


cos A + cos B 


S aeicod A ae ee s (A —B)...(28). 
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_ EXAMPLES. 
(1) Prove the identity 
1 —cos? A — cos? B—cos* C+2 cos A cos B cos C 
=4sin}(A+B+C) sin} (—A+B+C) sin} (A—B+C) sin} (A+B-—C). 
The expression on the left-hand side may be written 
—cos? A —cos (B+ C) cos (B— C’)+cos A {cos (B+ C) +cos (B— C)}, 
which is equal to {cos 4 —cos (B+ C)} {cos (B—C) —cos A} ; 
then, splitting each of these factors into two factors, we obtain the expression 
on the right-hand side. If +A4+8+C is a multiple of 27, then 
1—cos? A —cos? B—cos*? C+2 cos A cos B cos 0 
is zero; this result is sometimes useful. 
(2) Prove that 
1 — cos? A —cos* B—cos* C —2.cos A cos B cos C 
= —4cos$(A+B+C) cos$(—A+B+C) cos} (A—B+C) cos} (A+B-—C). 
This may be deduced from (1), or proved independently. 
(3) Prove that if A+B+C=nrz, 
sin 2A + sin 2B + sin 2C=(—1)"-14 sin A sin B sin O. 
We have 
sin 2A +sin 2B+sin 2C=2 sin A cos 4+2 sin (nw — A) cos (B—C) 
=2 sin A {(—1)"cos (B+C) —(—1)"cos (B—C)} 
=(—1)*—-14sin Asin Bsin C. 
(4) Prove that, wnder the same supposition as in Ex. (8), 
1+cos 2A +cos 2B-+cos 2C=(—1)"4 cos A cos Bcos O. 
Prove the identities 
(5) sin3A =4 sin Asin (60° + A) sin (60° — A). 
(6) cos3A=4cos A cos (60° +A) cos (60° — A). 
(7) sin A+sin B+ sin C—sin(A+B+C) 
=4 sin} (B+C) sin} (C+ A) sin} (A+B). 
(8) cos A +cos B+cosC+cos(A+B+C) 
=4 cos $(B+C) cos $ (C+ A) cos} (A+B). 
(9) sin 2A sin? (B+C) —sin2A sin 2B sin 2C 
=2 sin (B+C) sin (C+A) sin (A+B). 
(10) 3 cos 2A cos? (B+C)—cos 2A cos 2B cos 2C 
=2 cos (B+C) cos (C+A) cos (A+B). 
(11) stn? A sin(B+C—A)—2 sin A sin B sin C 
=sin (B+C—A) sin(C +A —B) sin(A+B—C). 
(12) 3 cos? A cos(B+C—A)—2 cos A cos B cos O 
=cos (B+C—A)cos(C+A —B) cos(A+B-—C). 
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(9) and (10) correspond to the algebraical identity 
= 2a (6 +c)? —8abe=2 (b+c) (c+a) (a+b); 
(11) and (12) to the identity 
2 a? (b+c—a) —2abe=(b+e—a) (c+a—b) (a+b—e), 


Addition formulae for three angles. 


48. From the addition formulae (1) and (2) we may deduce 
formulae for the circular functions of the sum of three angles in 
terms of functions of those angles; we have 


sin(A + B+ () 

=sin(A + B)cos 0+ cos(A + B) sind 

=(sin A cos B + cos A sin B) cosC +(cos.A cos B—sin A sin B) sin, 
and cos(A+B+(O) 

=cos(A +.B) cos C—sin(A + B)sin 0 

= (cos A cos B —sin A sin B) cos C—(sin A cos B+cosA sin B) sin, 
hence we have 
sin(A + B+ (0) 

=sin A cos Bcos 0 +sin Bcos Ccos A +sin C'cos A cos B 

27H A BIDS O mascesseOrceverecenssiadetecateratt; (24), 

cos(A + B+C) 

=cos A cos Bcos C—cos A sin Bsin C —cos Bsin Csin A 

COS USINVA BIDWD Ainge se aodheceseshetesskcaseaneeeess (25). 

The formulae (24), (25) may be written in the form 
sin(A + B+C) 

=cos A cos Bcos C(tan A + tan B + tan C — tan A tan B tan C), 
cos (A +B+0) 

=cos A cos B cos 0 (1 — tan B tan C— tan C tan A — tan A tan B); 
hence by division we have the formula 
tan(A +B+C) 


tan A + tan B+ tan C—tan A tan B tan 0 (26) 
~~ 1 — tan B tan C— tan C tan A —tan A tan B*’"""""""""’ : 


We might obtain in a similar manner the formula 
cot (A+B+C) 
cot A cot B cot C—cot A — cot B—cot 0 (27) 
* cot Bcot 0+cot Ceoot A+cot AcotR-1 """"""""""" y 
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EXAMPLES. 


(1) Prove that tan(45°+A) —tan (45° — A)=2 tan 2A. 


(2) Prove that if A+B+C=nz, 
tan A+tan B+tan C—tan A tan BtanC=03 
and if A+B+C=(2m+1)5, 


tan Bian C+tanC tan A+tan Atan B=1; 


and state the corresponding theorems for the cotangents. 


Addition formulae for any number of angles. 


49. It is obvious that we might now obtain formulae for the 
circular functions of the sum of four angles, then of five angles, 
and so on; we shall prove by induction that the formulae for the 
sine and the cosine of the sum of n angles A,, A,... A, are 

sin (A, + A,+...+ An) =S, —S,;+8,;—......... (28), 
cos(A, + A,+...+ An) = S, —S, + Sy —......e. (29), 
where S, denotes the sum of the products of the sines of r of the 
angles and the cosines of the remaining n — r angles, the r angles 
being chosen from the n angles in every possible way, thus 
S, = cos A, cos A,... cos Ay 
S, =sin A, cos A,... cos An + cos A,sin A,cos A;...cosAn+.... 

The formulae (28), (29) agree with the formulae (1), (2), and 
(24), (25), for the cases n= 2, n=3; assuming the formulae to 
hold for n angles, we shall shew that they hold for n +1 angles; 
we have 
sin(A, + A,+...+An+ Any) 

=sin(A,+...+ An) cos Any, + cos (A, +...+ An) sin Any, 

= 008 Any: (8; — Sy + Sy...) + sin Any, (S, — 8, + S,...), 
now let S,’ denote the sum of the products of the sines of r of the 
angles A,, Ay... Any, and of the cosines of the remaining n +1—r 
angles, the r angles being chosen from the n + 1 in every possible 
way, then we have 

S/ = 8, cos Any, + S,sin Ani, 

for in S,cos An,, there is in each term the sine of one of the 
angles A,, A,... An, and in each term of S,sin A,,, there is only 
sin An4;. 


. 
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Similarly 
Se = S; cos Ja Vara + S, sin Anny 
Ss =S,;cos Ans, + Sysin Ani 
hence sin (.A,+...+ Ani) = 8, — 8, + S,.... 


We may similarly shew that 
cos(A, +... + Anyi) = S, — 8, + 8,'..., 


thus if the formulae (28), (29) hold for n angles, they also hold for 
n+1; and they have been shewn to hold for n = 2, 3, hence they 
are true generally. 

These formulae may be written in the form 


sin (A, + A,+...+ An) =cos A, cos A... cos An (t — ts +1,...), 

cos (A, + A,+...+ An) = cos A, cos A,...cos An(1—t,+...), 
where t, denotes the sum of the products of tan A,, tan A,...tan An, 
taken r together; hence by division we have 


th — ty + ts... 
l—-tt+t... 


tan (A,+A,+...+ An) = Senses (OU)s 


which is the formula for the tangent of the sum of n angles, in 
terms of the tangents of those angles. 


The formula (30) may also be proved independently. Assuming it to hold 
for n angles, we shall prove that it holds for +1; we have 


tan (A,;+ Ag+... +An)+tan Any) 
1—tan(A,+42+... +A,) tan 4,4, 
(4) —t3 +b — ..-)+tan Ansi(l—tettyt ey) 
(1—t,+¢,—...)—tan Ay41(4;—t3+¢5—...)° 


Now if t,’ denote the sum of the products of the tangents of r of the n+1 
angles, we have then 


tan (4, + 4s+ ... +Anei)= 


t;,'=t+ tan Jal 
te =to thy tan Ay 
tz =tg +t, tan Anyy 


Cee eeorssseseresccvocees 


ty’ — ty +t5" reese, 


Rea 


hence tan (A; +Aj+... +Angi1)= 


since the formula (30) holds for n=2, 3, it therefore holds for n=4, and 
generally. 
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Expression for a product of sines or of cosines as the sum 
of sines or cosines. 


50. We may obtain formulae which exhibit the product of 
the sines or of the cosines of any number of angles as the sum 
of sines or cosines of composite angles; we have 


2sin A, sin A,=cos(A,—A,)—cos(A,+ A,). 
2°gin A, sin A,sin A,= 2 sin A,cos(A,— A,)—2sin A,;cos(A,+A,) 
=sin(A,—A,+A;)+sin(— A,+A,+ As) 
+sin(A,+A,—A;)—sin(A,+ A,+4;) 
= sin (— A,+A,+ A;)—sin (A, + A,+ As). 
2° gin A, sin A,sin A, sin A, 
= 2sin(A,—A,+A;)sin A4,+...—2sin(A,+A,+ As) sin A, 
= cos (A, — Ag+ As— A,) — cos (A, — A,+ As + A,) 
+cos(— A,+A,+ A;— A,)—cos(— A, + A, + As + Ay) 
+cos( A,+A,—A;,;—A,)—cos( A,+A,—A;s+A,) 
—cos( A,+A,+A;—A,)+cos( A,+A,+A;+A,) 
=cos(A, + A,+As+A,)— = cos(A,+A,+ A;— A,) 
+42 cos(A,+A,—A;— Ay). 
Similarly 
2 cos A, cos A,=cos(A,— A,)+ cos (A,+ A.) 
2? cos A, cos A,cos A; 
= 2 cos(A,— A.) cos A;+2cos(A,+ A,)cos A, 
= cos (— A, + A,+A;)+cos (A, — A,+ As) 
+ cos (A, + A,—A;) + cos(A,+ A, + A;) 
= > cos(— A, + A,+As)+ cos (A, +A,+A,). 
23 cos A, cos A,cos A, cos A, 
= % cos (— A, + A,+A;+A,) +42 cos (A,+A,—A,—A,) 
+cos(A,+ A,+A;+ A,). 
The general formulae for n angles are the following: 


(—1)? 2" sin A, sin A,... sin Ay 
ba 
= On — Onat Cno—... +(—1)PE Og. ....ccecreeees (31) 


when n is even, 
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where C,_, is the sum of the cosines of the sum of n—r of the 
angles taken positively and the remaining r taken negatively, the 
negative angles being taken in every combination; and when n is 
odd ‘ 


es 
(—1) 2? 2”~sin A, sin A,... sin A, 
n-1 
= 10) = De + Dr~a- Abo GF (- 1) 2 D, (Nl) eeereeees (32), 


where D,_, denotes the sum of the sines of the sum of n—r of 
the angles taken positively and the remaining r taken negatively ; 


2”-1 cos .A, cos A,... cos Ay 
=C,+ Crat Cr+ eee +£Cx,, eee ecccceres (33) 


when n is even, and 


2"—1 cos A, cos A,... cos An 
= Cn + Oya toes + Cytingryeerencccccsonoeees (34) 

when n is odd. 

These formulae (31), (32), (33), (34) have been proved above, in 
the cases n=2, 3, 4, and may now be proved generally by 
induction ; assume the formula (31) to hold for n, multiply it by 
2sin An4,, and replace any term 2C,_,sin An,, by a sum of sines, 
we then obtain for the product 


(— 1)? 2sin A, sin A,... sin A,sin Ans, 
the expression n 
D'nti— Dat... +(—1)? DF ina), 
where D’, denotes the sum of the sines of the sum of r of then+1 
angles taken positively and the remainder taken negatively; this is 
what (82) becomes when n is changed into n+ 1; proceed again in 
a similar manner with this result, we then shew that the product 

n+2 
(-1) ? 2" sin A,... sin Ants 

is equal to n+2 

C'nga— Onn tee +(—L)® 20g mea, 
where (”, refers to n+2 angles; thus the formula (31) is proved 
for the value n+2, if we assume (31) and (82), for the value n; 
similarly we may shew that (32) holds for n+2; therefore as 
these formulae have been proved for n= 3, 4, they hold generally. 
The formulae (33), (34), for the products of a number of cosines, 
may be proved in a similar manner. 
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Exampiy. Prove that for n angles a, B, y, 8 
Ssin(atPtythH...)=2"-! sin acos B cos y cos 8..., 
cos (at+Pty+t5+...)=2"—1 c08 a cos B cos y cos 6..., 


where 3 implies summation extending to all possible arrangements of the signs 
indicated in the n—1 ambiguities. 


Formulae for the circular functions of multiple angles. 


651. If, in the addition formulae which we have obtained for 
two and more angles, we suppose each angle equal to 4, we obtain 
the formulae 


sin 2A = 2sin A C08 A .0.scaeswan siden MbSeew ss tuvmauyeaetee (35), 
cos 2A = cos? A — sin? A = 1 —2sin? A = 2 cos’? A —1...(86), 
sin 3A = 3sin A cos? A — sin’ A, 


Ory SIN SA se S810 A — 4 SIN A voles wasectassaandanth cotneeeane at (37), 
cos 3A = cos? A —3 cos A sin? A, 
or cos8A=4 cos? A—308 A........cceseee RES tase ings (38), 


sin nA=nsin A cos”—A — 
n(n—1) 
ase) ties 
n(n —1)(n—2)(n—8) 
+ he ibd, Len a hd OA 


Ses a sin’.A cos"*A +...(39) 


cos nA = cos” A — sin? A cos"—? A 


sin‘ A cos"~* A — ...(40). 


These last formulae (39), (40) follow from (28), (29), since S, 
in Art. 49 contains as many terms as there are combinations of 
n things taken r together, and becomes equal to 

n(n—1)...(n—r+1) 


oa sin” A cos" A, 


The formulae (39), (40) may also be written 


sin nA = cos” A \n tan A — n (n ee ae (n — 2 2) 


ta od +t}, 
n(n —1) 


cos nA = cos” A {1- tan? A 


4 m(n=1)(n-2)(v- 
4] 


a rect — a 
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We find also, from (9), (26), and (80), 
2 tan A 


Silt ae, Se 
tan 2A l-taw aA cc ceseeksseaseactasere tates »- (41), 
3 tan A — tan* A 
tan ey alana sials eecceccccecee eecceverccses (42), 
n tan A Ee i a on mies awh + see 
a7 ————— (43). 
be ewe) tan? A +... 


We have thus obtained formulae for the circular functions of 
the multiples of an angle in terms of those of the angle itself. 


It should be noticed that each of the sequences of numbers 
sin A, sin2A, sin3A......... 
cos A, cos2.A, cos 34......00 : 
is a recurring one; for we have 
sin (n+1)A=2cos A.sinnA—sin(n—1) A, 
cos (n+1) A=2cos A.cosnA —cos(n—1) A; 
thus each term of either sequence is obtained by multiplying the preceding 
one by 2cos A, and then subtracting the term next but one preceding. By 
this means the terms of the sequences may be successively calculated, if we 


assume the formulae (35) and (36). 
The scale of relation of either of the series 


1l+asin A+a?sin2A+.....05 1+. cos A+. cos 2A +..ecee 
is consequently 1-27 cos A+27. 


Expressions for the powers of a sine or cosine as sines or 
cosines of multiple angles. 


52. In order to obtain expressions for a power of the cosine 
or sine of an angle, in terms of cosines or sines of multiples of 
that angle, we must make all the angles equal to one another in 
the formulae of Art. 50; we thus obtain the formulae 


2 sin? A = 1— cos 2A, 

4 sin? A = 8 sin A — sin 3A, 

8 sin‘ A = cos 44 — 4 cos 2A + 8, 
2 cos? A = 1+ cos 24, 

4 cos? A = 3 cos A + cos 3A, 

8 cost A = cos 4A + 4.cos 2A + 3, 


54 {HE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES 


(-1 or-tmin® A = ope nd neos(n— 2)A+— ae we pry di 4) A... 


2! 
5 n} 
+(- DE se Tinie (44) 
(m even), 
n-1 
(-1) 2? 2"4gin" A=sinnA—nsin(n— 2)4+ Mee Ske 4)A-... 
n—-1 ! 
px ie nN: ; 
+(-1) bani Ge ee (45) 
(n odd), 
2" cos" A = cosnA + ncos(n — 2) A+ ssSaees! cos(n—4)A+... 
n! 
4 Tokina cee (46) 
(n even), 
2" cos" A = cos nA +n cos (n — 2) A + ret ates (n—4) A+... 
n} 
ote tm—])! 441)! C05 Aes (47) 
(n odd). 


The formulae (44), (45) may be deduced from (46), (47) by 
writing 90°—A for A, or conversely. 


Relations between inverse functions. 


53. Corresponding to the addition formulae of this Chapter, 
formulae involving the inverse circular functions may be found. 
Thus in formulae (1) and (3), put cos A =a, cosB=b, then we 
have 

cos a + cos b = cos {ab | V1 — a? V1 — 8}; 
similarly from (2) and (4), we have 
sin a + sin b = sin” {a V1 — 02+ 6 1,— a’}. 
From (9), (10), (11), and (12) we obtain 


tan a + tan 6 = tan aid : 
1 Fab 

cot a + cot 6 = cot Gb) ; 
bta 


Again from (26) and (30), we have 


tan a + tan b + tan ¢ = tan“ (+ cree rege ) 


1 — be —ca —ab/’ 
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tan“ a, + tan a, +... + tan a, = tan“ GE mb La =) ; 
l—s,+&... 

where s, is the sum of the products of a,a,...a, taken r together. 

It should be observed that, in these formulae, the particular 
values to be assigned to all except one of the inverse functions are 
arbitrary, but the particular value of that one is determined when 
the values of the others have been assigned. Moreover if in a 
formula involving, for instance, three inverse functions, two of 
them have their principal values, it is not necessarily the case 
that the third has its principal value. For example, in the 
formula 

tan a + tan b = tan (a + 6)/(1 — ab), 

if tana, tan’b are both positive and have their principal 
values, that is, values between 0 and 47, and if their sum is 
greater than 47, this sum is not the principal value of 


tan (a + b)/(1 — ab); 


this principal value is an angle between 0 and — 47, which has 
the same tangent as the sum of tana and tan” 0. 


Geometrical proofs of formulae. 


54. Direct Geometrical proofs may be given of many of the formulae of 
this Chapter; we shall give three examples of such proofs. It should be re- 
membered that such proofs often hold only for a limited range of the angles. 


tan 4+ tan B 


(1) To prove the formulae tan (4 + B)= ities Aten Bb’ 
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Let AB, CD be two chords of a circle at right angles, and let the angles 
ADE, BDE be denoted by A and B; since AZ. EB=CEL. ED, we have 


AE+EB 
i _AE+EB_ AB 
1 FD AE IH WHC! ay ey OF 
WED ED 
whence ai Aedes =tan (A+B), 


1# tan A tan B 


(2) To prove the formulae 


sin 2A =2sin A cos A, cos 24 =cos? A — sin? A. 


Let AOA’ be the diameter of a circle, and let PA A’=A, then POA'=24; 
draw PN perpendicular to 4A’. 


Thentingdeas Mow PN. dd’ eA APA’ d PL Pat 


OP’ 
j AP, A'P AA'2sin Acos A : 
therefore sin 24 =e 7 lew OP. AA’ =2sin 4cos A, 
ON AWN*®—A'N? AP?- A'P? 
aS A et ee Mont ain? 
also cos 2A OP = 9. Ad” OP AA" cos? A — sin? A, 


(3) To prove the formulae 
sin3d4=3sin d—4sin3 A, cos3d =4cos? A—3cos A, 


Let CAB=ACB=4; let AB meet the tangent at C to the circle round the 
triangle ABC in E; draw BD perpendicular to CE. 
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The angle BED is 34, or 180°—34. Now 
AE AACE AC? 


BE~ ABOR ~ BOA * Ai 
0 
D 
A B ee 
; AB : 
therefore BR 1008 A -1=3—4sin? 4; 
A cah3 BDV BDSAB E+ on 
hence sin3d == aR BAn on 4 —4sin A, 
a nbd ee Re EC _DC BC _ AC 
BE ie Dia bOBee ap 


=cos A (4 cos? A —1)—2cos A =4 cos’ A —3.os A. 


The proofs in (1) and (3) were given by Mr Hart in the Messenger of 
Mathematics, Vol. Iv. 


EXAMPLES. 
Prove geometrically the formulae 


(1) tant hat OE 

(2) tan (45°+A)—tan (45°—A)=2tan2A, 

(3) sin Asin B=sin?}4 (A+ B)—sin?4(A-—B). 

(4) sin?a+sin? B=sin? (a+P) —2 sinasin B cos (a+). 

m—-n 

m+n 4° 

(6) cos® A +cos* B+ cos* C+2 cos A cos B cos C=1, where A4+B+C=180° 
(7) sinA+sinB—sin C=4sin$A sin} Bcos$C, where A+B+C=180". 
(8) cot 6=cosec 26 + cot 20. 

(9) cos 36°—sin 18°=4. 


(5) tan~} =~ tan7} 
n 
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EXAMPLES ON CHAPTER IV. 


Prove the identities in Examples 1—15: 


oP es Sed 


13. 


14. 


15. 


+ sin Cain (O— A) sin (C—B) 


cos? A + cos? (120°+4.A)+ cos? (120° — A) =#. 

(cos A +sin A)*+(cos A —sin A)*=3—cos 44, 

sin 34 sin? A +cos 34 cos? A =cos* 2A. 

4cos3 A sin3A+4sin? A cos3A4 =3 sin 4A. 

sin? A +sin3(120°+ A) —sin3(120°— A)= —#sin3A, 
sin 4d+sin34+sin54+sin7A 
cos A +cos 3A +cos 5A +cos 74 
16 cos® A —cos5A =5 cos A (1+2 cos 24). 


=tan 4A, 


cosec (m +7) x cosec ma cosec nx — cot (m+n) x cot mx cot nx 


=cot mx + cot nx —cot (m+n) x 
= cos A (cos 3B—cos 30) 


=4 (cos B—cos C) (cos C—cos A) (cos A —cos B) (cos A +cos B+cos C). 
2 sin A (sin? B+sin? C) sin(B—C) 

=sin (B—C)sin(C—A)sin(A—8)sin(A+B+C). 

tan(A + 60°)tan(d — 60°) +tan Atan(A + 60°) + tan(A —60°)tan 4 = —3. 

cot (A+60°) cot (A — 60°) + cot A cot (A+60°)+cot (A — 60°) cot A = —3. 
cos3d4 cos6A | cos9A __ cos 184 
cosA cos2d cos3A _ cos6A 

= 2 {cos 2A — cos 4A +cos 6A —cos 124}. 


sin (B+C0+D-— 4) 


2 sin(4— B)sin(A—O)sin(A—D) 
cos 4A . cos 4B 
sin A sin(A — B)sin(A—@) © sin Bsin(B—C)sin (B—A) 


cos 40 =8sin(4+B+C)+cosec A cosec B cosec C. 


If A+B+C=rn, prove the relations in Examples 16—27: 


16. 
ie 
18. 
19. 


20. 
21. 


tan A cot Bcot C=3 tan A —23 cot A. 
Zcot A =cot A cot B cot C+cosec A cosec B cosec C. 
2sin (B—C) cos? A = —sin (B—C) sin (C— A) sin (A — B). 
> (sin B+sin C) (cos C+cos A) (cos A +cos B) 

=(sin B +-sin C) (sin C+sin A) (sin A+sin B). 
2 sin A cos (A — B) cos(A — C)=3sin A sin Bsin C+sin 2A sin2Bsin 20. 
2 sin 2B sin 20=4 {sin? A sin? B sin? C+ cos? A cos? B cos? C 

+cos A cos B cos C}. 
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22. Scos2A (tan B—tan C) 
= —2sin (B—(C)sin(O— A) sin(A — B) sec A sec Bsec C. 
23. cos? A (sin2B+sin 2C)=2sin A sin Basin C, 
24. cos A sin3A={5 sin 2A} {3+ cos 24}. 
25. (sin 4 +sin B+sin C)(-—sin 4+sin B+sin C) (sin A—sin B+sin C) 
(sin 4 +sin B—sin C)=4 sin? A sin? B sin? C. 
26.. | sin?4 cotA 1 |=0. 
sin?B cot BO 
sinktC 60cotC Od 
27. Zcosec B cosec C'sec (B— C) 
=sec (B—() sec (C— A) sec (A — B) (34+. 8 cos A cos B cos C). 
28. Prove that, if a+B+y=$r, 
sin?a+sin?8+sin? y+2sinasinfsin y=1. 


29. Prove that 
1 1 


1 
[pScon(ba 46) 1 +2c08Qa-0) 20801" 
30. Prove that 
sin? (6+ a)+sin? (6+) —2 cos (a—8) sin (+a) sin (6+8) 
is independent of 6. 


Ns8iNn acosa 
31. Iftan ae reer Py SACRE shew that tan (a—8)=(1—n) tana 
32. Iftang= sinasin 0 , prove that tan 6— sin asin 


cos 6—cosa cos pb +cos a” 
33. If /2cosA=cosB+cos3B, /2sin A=sin B—sin’ B, 
prove that +sin (A —B)=cos2B= . 
34. Prove that 


cos 36 + cos 3 
2cos(6—d)—1 


35. If 6 and ¢ satisfy the equation 
sin 0+sin 6="3 (cos ¢ —cos 6), 
then will sin 346 +sin 3p=0. 
36. Prove that tan 70°=tan 20°+2 tan 40°+4 tan 10° 


=(cos 6+ cos ) cos (6+ p) — (sin 6+sin Pp) sin (6+ ¢). 


costa  sinta cere, cost 8  sin* B_y 
cos?B °° sin?B ” costa sin? a 


Be LE cos (A + B) sin (C+ D)=cos (A — B) sin(C—D), 
then cot A cot Bcot C=cot D. 


37. If 


39. If a+f8+y=tm, then 
(cos a+sin a) (cos 8 +sin f) (cos y+sin y) =2 (cos a cos B cos y+sin asin f sin y). 
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40. If A+B+C=mn and cos A=cos Boos C, 
then will cot B cot C=4. 
41. If 4sin?asin?§ sin? y+sin‘a+sin‘8+sin‘ y—2 sin? 8 sin? y 


—2sin? y sin? a—2 sin? asin? B=0, 
shew that a+B+y is a multiple of 7. 


tan(a+B—y)_ tany 


ess tan(a—B+y) tanp’ 
prove that sin 2a+sin 28+sin 2y=0. 

43. If sec a=sec B sec y+tan 8 tan y, 
prove that 


sec B=sec yseca+tanytana and secy=secasec8+tanatan 8. 


sin? 6 cos @ — cos?@ sing _ sin? d cos 8— cos? f sin 6 


cos 6 tan a cos ¢ tan B Se ee 
sin?acos8—cos?asinB  sin?Bcosa—cos*Bsina _ 
co cos a tan 6 aa cos B tan a Nac 


45. If A, B, C be positive angles such that 4+ B+C=60", prove that 
sec A sec B sec (+23 tan B tan C=2. 


46. If 
cos(0+8)cos(O+y)+1 _ cos(#+y)cos(6+a)+1 _ cos(86+a)cos(8+8)+1 
cos (8+) - cos (y+a) 7 cos (a+) : 


prove that  cosec (8 — a) cosec (y — a) + cosec (y — 8) cosec (a— B) 


+cosec (a— y) cosec (8— y)=1. 
47. Having given ‘ 


sint @+sin‘¢d=14sin?ésin?@ and sind+sing@=sin}a, 
prove that 2siné=sin({r+}7)/sin¢a or cos(ta+}7)/costr. 
48. If cos (4+B+C)=cos A cos Bcos C, 
then 8sin(B+C)sin(C+A)sin(A4+8)+sin 2A sin 2B sin 20=0, 
49. If tané+tang+tany=-— tan 6 tan ¢ tany=tan (6+¢6+ yp), 


then either two of the angles 6, ¢, y must be equal to mm+}n, nx -4n, 
or else one of them and also the sum of the other two must be multiples 
of m,. 


sin (8~¥) 643 (9-2) + SB y-a) 
50. If ee ee (@—2a) + ee cos (@ — 28) 


sin (a—) . ; 
ss cos y cos (9 — 2y)=sin (8 — y) sin (y~ a) sin (a—), 
prove that cos 8=cos a cos B cos y. 


51. If a, B, y, 8 be any four angles and 22=a+8+y+8, then 
cos a cos 8 cos y cos 8+sin asin 8 sin y sin 8 
=C08 (o — a) cos (a — 8) cos (o — y) cos (x — 8) 
+sin (o —a) sin (* —8) sin (o — y) sin “o — 8). 


EXAMPLES. CHAPTER IV 61 


52. Prove that. 
tan-! v=2 tan -! {cosec tan~! x — tan cot~! 2}. 


53. Prove that 


2 tan-!.24+2 tan-!y=sin-1 Meee 
gee A) Y) 
54. Prove that 


tan~! {$ (cos 2a sec 28 + cos 28 sec 2a)} = tan-! {tan? (a +-8) tan? (a—8)}+tan-! 1. 

55. Prove that 

tan—}1+tan-12+tan-!3=q=2 (tan-!1+tan-13+4tan—! }) 

56. If cos~!#+cos~!y+cos-!z=n, 
then a+y?+24242ryz=1. 

57. If tan-!y=5 tan! 2, find y as an algebraical function of 7; hence 
shew that tan 18° is a root of the equation 52 —10z?+1=0. 

58. If 20=a+8+y, shew that 


hae ( 2 cos acos B cos y 
cos? a+ cos? 8B + cos” y—1 


—tan~! [tan o tan (o— a) tan (o- f) tan (o— y)]=tan-!1, 
59. Prove that 


tant, /2FPT) 4 tant, [PHOT 4 tat [e(atb+e)_ 
be ca ab . 


60. Prove that the algebraical equivalent of the equation 
sin-!g+sin~-!y+sin-!z+sin“1uw=n7, 
where 7 is an integer, is 
{4 (s—2) (s—y) (8-2) (8 u) — (ay +2u) (e+ yu) (autye)} 
{4s (s-2—y) (8-2-2) (8-2 —u) — (eu— ay) (yu — 22) (ye 2u)} =0, 

where QW=xe+y+z+uU, 

Solve the equations in Examples 61—75° 

61. sind+2cosd=1. 

62. sin 50=16 sin® 6. 

63. sin 79—sin 6=sin 36. 

64. tan 26=8 cos? 6 —cot 6. 

65. tan (45°4+A)=3 tan (45° — A). 

66. 2sin(@—¢d)=sin (6+>)=1. 

67. sec 40—sec 26=2. 

68. sin mé+sin nd +sin (m+n) d=0 
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. n+l . r—-l 
69. sin —— 6-+sin 5} 


6 =cos 0, 


ta ‘ = 


70. tané+sec26=1. { () 4 } 
71. 2(sint@+costé)ml. {| t SY 


| 
trAltr 


72. tan é+tan36+tan50=0, ) 1 ~~ 


73. cot-!x2—cot—! (7+2)=15°. 


74. asin~12+b pest 
a cos~!4—bsin~!y=8)° 


75. cosec 4a—cosec 46 = cot 4a — cot 40. 
76. Draw graphs of the functions (a) sin x+sin 227, (5) cos 2a/cos x. 
77. Find all the solutions of the equation 
a (sin 6—cos a)=b (sin a—cos 6), 
78. If m be any integer, and 4+ 8B+C=7, shew that 
sin 2mA +sin 2mB+sin 2mC=(—1)™+14 sin mA sin mB sin mC, 

cos 2mA + cos 2mB+cos 2mC=(—1)"4 cos mA cos mB cos mC —1. 

79. Prove that a*+ 8224422 =427y, 
where 


x=sin A+sin B+sinC, y=sin Bsin C+sin Csin A+sin A sin B, 


z=sin A sin B sin C. 
80. Prove that, if 


1—tan Btan€ 1-tanC@tanA_.1~tan AtanB 


cos? A cos? B cos? CO ’ 


either tan A, tanC, tanB are in arithmetic progression, or A+B+C is an 
integral multiple of rm. 


81. If cos A=cosésing, cosB=cos¢siny, cosC=cosysin 6, and 
A+B+C=rn, prove that tan 6 tan ¢ tan ~y=1, 
82. Solve the equations 
4 (cos 38+008 44) (cos 36 +cos 6) =I, 
4 (cos 30+cos 56) (cos 66 +cos 70) = —1. 


CHAPTER V. 
THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES. 


Dimidiary Formulae. 


55. IF in the formula (36) of the last Chapter we write 4a 
for A, we have 


cos a = cos’ 4a — sin? $a = 2 cos*4a—1=1—2 sin? ha, 
whence we have 
1 --cosa=2sin?4a, 1+cosa=2cos?4a; 


taking the square roots we obtain the following formulae for 
cos $a and sin 4a, in terms of cosa, 


sinta=+%V4(1—cosa), cos}a=+V4(1+4 cosa); 


dividing one of these expressions by the other, we have also 


o); 1—cosa 
tan4a=+,/ ———. 
1 + cos & 

These three formulae contain an ambiguity of sign; now if a is 
given, the three functions sin $a, cos $a, tan $a have each a unique 
value, and the true expressions for them can therefore contain no 
ambiguity. The reason of the ambiguity in the three expressions 
obtained above is that they give the values of sin 4a, cos $a, tan da, 
not when a is given, but when cosa is given; now, as we have 
proved in Art. 33, all the angles 2n7 + a, where n is an integer, 
have the same cosine as a, hence formulae which give sin 42, cos $a, 
tan 4a, in terms of cosa, will give these functions for all the angles 
included in the formula 4(2n7 + a), and not merely the values of 
sin $a, cos$a, tanda themselves. 
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To find the values which sin 4(2n7 +a) may have, we must 
consider the two cases of an even and of an odd value of n; if n=2m 
sin 4 (4mr +a) =sin (+ 4$a)=+sin fa, 

if n=2m+1 

sin 4 (4mm + 27 + a) =sin (7 + a) =F sin $a; 
hence the values of sinda and —sin $a are given by the formula 
which expresses sin 4a in terms of cosa. Similarly cos 4 (2n7 + a) 
and tan}(2nr +a) can be shewn to have the values + cos 4a, 
+tan4a, and thus the formulae which express cos 4a, tan}a, in 
terms of cosa, will give the values of cos}a and —cos $a, and of 


tan 4a and —tan 4a, respectively. Thus the ambiguity of sign in 
the three formulae is accounted for. 


56. The ambiguity of sign in the three formulae we have 
obtained may be illustrated geometrically. 


If AOP =a, and AOP, = —a, the two sets of coterminal angles 
(OA, OP), (OA, OP,) are the only ones which have the same co- 
sine as a; if QOq, Q’Oq’ be the bisectors of the angles AOP, AOP,, 
respectively, the bisector of any of the angles (O.A, OP) is OQ or Og, 
and of the angles (OA, OP,) is OY or Oq’ ; hence the formulae for 
syn $4, cos $a, tan $a, when cosa is given, will give the sine, cosine, 
and tangent of all the four sets of coterminal angles (0A, OQ), 
(OA, Og), (OA, 0Q’), (OA, Og’). The sines of the angles in the 
first and fourth sets are equal to sin $a, and in the second and third 
to —sin4a; the cosines of the angles in the first and third sets are 
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equal to cos 4a, and in the second and fourth to — cos ta; the 
tangents of the angles in the first and second sets are equal to 
tan $a, and in the third and fourth to —tan}a. 


57. We shall now remove the ambiguities in the three 
formulae of Art. 55. The function sin 4a is positive or negative, 
according as $a lies between 2n7 and (2n+1)7, or between 
(2n +1) a and (2n + 2) 7, that is according as a/2z lies between 
2n and 2n +1, or between 2n +1 and 2n +2; hence we have the 
formula 

sin 4a=(—1)? V¥ (1 — cos @).......eeeeee eee ee (1), 
where p is the positive or negative integer algebraically next less 
than a/27. 

The function cos $4 is positive or negative, according as $a lies 
between 2nm7—47 and 2nr+47, or between 2n7+47 and 2n7+ $x, 
that is according as 4(a+7)/7 lies between 2n and 2n+1, or 
between 2n+1 and 2n+2; hence 


cos fa =(—1)9 V4 (1 4+ 008 A)... eee eee (2), 


where q is the integer algebraically next less than 4 (a+7)/z. 
We have also 


el — cosa ; 
tan 4a =(- 1)? q 14 cosa aleivia/eieiDielsieveysisiisierne (3); 


the number p—q is always either zero or +1. 


58. If we write 4a for A in the formula (35) of the last 
Chapter, we have 
sina=? sin 4a cos $4, 
singa sina _ 2sin’$a 
costa 2cos*4a sina 


hence tan 4a= 


Thus we have the two formulae 
sin @ 1—cosa 
l+cosa sina 


tan 4a = 


which give tan $a without ambiguity. ‘These formulae give tanda 
when both sina and cosa are given; now the formula 2n7+a 
contains all the angles of which both the sine and cosine are the 
same as the sine and cosine of a, hence formulae for tan 4a in terms 
of sina and cosa give the tangents of all the angles nw + $a, and 
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all these angles have the same tangent tan4a; this accounts for 
the absence of ambiguity in the formulae (4). 


59. We shall now obtain formulae for sin4da, cos$a, and 
tan 4a, in terms of sina; we have 
1+sina=1+42sin dacos }a=(sin $a+ cos ha), 
also 1—sina=1—2sin4acos$a=(sin 4a—cos $a)’, 
hence sinta+costa=+V1+sinaq, 
sin }a—cos}a= +V1—sina; 
therefore sinda=4${+V1+sina+V1-—sing}, 
cos fa=4{+V1+sinaF¥V1-—sing}. 
In each of the ambiguities either sign may be taken; we have, 
therefore, four values of sin $a, and four values of cos 4a, in terms of 
sina, Formulae which express sin}a@ and cos $a in terms of sina 
will give the sine and cosine respectively of all the angles included 
in the formula 4(n7+(—1)"a), for as we have shewn in Art. 33, 
the sines of all the angles nw + (—1)"a have the value sina. To 


find the sine and cosine of the angles 4(nm7+(—1)" a) we must 
consider four cases, 


(1) If n=4m, 
4 (nm + (—1)" a) =2mr+ha; 
the sine and cosine of these angles are sin}a and cos $a re- 
spectively. 
(2) If n=4m+1, 
4 (nw + (— 1)" a) = 2m7 +47 —Ja; 
the sine and cosine of these angles are cos}a and sin}a re- 
spectively. 
(3) If n=4m+4 2, 
4 (nm + (— 1)" a) =2m7 +74 ha; 


the sine and cosine of these angles are —sin $a and — cos }a 
respectively, 


(4) If n=4m +3, 
4 (nr + (— 1)" a) = (2m +1) 74+47—- fa; 


the sine and cosine of these angles are —cosda and —sin da 
respectively. 


THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES 67 


Thus we obtain four values sin $a, cos$a, —sin ta, —cos fa, by 
the formula which gives sin }a, and four values cos }a, sin $a, 
— cosa, —sinda, by the formula which gives cos $a. 

The four sets of values of x and y which satisfy the equations 

(a+yyY=1+sina 
(a — y) eet 
are ee eluniet x=—sinta az=—costha 
y=costa)”’ y=sin}a)’ iat fees 

60. As in the preceding case, the ambiguities in the formulae 
of the last Article may be illustrated geometrically. Let POA=a, 
P,OA=7 —a, then the angles which have the same sine as a are 


a 
A 


the two sets of coterminal es (OA, OP), (OA, OP,); hence if 
Q0q, Q0q' be the bisectors of the angles AOP, AOP,, the four 
sets of coterminal angles (0.4, 0Q), (OA, 0q), (OA, 0Q’), (OA, 09’) 
will be the angles whose sine and cosine will be given by the 
formulae which express sin $a, cos}a, when sina is given. We 
see that Q'‘OB =a, and Q’‘OA=4(m—a), hence the sines of these 
four sets of coterminal angles are sin $a, — sin }a, cos $a, — cos $a,’ 
and their cosines are cos $a, —cos$a, sin}a, —sin}a; these are 
the four values of sin4a, cos $a respectively which are given by 
the two formulae. 


61. We have 
sin }a-+cos }a=/2 (5 5 sin $a+ 5 c0s $a) 
=/2sin(4a+ 47), 
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and similarly 
sin $a — cos 4a = 1/2 sin (ta —4m); 


hence sin}a+cos $a is positive or negative, according as o +4 
lies between 2n and 2n+1, or between 2n+1 and 2n+2, and 
sin 4a —cos $a is positive or negative, according as 5 — lies be- 
tween 2n and 2n +1, or between 2n+1 and 2n+2; therefore 
sin 4a + cos }a=(—1)? V1 +sing, 
sin 4a — cos $a =(—1)7 V1 — sina, 
where p is the positive or negative integer algebraically next less 
than 5 +4, and qg is the integer algebraically next less than 
= —}; we have then the three formulae 
sinda=4{(—1)?V1+sina +(—1)?V1—sinal......(5), 
costa=4{(—1)?V1+sina—(— 1)1V1—sin a} ree § (6), 


(—1)?V1+sina+(- TNL ante 
(—1)?V1+4+sina—(—1)?¥1—sina 


tan }a= 


eke (7). 


62. To express sin $a, cos 4a, tan $a in terms of tan a, we have 


sin? 4a=4(1— cosa) 


-+(1- Sa) 


; 1 
cos*4a=4/14 vivre) 
=F Ae 7. T tan ey 
hence sinda=+ an bw ae eae) ean 
3 A es 


cok at t/t (+e) eres sr seal” 


+V1+tan?a—1 
and co tly t => : 
nsequently tan4a nears : 


each of these formulae contains ambiguities. We leave to the 
student the discussion of these ambiguities, which should be 
made as in the previous cases, 
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It should be noticed that the values of tan 5a are the roots of 


the quadratic equation in tan 4a, 
tana= a tang & 
1 —tan?da’ 


obtained by replacing A by $a, in the formula (41) of the last 
Chapter. 


63. The functions sina, cosa, tana can be expressed without 
ambiguity in terms of tan4a; for all the angles which have the 
same tangent as $a are included in the formula nz + 4a, and 
2 (nar +4a) or 2n7+ a are angles which have all their circular 
functions the same as those of a. To find the expressions, we 
have 

; 2 sin $a cos 4a 2 tan $a 
sin a= ~—— —~,. =~, 
cos’ 4a+sin?4a 1+ tan*fa 


cos?4a—sin?4a 1 — tan? ha 
cos a = ee 
cos? 4a+sin?ta 1+ tan? fa’ 


h i ; 2 tan ta 
ence also an a& =<. , 
1 — tan’ ja 


EXAMPLES, 


(1) If 2cos6=/1—sin 26 —/1+s8in 26, shew that 6 must lie between 

(8n+5)7 and (8n+7) Z * 

where ni vs an integer. 

costA Pe sintA 

V1i+sinA W1—sinA 

the radicals denoting positive numbers, provided A lies between 
(4n—4)m and (4n+4)7, 

where n is an integer. What are the signs in other cases? 


V1—sinx+l 
(3) Prove that the four values of Vi+sinx—1 of 


=see A, 


(2) Prove that 


cot}x, tan}(m+x), —tan}x, cot} (r+x)- 


(4) If sin4A=a, shew that the four values of tan A are given by 


* +ayt— 1} 1+. -a)}p. 


et: tan®A —1 eee: 
(5) In the formula tant A= gee) , prove that the ambiguity of 


sign may be replaced by (—1)™, where m is the greatest integer in (A+90°)/180°, 
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The circular functions of one-third of a given angle. 


64. If we replace A, in the formulae (37), (88), (42) of the 
last Chapter, by 4a, we obtain the three equations 
sin a = 3 sin-fa—4 sin? 40.......0..seeceee (8), 
Cos a = 4: cos? 44— 3 COS 4G..........cceccee. (9), 

3 tan 4a—tan* ta 
1—3tan’ta 
we have thus, in each case, a cubic equation for determining a 
circular function of 4a, in terms of one of a. Hence if sina be 
given, we obtain three distinct values of sinfa; if cosa be 
given, we obtain three distinct values of cos 4a, and if tana be 

given, we obtain three distinct values of tan 4a, 


tan a= 


(1) In the case of the formula (8), we have sina given, and 
thus we shall obtain for sin $a the values of the sines of one-third 


of all the angles (0A, OP), (OA, OP,), which have the same sine 

as a Let the trisectors of the angles (OA, OP) be 0Q,, 0Q,, 

0Q;, so that Q,0A= fa, and Q,Q,Q, is an equilateral triangle, and 
Q,0A=3r+4a, Q,0A=4r+ha; 

the trisectors of the angles (0.4, OP,) are Oq,, Oq:, Ogs, where 

929s 18 an equilateral triangle, and g,0A=4(m—a), so that 
q0A=r—a, g,0A=$r-— fa. 

We see at once that Q.q, 9:92, Qsq, are parallel to OA; the 
sines of the two sets of coterminal angles (0A, 0Q,), (OA, Oq2) 
Bibliothéque, 

Université du Québec, 
Rimouski 
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are sin ta, those of the sets (OA, OQ), (OA, Oq) are sin (37 + 4a), 
and those of (OA, 0Q;), (0.4, Og.) are sin (47 +4a); therefore the 
three roots of the cubic (8), in sin fa, will be sin 4a, sin (42 — 4a), 
and — sin ({7 + 4a). 


(2) In the case of the formula (9), the angles which have the 
same cosine as a are (0A, OP) and (OA, OP,); let the trisectors 
of the first set of angles be the three lines 0Q,, 0Q,, OQ;, where 
Q,0A = fa, and Q,Q.Q, is an equilateral triangle; the trisectors of 
the second set of angles are Oq,, Oqz, Og,, where q,0A =— 4a, and 
929s 18 an equilateral triangle; we see at once that Q,q, Qag2, and 


Q;9s are perpendicular to OA. The cosines of the two sets of 
angles (OA, 0Q,), (OA, Oq) are cosa, those of the two sets 
(OA, 0Q.), (OA, Og.) are cos(Z7 + 4a), and those of the two sets 
(OA, 0Q;), (OA, Oq;) are cos($7 +4a); therefore the three roots of 
the cubic (9), in cosa, are costa, —cos (47 —4a) and —cos(477+ 4a). 


(8) In the case of the formula (10), the angles which have the 
same tangent as a are (OA, OP) and (OA, OP;,). As before 0Q,, 
0Q., 0Qs, in the figure on page 72, are the trisectors of the first 
set of angles; the trisectors of the second set are 0q,, Og., 09s, 
where 9:929s is an equilateral triangle, and qOA=}(7+4); we 
see that Q,Oq, Q20¢s, Q;0q, are diameters of the circle. The 
tangents of the sets (OA, OQ,), (OA, Og:) are tan fa, of (OA, 
0Q,.), (OA, Og;) are tan(27+4a), and of (0A, 0Q;), (OA, Om) 
are tan(47 +4a), hence tanta, —tan(4a—4a), tan(4a+ 4a) are 
the roots of the cubic (10), in tan 4a. 
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We may express the results of this article thus; the roots of 


the cubic in 2, ; 
3a—4a3=sina, are sinja, sind(m—a), —sin}(7 +a), 


those of the cubic 

4a8—3x=cosa, are costa, —cost(r—a), —cos4(r+a), 
and those of the cubic 
tan a(1 —382*)=3c- 2°, are tania, —tand(7—a), tand(7+a). 


Determunation of the circular functions of certain angles. 


65. The formulae of this Chapter may be applied to the 
determination of the circular functions of angles which are 
submultiples of angles whose circular functions are known. 

(1) Wehave sindrv=cos}r7=1//2; 
hence from the formulae (1) and (2), of Art. 57, 

sin dr =4,/2—¥/2, cosgr=4J/2 +2, 
sin jr =4V2—V2 ie cos jr = 424 V2 +/2, 
and proceeding in this way, we can calculate sin . a and cos gu ™ 
(2) Wehave sinda=1/2, costar =/3/2; 
hence from formulae (5) and (6), we have 
sin Jy7 =4(V6—V2), cos fy =1(/6 + 4/2), 
the values obtained for sin 15°, cos15° in Art. 84; proceeding 
in this way we calculate the sines and cosines of all the angles 
7 


20 
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(3) We have sinta7=2 sin j47 cos j.7 


and sin 27 = 2 sin 4m cos 47, 

therefore sin 4a sin 3 = 4 sin }7r cos 4a sin 4,77 cos yar; 
hence since sin 27 = cos 347, 

we have 4 cos}msinjy7 =1, 

or sin ;3,7 — sin 7,7 =, 

that is cos 47 — sinz@ = 4, 

also (cos 47 + sin,7)=4+1=5; 
therefore cos ta + sin 4,7 =4 1/5, 

or sin ;7 =4(/5—1), costr=1(/5 +1), 


and hence cos jy7 =4V104+275, sintr=1V10—24/5; 
these values agree with those given in Art. 34. 

It should be noticed that, if a is any angle of which the sine 
and cosine are known, then the sines and cosines of all angles of 
the form ma/2", where m and n are positive integers, can be found 
in a form which involves only the extraction of radicals; for we 
have shewn how to find the functions of all angles of the form a/2”, 
and when these are known, the formulae of the last Chapter enable 


us to find sing, and 008 ee 
66. We are now in a position to calculate the circular 
functions of all angles differing by 3° or 7/60, commencing at 
3°, and going up to 90° 
We have sin 3° =sin (18° — 15°) 
= sin 18° cos 15° — cos 18° sin 15° 
= ds (V6 + 2) (V5 —1)-$ (V3 —1) V5 +5 
similarly cos 3°=4(/3 +1) V5 + /5 +45 (V6 — V2) (/5 — 1). 
We have also 
6° = 86° — 30°, 9° = 45° — 36°, 12°=30° — 18°, 
91°=36°—15°, 24°=45°—21°, 27° =30°— 3°, 
33° = 45° —12°, 89°=45°-—6°, 42° = 45° — 3°; 
hence we can calculate the sines and cosines of all the angles 
3°, 6°,... up to 45°. It is then unnecessary to proceed farther, since 
the sine or cosine of an angle greater than 45° is the cosine or sine 
of its complement, which is less than 45°. The results of the 
calculation are given in the following table: 
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sine 

fs (V6-+-V3) (V5 - 1) -2 (V3 -1) V5 +5} 

§ (30-6 J5 — 5 -1) 

& (V104+/2 — 2/5 —,/5) 
—$(V10+2,J6 - 15 +3) 

t (V6 — 4/2) 

+(V5-1) 

qs {2 (V3 +1) V5 — 5 - (V6 — V2) (V5 +1} 
3 (V15+7/3 —4/10—2,/5) 
4 (2V5+/5-V/10+¥/2) 
atten walle do wr pads el or at-Utvod 
| Be (V6 4 V2) (W5-1) 4-2 (V3-1) V5 +5} 
$V10—-2,/5 
vs (V6 472) (V5 +1) —2 (3-1) V5—/5} 
3 (V30+6 4/5 —/5+1) 
$V2 
$(V10+2./5 +15 — 1/3) 
t(Vv5+1) 
Pe (2 (V3 +1) V5 +5 — (WE — 9/2) (V5 - 1} 
3/3 
4 (2V5+/5+/10 — 1/2) 
| 8030-65 +7541) 

ts (V6 +.V2) (5 +1) +2 (0/3 — 1) 5-5} 

Sorrel ee ee 
+ (V6+¥/2) 
4 (V304+6/5+75—-1) 
4(V/104+/24+2.9/5 —,/5) 
4(V15 +734 /10—2,/5) 
Ps {2 (V3 +1) V6 +./5 + (V6 - 72) (W5—1)} 
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In this table, the sines of the angles 3°, 6°,. ..up to 87° are given; the 
cosines will be found by taking the sines of the Comin lemeninry angles. The 
values of the surds in the above expressions are given to 24 decimal places 
in the Messenger of Math. Vol. v1., by Mr P. Gray. In Hutton’s tables the 
values of these surds are given . 10 places of decimals, A complete table 
giving the tangents, secants, and cosecants of these angles, with the denomi- 
nators in a rationalized form, will be found in Gelin’s Trigonometry. 


EXAMPLES ON CHAPTER V. 


Prove the relations in Examples 1—8, where 4+ B+C=180°; 


tan$A _ 1—cos A+cos B+cos C 


> tan$C 1-—cos C+cos A +cos B* 


2. sin(4—B)sin(A—C)+sin (B— C) sin (B— A)+sin (C— A) sin (C—B) 
=2 cos 4(B—C) cos} (C— A) cos$(A—B)—2sin$ Asin Bsin3C. 

3. cost4A+cost4 B+cos*4C+2 cos A cos?4 Bcos? $C 
+2 cos B cos? 4 C'cos? 4 A +2 cos C cos*4 A cos? 4 B=8 cos? 4 A cos? $B cos? $C. 


4. sin? A=3 cos 4d cos4Bcos}4C+cos $A cos $B cos $C. 
5. Zcosec A (1+cot Bcot C) 
=cosec A cosec B cosec C {4 cos 4 (B—C) cos $(C— A) cos $(A — B) — I}. 


6. Scosec A (1—cot B cot C) 
=4sec4A sec 4B sec 4C+cosec A cosec B cosec C. 
7. Zsin2A sin(B-C) 
=16 cos 4 A cos $B cos $C sin $(B- C) sin $ (C— A) sin $ (A - B). 
cos $A—sin$B+sin $C _ peeate 
cos$B+sin$C—sin$A 1+tan} 


9. Prove the identity 
sin$(B-—C) , sin}(C—A) , sin}(A—B) 


sin }(B+C)t sin} (C+ 4) sin (4 +B) 
sin 3 (B—C) sin} (C—A) sin}(A—B) _ 


sin $(B+C) sin 4 (C+ A) sin (A+B) 
10. If 4+B4+C=360%, and if 


d—a) (bc) (d— 6) (c— a) __(d-c) (a—6) 
cos Amare be » cos B= (d+) (e+)? cos 0 (Ed ante) 
then tan$A+tan$B+tan$C= +1. 


11. Prove that 


cosec 2x cosec y — cosec 2 cosec & 
tan $ (x+y) tan 4(x@—-y)= 


cosec 2a cosec ¥ + cosec 2y cosec «7 
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12. Shew that if cot $a+cot $8=2 cot 6, then 
{1 —2 sec 6 cos (a— 6) +sec? 6} {1 — 2 sec 6 cos (8B — 6) + sec? 6}=tan! 8. 
13. If 4+B+C+D=360", prove that 
cos} A cos} Dsin}Bsin}C-—cos$Bcos}Csin$ A sin$D 


=sin (A+B) sin} (A+C) cos $(A+D). 
14. Prove that 
sin? 4(B—C)+sin?4(C—A)+sin? 4 (A — B) 
+2 cos 4(B—C) cos $(C— A) cos $ (A — B)=2. 
15. Prove that 


sin (y—z)+sin (¢g—«)+sin(v—-y)  _ e & 
1+cos (y—z)+cos (2—x)+c0s (@—y) bar ree ae pend Sage FAIL 
16. Investigate what relation must hold between ‘a, B, y, in order that 
cos a+cos B+cos y=1+4 sin $asin $8 sin $y. 
17. If A4+B+4+C+D=360°, prove that 
cos (B+ C+D)+cos (C+D+A)+cos(D+A+B)+cos(A+B+C) 
=-—4cos$(4+B) cos$(A+C) cos $(A+D). 


Tsk Gi tan3é=tan?4q, and tan d=2 tana, 
shew that O6+p=2a. 
-¢ __ Sin sin (—6) sin (s— @) sin (s— pf) 
19. If sin?o= dost 8 cost Shc “, prove that 


tan? 4@=tan $s tan $ (s— 6) tan $(s—¢@) tan $(s—w), 
where 2s=6+$+ Ww. 


20. If 4+B+C+D=180°, shew that 
sin 4 +sin B+sin C—sin D=4 cos $(A+ D)cos$(B+D) cos} (C+D). 
21. If a+8+y=2z, prove that 
sin 8 (1+2 cos y)+sin y (1+2 cos a)+sin a (1+2 cos B) 
=4 sin 4$(y— 8) sin 4(a—y) sin - 
22. If 2s=a+b+c, prove that ¥ vse) SQ Biepayi aes (2) 
cos $8 cos 4 (s— a) cos $ (8 — 6) cos $(s—c) 
+sin $s sin $ (s—a) sin $(s—6) sin 4 (s—c)=cos $a cos $b cos $e 
23. If a+B+y=4$n, then 


(1—tan $a)(1—tan 38) (1—tan}y)_ sina+sin8+siny-1 
(1+tan }a)(1+tan48)(1+tan}y)  cosa+cosB+cos y 
24. Prove that if a+8+y=7, 
cos (38-+y—2a)+c0s (2y +a ~28)-+c0s (Ja+8—2y) 


= 4 cos } (5a — 28 — y) cos } (58 — 2y— a) cos } (5y — 2a — B), 


25. If cos?@=cosa/cos8, cos* 6’=cos a'/cos B, 
and tan 6/tan 6’=tan a/tana’, 
shew that 


tan Jatan}a’= +tan 38. 


EXAMPLES. CHAPTER V ee 


26. If cosa=cos 8 cos p=cosf’ cos¢’, and sina=2sin}¢sin$¢’; 
shew that +tan sa=tan $8 tan £8’. 
a7. If A+ B+C=180", and tan}Atan}B=tan}C; shew that 
tan #4+tan 3B+tan }C=cot $A +cot 3B+cot 3C. 
oxy Lhe tan $(y+z)+tan}(z+x)+tan}(r+y)=0, 
prove that sinvg+siny+sinz+3 sin (e¢+y+z)=0. 
29. Prove that 
cos a sin $(4+a) sin} (8—y)+cos B sin 4 (8+ 8) sin} (y—a) 
+cos ysin $ (8+) sin $(a—8) 
=2sin $(8—y) sin} (y—a)sin}(a—8) sin} (a+B+y+6). 
30. Solve the equations 
tan 4a+tan ea 
tana+tan B=?) ~ 
If sin (+a) sin (@ — a) ry sin (6+ 8) sin (@=8)_ sin} (8-0); 
sin (*$2+28) sin (38-26 
shew that cos? 4a+cos? 48 — cos? 6=4. 
32. If tan(¢7+4$6)=tan'(}7+4¢), prove that 
Bein? sin? 
sin 6@=5 sin $y oraiat ay L ta Tait py 


31. 


and find a, 8. 


33. If a+8+y=7, shew that 
tan~1(tan $8 tan }y)+tan-1(tan $y tan 4a)+tan—! (tan $a tan $8) 
inet {i+ee dasin $8sin dy 
sin? a+sin? 8 +sin? y 


34. Prove that the sum of the three quantities 
cos? 4-y — cos? 4B cos? 4a—cos? 4 
cos? $8 cos? 4y+sin? $f sin?4y’ cos? 4acos*4y+sin? $asin? $y’ 
cos? $8 — cos? $a 
cos* $8 cos? 4a+sin? $8 sin? $a 


is equal to their continued product. 


35. Prove that 
cos$(B+y) , cos$(yt+a) , cos$(a+f) 3cos$(B+y)cos}(y+a) cos} (a+8) 
cos$(B—y) © cos$(y—a) cos$(a—8) cos$(8—-y)cos$(y—a)cos$(a—B) 
___cosacos 8 cos y — cos (a+ +y) 
~ cos § (B— y) 608 $ (y —a) cos $ (aA) 


36. Having given that 
cosa+cosB+cosy  sina+sin#+siny , 
cos(atB+y) | sin(atB+y) ” 
prove that each fraction is equal to 
cos (8+) +cos (y+a)+cos (a+), 
and also to {tan a—tan}(6+y)}/{tana+tan4$(8+y)}. 


CHAPTER VL 
VARIOUS THEOREMS. 


67. In this Chapter, we give various examples of trans- 
formations of expressions containing cireular functions. Some 
of the theorems given are of intrinsic interest, others are given on 
account of the methods employed in proving them. Facility in the 
manipulation of expressions involving circular functions can only 
be obtained by much practice, but a careful study of the processes 
we employ in various cases will very materially assist the student 
in acquiring the power of dealing with this kind of symbols, 


Identities and transformations. 


68. EXAMPLES. 
(1) Prove that 
sin 2a sin (B—y)+sin 28 sin (y —a)+8in 2y sin (a—B) 
= {sin (B+) + sin (y+a)+8in (a+8)} {sin (y— 8) +sin (a—y) +8in (B—a)}. 
The factors on the right-hand side of the equation are the sum and the 


difference respectively of the two quantities sinycos8+sinacosy+sin8cosa 


and cosysin8+cosasin y+cos@sina; hence the product of these factors is 
equal to 


(sin y cos 8 + sin a cos y+sin 8 cos a)? — (cos y sin 8 + cos a sin y+ cos B sin a)”, 
Now sin? y cos? 8 —cos? y sin? 8=sin? y—sin?8, hence the algebraical sum of 
the square terms is zero; the product terms are equal to 
2sin a cos a (sin 8 cos y — cos 8 sin y) +2 sin 8 cos B (sin y cos a—cos y sin a) 


+2 sin y cos y (sin a cos B — cos asin 
and this is equal to a) y( asin B), 


sin 2a sin (8 —y)+sin 28 sin (y—a)+sin Jy sin (a—8); 
thus the identity 


‘ = sin 2a sin (8—y)== sin (8+) 3 sin (y—f) 
is proved. 
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(2) In the last example, put }r+a,}7+8, 40 +y, for a, B, y, respectively ; 
we then obtain the identity 


= cos 2a sin (8 — y)=3 cos (8+). 3 sin (y—B). 
(3) Prove that 
= sin’ a sin (8 — y)= — sin (at+B+-y) sin (8 —y) sin (y—a) sin (a—8). 
In this case, as in many others, we replace the quantities sin’a, sin? p, 


sin? y, on the left-hand side of the equation, by the equivalent expressions in 
sines of multiple angles; the expression on the left-hand side then becomes 


#2 sin a sin (8—y)—}3 sin 3a sin (8—y) 

or —}5 sin 3a sin (8—y) in virtue of Ex. (3), Art. 45. 

We now replace the products of sines by the difference of cosines, the 
expression then becomes 
3 {cos (3a—B +-y) — cos (3a —B +) + cos (38+ — a) — cos (38 — y +a) 

+ cos (3y+a—£) —cos (3y—a+f)}, 
and the algebraic sum of the first and last terms in the bracket is 
2sin 2 (y—a) sin (a+B+y); 
taking the second and third terms, and the fourth and fifth together, in the 
same way, the expression becomes 
—}sin (a+B+y) = sin 2 (y—a) 

or —sin (a+6+y) sin (8 —y) sin (y—a) sin (a—f) 
in virtue of Ex. (3), Art. 47. 

(4) Prove that 

"3 costa sin (8—y)=c0s (a+ B+) sin (8 —y) sin (y—a) sin (a—A). 
(5) Prove that 
3 sin a sin? (B—y)=3 sin a sin B sin y sin (B — y) sin (y—a) sin (a—8); 

this follows from the fact that w+y+< is a factor of 23+ 43+25—3xyz; put 
z=sinasin(8—y), y=sinfsin(y—a), z=sinysin(a—Q), then z+y+z=0, 

(6) Prove that 
sin (a+) sin (a—f) sin (y +8) sin (y —8) + sin (B+) sin (B — y) sin (a+ 8) sin (a —8) 


+ sin (y +a) sin (y—a) sin (8+ 8) sin (B—8)=0. 
The expression 


(28 =) (Bw) + (y®— 2) (a2 w) + (2 2°) (y— 2) 
vanishes identically; put x=sina, y=sinf, z=siny, w=sind, 
then remembering that 
sin? a—sin*® 8 =sin (a+) sin (a—£) 
the theorem follows. 
(7) Prove that 

2 (cos B cos y — co8 a) (cos y C08 a — C08 B) (cos a cos B — C08 y) + sin? a sin® B sin? y 

— sin? a (cos B cos y — cos a)” — sin? B (cos y cos a — cos B)* — sin* y (cos a cos 6 — cosy)? 
= (1 — cos? a —cos* B — cos* y + 2 cos a cos 3 cos y)?. 
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This follows from the known theorem that the square of the determinant 
a h g| isequalta | be—f? fg—ch fh—bg 
ie We 5 tg-ch ca-g? gh-af |; 
GQ iy & fh-bg gh-af ab—h?® 
put a=b=c=1, f=cosa, g=cosB, h=cosy, then be—f*=sin*a, ..., 


expanding the determinant, the theorem follows. 


(8) Prove that 
cos 2a cot $ (y—a) cot } (a—8) +08 28 cot 4 (a—B) cot (B—y) 
+08 2y cot } (B—-y) cot } (y—a) 
=co0s 2a+cos 28 + cos 2y +2 cos (8B ++y)+2 cos (y+a)+2 cos (a+8). 
Replace each cotangent on the left-hand side, by means of the formula 
cot po= tone? 
sin (8 —y) sin (y—a) sin (a—f); the numerator becomes 
> cos 2a sin (8 — y) {1 +cos (y—a)} {1+cos (a—)}, 
or cos 2asin (8 —y) += cos 2a sin (8 — y) cos (y—a) cos (a—8) 
+2 cos 2a sin (8 — y) {cos (y—a)+cos (a—8B)}, 
or {1+ cos (B—y)} = cos 2a sin (8—+y)—4}5 cos 2a sin 2 (B—y) 
+ cos 2a sin (8 — y) cos (y—a) cos (a—f). 
Now 1+3 cos (8 — y) =4 cos $ (8—y) cos } (y—a) cos 4 (a—8) 
from Ex. 4, Art. 47, 
and 2 cos 2asin (8 —y)== cos (8+y) = sin (y—8) 
=4 sin 3 (8—y) sin 3 (y—a) sin } (a—8) 3 cos (B+). 
Also = cos 2a sin 2 (8B—-y)=0, 
and = cos 2a sin (8 —y) cos (y— a) cos (a—8)=} cos 2a {sin 2 (8 — y) 
—sin 2 (y—a)—sin 2(a—f)} 
=13 cos 2a sin 2 (8 — y)—35 cos 2a 3 sin 2 (By), 


, then reduce the whole expression to the common denominator 


which equals sin (8B — y) sin (y —a) sin (a—) = cos 2a, 
hence the numerator of the whole expression is equal to 

sin (8—) sin (y—a) sin (a—8) {23 cos (8+) +35 cos Qa}; 
therefore the expression is equal to 23 cos (8+y)+ cos 2a. 


(9) Uf 
at+B+y=m, and tan} (B+y—a) tan} (yt+ta—B) tan} (a+B—y)=1, 
prove that 1+c0s a+cos B+cos y=0. 


Squaring the given equation, we have 
sin? (Jr —}a) sin® (}m—48) sin? (Jn $y) 
=cos! (J — 4a) cos? (} - $8) cos? (tx —4y), 
or (1—sin a) (1 ~ sin 8) (1 —sin y)=(1+sin a) (1+sin 8) (1+sin y), 
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hence sin a+sin 8+sin y+sin a sin 6 sin y=0, 

or 4 cos $a cos $8 cos $y+sin asin 8 sin y=0; 
hence 1+2sin $asin $8 sin }y=0, 

also cos a+cos 8+cos y—1=4 sin dasin$Psinsy; 
therefore cos a+cos B+cos y+1=0. 


(10) Prove that if 


tan 4 (8+y—a) tand (y+a—8) tan} (a+B—y)=1, 
then sin 2a+sin 28+sin 2y=4 cos a cos B cos y. 
We have 
sin $(8+y—a) sin $(y+a— 8) sin} (a+8—y) 
=cos $ (8+ a) cos } (y+a—8) cos} (a+8—y), 
or {cos (8 —a) —cos y} sin $ (a+8— y)= {cos (8 — a)+cos y} cos $(a+f8—y), 
which may be written 
cos (8 —a) cos$ (a+8—y+4m)+cos ysin$ (a+B—y+47)=0. 
Now sin 2a+sin 28+sin 2y—4cosacosf8 cosy is equal to 
2 sin (a+) cos (8 — a)—2cos y {cos (8 —a)+cos (a+) - sin y}, 
or 2cos (8—a) {sin (a+) —sin ($m — y)} —2cos y {cos (8 +a) — cos ($x —y)}, 
which is equal to 
2sin}(a+B+y—47) {cos (8—a) cos$(a+B—y+4zm) 
+cosysin$(a+B—y+4r)}, 
and this is equal to zero. 
(11) Hawing given that 
7 4 cos (y —2) cos (2— x) cos (x—y)=1, 
prove that 
1412 cos 2 (y —2z) cos 2 (z—x) cos 2 (x—y) 
=4 cos 3 (y —2) cos 3 (z—x) cos 3 (x—y). 


Let a=y-—2, B=z-2, y=a2-y, then a+8+y=0, 
hence 1 —cos? a — cos? 8 — cos? y+ 2 cos a cos 8 cos y=0, 
therefore cos? a+cos? 8+ cos? y= 8. 


Now cos 3a cos 38 cos 3y =cos a cos 8 cos y (4 cos? — 3) (4 cos? B — 3) (4 cos? y — 3) 
=} (4-27-4835 cos? 8 cos? y+ 365 cos? a) 
=} (31 — 483 cos? 8 cos? y) 
and cos 2a cos 28 cos 2y =(2 cos? a— 1) (2 cos? 8 — 1) (2 cos? y— 1) 
=(4-1+43- 45 cos? 8 cos? y) 
=§-—43 cos? cos? y, 


hence 4 cos 8a cos 88 cos 3y — 12 cos 2a cos 28 cos 2y= 1. 


(12) Having given 
y2+2—2yzcosa _2?+x?—2QzxcosB_ x*+y?—2Qxy cosy 


sin?a sin® B sin? y : 
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prove that one of the following sets of equations holds’, 2s denoting a+B+y; 


wey Z 
cos(s—a) cos(s—B) cos(s—y)’ 
tt. Baie Ye ~ Seon Sere 
coss cos(s—y) cos(s—B)’ 
x Zz y > a 
cos(s—y)  cos8 —«-cos(S—a)’ 
x y Z 


c0s(S—8) cos(s—a) coss* 

Let each of the equal fractions be denoted by #, and put «=kcos 8, 

y=kcosd, z=k cosy, we have then 
cos? d + cos? y-— 2 cos ¢ cos Wy cos a= 1 —cos* a, 

or (cos a— cos ¢ cos 7)? =sin? ¢ sin* y, 
whence cosa=cos(@+W); similarly we can shew that cos8=cos(~+6), 
cos y=cos(6+q), whence without loss of generality we can put a=p+y, 
B= +6, y=O+¢. In order that these equations may be consistent, we 
must take all the ambiguous signs to be positive, or else two of them 
negative and one positive. In the former case we find 6=s—a, p=s—8, 
y=8—y; in the other cases we find the three sets of values 


d=s d=y-s é=s—B 
p=s8-y?, p=s ’ p=a-s/y 
y=B-s yas-B yes 


thus one of the four given relations is always satisfied. 


The solution of equations. 


69. EXAMPLES. 
(1) Solve the equation 
sin 26 sec 46 +-cos 26=cos 66. 
This equation may be written 
sin 26 sec 46 + cos 26— cos 69=0, 


or sin 26 sec 40+2 sin 46 sin 26=0; 
hence sin 26=0, or sec 46+2 sin 46=0, 
that is sin 86=—-1. 


Hence the solutions are 
dmhmegadnt {nm ~(-1) st : 
(2) Solve the equation! 
cos* a secx-+sin? acosecx=1, for x, 
We may write the equation 


cos* asin #+sin* a cos 7=sin x Cos 2, 


1 This example is taken from Wolstenholme’s problems, 
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or sin’ acos #—cosasin‘a sin x=sin w (cos #—cos a), 
hence sin? a sin (a - 7) =sin x (cos x— cos a), 
both sides are divisible by sin} (a—2), rejecting this factor, we have 
2 sin? a cos $ (a—#) =2sin x sin $ (a+) =cos } (#—a) — cos} (3x+a), 
therefore cos $ (32+ a)=cos $ (#—a) cos 2a, 
or 2 cos $ (3u+a)=cos $.(#7+3a)+c0s $ (x — 5a), 
which may be written 
cos $ (32 +a)— cos $ (v+3a) =cos 4 (7 — 5a) — cos 4 (37+a), 
therefore sin $ (#—a) sin (~+a)= —sin (v—a) sin} («+ 3a); 
again rejecting the factor sin 4 (2—a), we have 
sin (z+a)= —2 cos} (a) sin $(#+3a)= — {sin (v+a)+sin 2a}, 
whence sin (v7+a)=—sinacosa. 
The solutions are therefore 


a2=2nr+a, and =n —a+(—1)"~!sin~! (sin acos a) 


(3) Solve the equations 


a sin (x+y) —bsin (x—y)=2mcosx 
asin (x+y)+bsin(x—y)=2n cosy} ~ 
We have : 

< {asin (v+y)+bsin (e-y)P- 3, {asin («+y)—6 sin (x —y)}? 
=4 (cos?y — cos? 4)=4 sin (v+y) sin (47—y). 
-, sin(x+y) 
. US) SS 
= sin (7-7) 


iE 1 1 1 1 1 
ae (5 - 73) +2 {a (Gata) —2p +e (- m= 


sin(a+y)  tana+tany 
sin(a—y) tanv—tany’ 


=1t, then ¢ is given by the quadratic equation 


Using ¢ for either root of this equation, we have ¢= 


whence a = az ; also dividing one of the given equations by the other, 
we have ~“*? Heals and thence eliminating y by means of these twu 


mcosy at+b’ 
equations and the relation sec? y—tan?y=1, we have 

n® (at—b 

m* \at+b 
from which we find 

aly n? /at—b\)2 n Seen 
tan = + (a5 m*\at+b t+1 Y 

which gives four values of tan x, two corresponding to each root of the 


quadratic which determines ¢. Thus z is found, and then y is given by 


-1 
tan = tan 2. 


Foe t=1 oe 2y=1 
) seo? a — =i) an? y=1, 
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Eliminations. 
70. EXAMPLES. 
ie : cos? 6 Coiled 
(1) Eliminate 6 from the equations noe HeaaAT SPEER T dere 
mie _sin cost 6-+c08 8 sin® @ _ sin 8 00s 6 
lash se sin (a — 26) sin (a 26)’ 
whence io* sin a cot 26 —cos a. 
2m 
Al $3 cos‘ 6—sin* 6 _ cos 26 
so ™ = cos 8 cos (a — 36) — Bin O sin (a—30) cos (a — 20) 
1 
~ cosa+sina tan 26’ 
1 1 iy 
hence (7, r008 a) (= — cos a) =sin? a, 
or 2m?—1=m cos a, 


the result of the elimination. 


(2) Shew that the result of eliminating 6 from the equations 


cos3(9—a) cos3(8+a—y)_ cos3a 
cos(@—B)  cos(6+B—y) cosB 


1s independent of B. 
6, y— 9, and zero are independent values of x which satisfy the equation 


cos3(#—-a) cos3a 
cos (7 — 8) ~ cos B * 


We have 


cos 37 cos 3a +sin 37 sin 3a=k (cos x cos 8+sin x sin B), 

where £=cos 3a/cos§ ; substituting for cos 3x, sin 3z their values in terms of 
cosz, sinz respectively, then dividing throughout by cos’, we have the 
following cubic in tanwz (=2), 

cos 3a {4-3 (1+2")} +sin 3a {3¢ (1+ ¢*) — 405} =£ (cos 8+ ¢sin B) (1+72) 
or #(ksin8+sin 3a)+?¢*(k cos 843 cos3a)+¢ (&sin B—3 sin 3a) 

+k cos B—cos 3a=0, 
hence tan 6, and tan (y— 6), are the roots of the quadratic 
@(ksinB+sin 3a)+¢(k cos 8+3 cos3a)+# sin 8=8 sin 3a=0; 

_ kcos8+3 cos 3a 

ksin B+sin 3a ” 
k sin 8-3 sin 3a 


therefore tan 6+ tan (y-6)= 


d tan 6 t = Q)) ser ee 
ee no Say = 8) ksin B+sin 3a ’ 
hence fal ye es 8 CONG) ees 
4 sin 3a 


or y—3a=(2r+1)4x, 
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where r is any integer, thus the result of the elimination is independent 
of B. 
(3) Eliminate 6 from the equations 
4 : 
ws ae el, x 8in 6 —y cos 0 =(a? sin? 6 + b? cos? 6. 


Square each of the equations, and put tan @=1¢, the equations become 


AV epies wy (4 F\. 
a(1-%) 227 +(1-4)=0 


@ (a? — x”) 4 Qty + (6? - y*) =0, 
respectively, and we have to eliminate ¢ from them. 
Solving for ¢? and ¢, we have 


= t t 
FA ~ C= _ Cia ye) 

2 ew = eh os 
ry (1 “+ ab “3") 63 a ab 63 

Hence 2 

(Mon BNO Go Ae Aardy’ 

pany UM | aie a st\ ah 
me Sy 
hence ie a yr 
a) .b 


is the result of the elimination. 


(4) Eliminate 6 from the equations 
= x in 0+ y cos 6=2a sin 20, x cos O—y sin 0 =a cos 20, 
Solving for and y, we find 
z=acos 6 (2—cos 26), y=asin 6 (2-+cos 26) 


or aw=acos 6(cos?6+3sin?6), y=asin 4 (3 cos? é+sin? 6), 
therefore x+y=a(cos 6+sin6)3, 2»—-y=a(cos 6—sin 6), 
hence (a +y=ab(1 + sin 26), (x —y)'=ah (1—sin 26) 


and the result is , s i) 
(at+y)'+(e-y)=2a8. 


Relations between roots of equations. 


71. EXAMPLES. 

(1) Consider the equation 
acos@+b sin 0=c. 

Let a, 8 be distinct values of @ which satisfy it, then 
acosa+6sin a=c, 
acosB+bsin B=c; 
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a b c 
esi) sinB—sina cos a— cos B ~ gin (B—a)’ 
hence tan 4 (8+a)=D/a, 
and also cos } (8—a)=} sin } (B+a)=< cos (8+a). 


These relations may also be found as follows: put tan $6=/, then the 
given equation may be written 


a (1—¢#)4+2bt=c(1+2?) 
oreay 2 (c+a)—2b¢+c—a=0. 
The roots of this quadratic are tan $a, tan $8, 


hence tanatan}p———*, 
: . cos $ (8 —a) e. 
whence we obtain the relation - = moan GPa) Gana 
_2b- 
Also tan $a+tan$8=——, 


from which the other relation may be obtained. 
(2) Consider the equation 
a cos 26+b sin 26+c¢ cos 6+d sin6+e=0. 
Let ¢=tan 46, then the equation may be written as a biquadratic in ¢, 
 (a—c+e)+é(— 46+ 2d) +2? (- 6a + 2e)+¢(464+2d)+(a+c+e)=0; 


if tan 4 6,, tan $ 6g, tan 4 63, tan 4 64 
be the roots of this biquadratic, we have 
4b —2d 2e—6a 
3 tan} Ge 3 tan ¢ 6, tan } == 
4b+2d atc+e 
3 tan $6, tan } 6,tan$6,— ——— tan $6, tan $0, tan} @,tan$ j=" 


and from these relations symmetrical functions of the four tangents may be 
calculated. 


If 2s=6,+6,+63+6, we have 
= tan 4 6,— = tan 4 4, tan 4 6, tan} 4, 
1- tan 6, tan} 6,+tan$ 6, tang 6, tan} 4; tan $ 
4b — 2d + (4b+2d) _} 

 a=0+e= (2e—6a)+a+c+e a” 

We leave it as an exercise for the student to prove the relations 
O18 8 ts ee i ae 
coss sins cos(s—6;) Zsin(s—6;) 3cos$(6;+0,—63—04) 


(3) if 


sin a cos (a+ 8) tan 2a=sin B cos (B+ 6) tan 2B =sin y cos (y+ 6) tan 2y 
= sin 8 cos (8+ 6) tan 26 


tan s= 
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and no two of the angles a, B, y, 8 differ by a multiple of m, shew that 
a+B+y+6+6 ws a multiple of x. 
Write each of the equal quantities equal to &, then a, B, y, 5 are roots of 
the equation 
sin x cos (v7+6) tan 2x=k 
which may be written 


2 tan* xv (cos 6—sin 6 tan x) =k (1 —tan‘ 2), 


2 sin 6 
hence tana= a ; Stan atan B= OS? > tan a tan 8 tan y=0, 
and tana tan 8 tan y tan d=—1; 
2 sin 6 
therefore tan eBay!) oa —tan 6, 


hence a+8+y+565+6 is a multiple of 7. 


(4) Ifa, B, y be unequal angles each less than 27, prove that the equations 
cos (a+ 8) sec 2a=cos (8 +8) sec 28 =cos (6 + y) sec 2y 
cannot coexist unless 
cos (B+) +cos (y+a)+cos (a+8)=0. 
Writing & for each of the equal quantities we have 
cos acos 6—sin asin 6—k cos 2a=0, 
cos Bcos 6—sin 8B sin 6 —k cos 28=0, 
cos y cos —sin ysin 6—k cos 2y=0, 
hence eliminating cos 6, sin 6, we have 
eee > cos 2a sin (B—y)=0 
or = cos (B+y) Zsin(y-8)=0, by Example (2), Art. 68, 
hence cos (8++y)=0 unless 3 sin (y—8)=0, 
that is unless sin + (8—y) sin$ (y—a) sin} (a—8)=0. 
This example may also be solved in a similar manner to Example (8). 


Maxima and minima. Inequalities. 


wee 2: EXAMPLES. 

(1) The greatest value of 

acos6+bsin 6 ts Va?+b2. 

Put b/a=tan a, then b=V/a? +2 sin a, a=n/a? +0? cosa, 
thus acos6+bsin 6=/a? +6? cos (6—a), 
now cos (6—a) always lies between +1, hence acos6+6sin6 lies between 
+ Va?+ b. 

(2) If u=A/a? cos? 6+b? sin? 0+V. a? sin® 6 +b? cos? 6, then u lies between 

a+b and /2 (a? +b?). 
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Let x=u* cos? 0+)? sin? 6=4$ (a? +b?) +4 (a? — 6) cos 28, 

then u=Je4+V 0+ —2, 
w—=a2+b249 Vt (a? + 6%)? — {3 (a? +6) — x}, 

hence w is greatest when «=}(a?+0), or the greatest value of w is V/2(a?+ b*); 
also u is least when }(a?+?) —« is greatest, that is when z is least, which will 
be when cos26= —1, in which case x=b?, and then u=a+0; this therefore is 
the least value of w. 

(3) Shew that if 6 lies between 0 and m, cot} @—cot 6>2. 

We have 


cot}6—cot 6= sing@  _ 3-4sin?}6@_1+2cos$é 


sinf@sin@  — sind sin 6 


’ 


hence cot 46 —cot d=cosec 0+cosec 4 6; 


now cosec 6, cosec}$é are each never less than unity, if 6 lies between 0 and r, 
hence cot {6 —cot 0>2. 


(4) If the sum of n angles, each positive and less than $7, ts given, shew 
that the sum or the product of the sines of the angles ts greatest when the angles 
are all equal. 

A similar theorem holds for the cosines. 

Let a,, ag... an be the angles and s be their sum. Then we have 


sin a,+sin a,=2 sin $ (a,+a,) cos $ (a, —a,), 
now cos $ (ap —a,) is less than unity unless a,=a,, hence 


sin a,+sin a,<2 sin $ (a, + ay) 


unless a,=a,. If any two of the angles aj, aj...a, are unequal, we can 
therefore increase 2sina by replacing each of those two angles by their 
arithmetical mean, hence =sina is greatest when all the angles are equal; 
we have therefore = sin a>7 sin s/n. 


Again sin a, sin a,=4 {cos (a, — a,) — cos (a,+a,)}, 
and this is less than 4 {l1—cos (a,+a,)} or sin?}(a,+a,) 
unless a,=a,. Hence as before, if any two angles in the product sin a, 
sinay...8iN a, are unequal, we can make the product greater by replacing each 
of those two angles by the arithmetic mean of the two; it follows that 


SiN aj, SiN ay... Sina, is greatest when aj=a,=...=ay, or the greatest value of 
the product is (sin s/n)”. 


(5) Under the same condition as in the last example, shew that the sum of 


the cosecants of the angles is least when the angles are all equal. 
We have 


COSCC a, + COSEC a, 


be: Ries Nae crn val ee ee 
=sin $ (a,+a,) {3 $(a,—a,)—cos 4 (a,+a,) 5 cos $ (a, — a,) +08 + ae 


hence for a given value of a,+a,, cosec ap+cosec a, has its least value when 
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cos $ (a,—a,)=1, or whena,=«,. ‘The reasoning is now similar to that in the 
last example. 


(6) Under the same conditions as in the last two examples, shew that the 
sum of the tangenis or of the cotangents of the angles is least when the angles 
are all equal. 


(7) Shew that if a+B8+y=mn, cosacosBcos y $1/8. 


Porismatic systems of equations. 


73. A system of equations is said to be porismatic' when the 
equations are inconsistent unless the coefficients satisfy a certain 
relation; when this relation is satisfied the equations have an 
infinite number of solutions, 


The system 
acosBcosy+bsin8siny+c+a'(sin8+siny)+b'(cos8+cosy) +c’ sin(8+y)=0, 
acosy cosa+ bsin ysina+c+a’(siny+sina)+b' (cosy +cosa)+¢'sin(y+a)=0, 
acosacos8+bsinasinB+c+a'(sina+sin£) +0’ (cosa+cosf) +c’ sin(a+8)=0, 
is a system of three porismatic equations. 

Consider the equation 
a cos acos 6+bsinasin§+c+qa’'(siné+sina) +0’ (cos8+cosa)+c’sin(@+a)=0, 
this is satisfied by 6=8, and by 6=y. Write this as an equation in 
tan 46=¢, thus: 
t?(—acosa+c+a'sina+J’ cosa—b'—c' sin a)+2¢ (bsina+a’+c' cosa) 

+(acosa+c+a'sina+b'+b' cosa+o'sina)=0. 

From this equation we find 

tan$8+tan¢y, and tan$@tan ty, 
2(bsin a+a'+c' cos a) 
2(acosa+b'+c' sin a)’ 


hence tan4(B+y)= 
We should find similarly 

is _ bsinB+a'+c'cosB 

. ne +y)=< cos BU 4e sin A’ 
we can now deduce the value of tan 4(a—f) ; we find for the numerator the 

value 
(b sin 8+a' +c’ cos 8) (acosa+b' +c’ sin a) — (bsina+a’+c' cos a) 
(acos B+b' +c’ sin B) 
or 
2 sin $(a—) {(c? — ab) cos $ (a— 8) +(a’e — bb’) cos $ (a +8) 

‘—(aa’—b'¢) sin} (a+f)}, 


1 See Proc. London Math. Soc. Vol. rv. “On systems of Porismatic equations” 
by Wolstenholme. 


90 VARIOUS THEOREMS 


and for the denominator, 
(bsin a+a’+c' cosa) (b sinf+a’+¢ cos 8)+(a cosa+b'+e' sin a) 


(a cos B+ 6’ +c’ sin B) 
or 


(a? +c?) cos acos 8 + (57+ ¢?) sin asin B+(a?+b”)+(a’b+0'c) (sin a+sin B) 
+(a‘c'+ab’) (cos a+cos 8)+(a+b) c’ sin (a+8); 
dividing this fraction by sin} (a— 8), we have this denominator equal to 
(¢?2— ab) {1 +cos (a— 8)} + (a’c’ — bd’) (cos a+cos 8) —(aa’—b'c’) (sina+sin f), 
hence 
(a+b) {acos a cos 8+6sin asin 8+c+q’ (sina+sin 8)+6' (cos a+cos 8) 


+c’ sin (a+B)} 
is equal to c?— a2 —b2+4ca+cb—ab. 


Hence unless the condition 
c?—a?—b2+4ca+chb—ab=0 
is satisfied, the system of equations cannot be satisfied except by equal values 


of a, 8, y. When this condition is satisfied, any one equation can be deduced 
from the other two. 


The summation of series. 


74, A large number of series involving circular functions can 
be summed by the method of differences. The most important 
example of the use of this method is the case of a series of sines 
or cosines of numbers in Arithmetical Progression. 

Let the series be 


S = cos a + cos (a+ 8) + cos (a+ 28) +... + cos {a+(n —1) B}, 


we have cosa= ranqe ein (2+48)—sin(a—} By}, 


008 (a+ 8) = 5575 yg (sin (a+ $8) —sin (a+ 4 8)}, 


cos {a + (n—1) B} 
= Sanya (sin(#+ “*8) — sin (2+ oe )} ; 


2Qn 


whence S=4cosechf jsin (2 a - 1 8) —sin(a—4 a} 


= COs (a+" 5 p) sin B cosee 8 err’ (1). 
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In a similar manner we find 


sina +sin(«¢+@)+sin(a+28)+...+4+sin {a+(n—1)B} 
= sin (a aa B) sin 2 cosee & ee Ga (2). 


The sum (2) may be deduced from (1) by changing a into a+4r. 


In (1) change 8 into 8+, we have then for the sum of the 
series 


cos a— cos (a+ 8) +cos(a+28)—...4+(— 1)" cos {a + (n— 1) A}, 
n—1 ys) ys: . n—1 : 
cos (a om p) cos ->- sec , or sin (a sae 8) sin "6 sock, 
according as n is odd or even. The sum of the series 
sin a— sin (a+ 8) +sin (a + 28)... 
can be fourid from (2) in a similar manner. 


EXAMPLES. 
(1) Prove that 


sin Na/sin a=2 {cos (n—1) a+cos (n—3) a+cos (n—5)a+...}, 
and find a similar expansion for cos na/cos a. 
(2) Sum the series 


cos” a+ cos? (a+8)+...+cos* {a+(n—1) B}. 
We have 


cos? a=%$(1+cos 2a), cos?(a+f8)=4 {1+cos2(a+f)}..., 
hence the sum required is 
4n+4 cos {2a+(n—1) B} sin 2B cosec B. 

The sum of any positive integral powers of the terms of the series (1) and 
(2) may be found by a similar method. 

(3) Sum the series cosec 2a+cosec 27a + ...-+cosec 2” a. 
* We find cosec 2a=cota—cot2a, cosec 2?a=cot 2a —cot 2*a, 

* cosec 2"a=cot 2"-1a—cot 2a, 


hence the sum required is cot a— cot 2*a 


(4) Sum the series 


3 sin x — sin 3x 3 sin 3x— sin 3?x | 4g Ban S Rs HE 
cos 3x 3 cos 3?x i 3"-1¢0s 3" x 


We have tan 3*-14—4 tan 3"% 
3sin 3°-!2cos 3"2—cos3"-1zsin3"v_ 2sin 3"-1zcos 3"r—sin2.3*-la 
3 cos 3"-14 cos 3" 3cos3"—1!z cos 34 


= 
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__ 28in 3"" 1 4 (cos 3" a — cos 3*~ 1g) —8sin'3"~ 14 cos 3"" ha 


3 cos 3°12 cos 3"x ~ — 3cos 3*-1a4c0s 3"°x 
3 sin 3"-!a—sin3"27 
Bye 3 cos 3" x v 
whence sales a A s tan 32 —tan ), 
cos 3x2 POMS: 
8sin3z—sin3*z 3/1 i! 
= 3 4 = ‘ 

hence Soa Sip 3 (5 tan 324 3 tan 30) ; 


COO ee meee ee eee ee eee eee eee sees ese eeFO Seer Sees er tees eeeee 


3 sin 3*-lv—sin3"x _ 5 (5 
—h 


1 - . 
ES PP ga tan 3" a — 5; tan 3" 12) ; 


therefore the sum of the series is 


e 5 (a tan 3"z7— tan r). 


75. The sum of a series of either of the forms 
U, COS A + U_ COS (a + B) + uy Cos (a + 28) +... + Un cos {a+ (n—1) B}, 
u, sin a+ usin (4+ 8) + u,sin (a+ 28) +... + unsin {a +(n—1) B}, 


can be found, if u, is a rational integral function of r, of any 
positive integral degree s. 


Let S=u,cosa+u,cos(a+ B) +... -+Uncos {a+ (n—1) BI, 
then 
2 cos 8B. S= wu, {cos (a — 8) + cos (a+ B)} + us {cos a + cos (a + 28)! 

+... +, {cos (a+ r—28) + cos (a+ rf)} 
+... 4+ Up {cos {a + n — 28) + cos (a + n8)}, 

whence 

2 (1 —cos 8) S= (2u, — u,) cos a+ (2ru_ — uy, — Us) COS (A+ B)+... 

+ (2p — Up_y — Up 41) C08 (a+ 7 — 18) 
eee + (QU naa — Un—a — Un) Cos (a + n — 28) 
+ (2tin — Uns) Cos (a + m — 18) — u, cos (a — B) — Un Cos (a + NB). 


Now 2u, — Uy — Uy4, 18 a rational integral function of r, of degree 
s—I1, whence excluding the first and the three last terms, we have 
a series of the same kind, but of which the coefficients are of lower 
degree than in the given series. We again multiply by 1 —cos £, 
and proceed in this way s times; the series will then be reduced 
to the form (1). 
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EXAMPLES. 
(1) Sum the series 
cos a+2 cos (a+) +3 cos (a+28)+...+n cos {a+(n—1) p}. 
We have in this case 2u,—Up_y— Up41=0, 2%,—ty=9, whence 
2 (1 —cos 8) S=(n +1) cos {a+(n—1) B}— cos (a—f) —n cos (a+nB), 
or S=}$(n+1)cos {a+(n—1)B}/(1—cosB) 


— $008 (a—8)/(1 —cos B) —$7 cos (a+n8)/(1 — cos 8) 
(2) Sum the series 


cos a +23 cos (a+ 8) +3? cos (a+28)+...+n* cos {a+(n —1) B}. 
This series will be reduced to the last one by multiplication by 2(1—cos 8). 


76. The series 

cos a+ x cos (a+ 8) + 4° cos (a+ 28) +... +2" cos {a + (n — 1) B}, 

sin 4+ #sin (a+ 8) + asin (a+ 28)+...+ "sin {a+ (n—1) 8}, 
are recurring series of which the scale of relation is 1— 2a cos 8 + 2”, 
for we have 

cos (a + 78) + cos (a + r— 28) = 2 cos 8 cos (a+r —18), 

and sin(a +r) +sin (a+r — 2) =2 cos Bsin (a + r—18). 
The series can therefore be summed by the ordinary rule for 


summing recurring series. If S denote the sum of the first series 
we find 
S (1 — 2x cos 8 + 2”) 
=cos a— a cos (a— 8) —2" cos (a + nB) + a" cos {a + (n—1) B}. 
If «<1, we find, by making n indefinitely great, the limiting 
sum of the infinite series 
cos a+ @ cos (a+ 8) + a* cos (a+ 28) +... 
cos a— x cos (a — f) 
1—22cosB+a2? © 
1—2cos 8 
1— 22 cos B + 2 
whence also 
1-# 
1-—2zcosB+2 


to be 


e 


Putting a=0, we find 


=1+a«cos8+a*cos28+...... ad inf, 


= 1+ 2a@co0s B + 27cos 28 +... ad inf....... (3). 


77. In some cases the sum of a series may be found by means 
of a figure. We will take as an example the series (1) and (2) of 
Art. 74. Let OA,, 4,43, A:As, --. An+An be equal chords of a 
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circle, and let 8 be the angle between OA, produced and A,A,; 
draw a straight line OX so that A,OX=a, then the inclinations 
of OA,, A, Ag, ... AnAn, to OX, are a,a+ B,a+28,...a+(n—1) 8B, 
and that of OA, is a+4(n—1)£; also if D be the diameter of 
the circle, we have 


OA,=Dsin38, OA,=Dsin in8. 
Now the sum of the projections of 0A,, A,4,, ... An+An, on 
OX, is 
OA, cos a+.A,A,cos (a+ B8)+...+An+An cos {a+(n—1) B}, 
or Dsin48 [cos a+cos(a+)+...+cos {a+(n—1)A}], 
and this must equal the projection of 0A, which is 
OA, cos {a+ 4(n—1) BI, 
or D sin $nB cos {a+4(n—1) B}, therefore 
cos a + cos (4 + 8) +... + cos {a+ (n — 1) B} 
= cos {a+4(n—1) f} sin $n cosec 48. 
If we project on a straight line perpendicular to OX we 
obtain the sum of the series of sines. 


EXAMPLES. 


(1) OA ts a diameter of a circle, O, P, Q... are points on the circumference 
such that each angle PAO, QAP, RAQ... 7s a; AP, AQ, AR... meet the tangent 
at Oinp,q,r.... Find by means of this figure the sum of the series 


sec ma sec (m+1)a+sec(m+1)asec(m+2)a+... to n terms. 
(2) Prove geometrically, that if a, B, y... x be any number of angles, 
sec a sec (a+) sin B+ sec (a+8) sec (a+8+y) sin y 
+ sec (a+ 8+) sec (a+8+y+) sin d+... 
= 8e¢ a sec (a+ B+yt...+x«) sin (B+yt...+k). 


EXAMPLES ON CHAPTER Vi 
1, Eliminate @ from the equations 
cos’ 6+acosd=6, sin? 4+asin 6=o. 
2. Eliminate 6 from the equations 


(a+b) tan (0—)=(a—b) tan (0+4), a cos 2h+b cos 20=c. 
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3. Prove that 
(asin +6 cos d) (a sin ¥ +5 cos y) sin (p—-) 
+(a sin ~+6 cos y) (a sin 6+} cos 8) sin (yr— 6) 
+(asin 6+6 cos 6) (a sin p+ cos ¢) sin (6 — f) 
+(a?+ 0?) sin (p—) sin (y— 6) sin (6-—)=0; 
and interpret the equation geometrically. 


4. Reduce to its simplest form, and solve the equation 
cos? 8 — cos? a= 2 cos? 6 (cos 6 — cos a) — 2 sin® 6 (sin 6 — sin a). 


5. Prove that the sum of three acute angles A, B, C, which satisfy the 
relation cos? A +cos? B+cos? C=1, is less than 180°. 


6. If A+B+C=90", shew that the least value of tan*.A + tan? B+ tan? C 
is unity. 
7. Find 6, ¢ from the equations 
sin 6+sin ¢+sin a=cos 6+cos P+cos a 
6+¢=2a \ ; 


8. If 4+ B+C=180", shew that 8sin4A4 sin¢Bsin4C 1. 


vsinéd+ysing+zsiny 4sin dsing sin y+sin (6+¢+p) 

zcosO6+ycospd+zcosp 4cosOcos¢cosy—cos(6+p+y)’ 
xsin$(o+p—6)+ysin$(~+0—)+zsin $(6+G—-p) 

#08 (f+ y —6)+y COs $ (p+ O—G) +2008 $(6+h-V) 

-_4sind ($+y—6) sin} (¥+6—¢)sin }(0+o—y) +sin $(0+o+W) 
~ 4c0s$(pt+p— 4) cos} (p+6—¢) cos$(O+G—p)—cosd G+G+y) 


9. 


prove that 


2 sin 3a sin (8—y) 


10. Prove that Sani) =sin(a+8+y), 
and generally, if m be any odd number, 
Penna sn CY) 5 {sin (pa+g8+ry)} 


> sin 2 (y—8) 
where p, g, r are any odd numbers whose sum is n. 


eit, Having given 
a? cos acos 8 +a (sin a+sin B)+1=0, 
a? cos a cos y+a (sina+sin y)+1=0, 
prove that a? cos B cos y+a (sinB+sin y)+1=0; 
B, y being less than 7. 


12. If 6,, 0, are the two values of 6 which satisfy the equation 


cos 6 cos sin Asin ¢ _ 4 


i - 
cf cos? a sin? a 


d 


shew that 6, and 6, being substituted for 6, p in this equation will satisfy it. 
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13. If 
acosacos8+bsinasinB=e, acosScosy+bsin sin y=¢, 
acosycosd+bsinysind=c, acosécose+bsin 6 sin «=e, 


and acosecosa+bsinesina=c, 


pat Te P| LENE Nae 
prove that h+ptan (+5) (e435) (et+3) 


the angles being all unequal and between 0 and 2z. 


14. If 
sin(9+a)=sin(@+a)=sin8, and asin(é+¢)+bsin(@—¢)=c, 
prove that either 
asin (2a+28)=—-c, or asin2at+bsin 28=¢, 


18. If the equation 
sin +26/sin®a+cos™+26/cos**a=1 


hold when n=1, shew that it will hold when ~ is any positive integer. 


16. Eliminate 6 from the equations 
4 (cos acos 6+ cos #) (cos asin 6 +sin d) 
=4 (cos a cos 6+cos y) (cos asin 6+sin yy) = (cos ¢ — cos y) (sin ¢ —sin p), 
and prove that cos (¢—)=1, or cos 2a. 


tany _ sin (x—a) sad tany _ sin (r—2a) 
tanB sina tan28 sin2a ° 
tany sing COs & 


sin28 sin2a cos 2a—cos 28° 


17. If 


shew that 


18. Prove that the system of equations 
sin (2a—B—y) ian sin (28 —y—a) te sin (2y—a-f) 
cos(2a+B+y) cos(28+y+a) cos(2y+a+ ,)’ 
if a, 8, y be unequal and each less than 7, is equivalent to the single equation 
cos 2 (8+) + cos 2 (y+a)+cos 2 (a+8)=0. 


19. If z=2 cos (8—y)+cos (8+a)+cos (8 —a) 
= 2 cos (y—a)+cos (8+) + cos (9-8) 
= — 2 cos (a— 8) — cos (6+) — cos (8—), 
prove that we=sin? 6, if the difference between any two of the angles a, 8, y 
neither vanishes nor equals a multiple of x. 


20. If A+ B+C=180° and if 
2 sin (2n+41) A sin(B-C)=0, 
n being an integer, then shew that 
& sin (n—1) A sin (n4+1)(B—C)=90 
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21. If cot $(a+ ) (cos y—cos 8)+cot $ (a+) (cos  — cos 8) 
+ cot $ (a+4) (cos B — cos y) =0, 
and no two of the angles are equal, or differ by a multiple of 2x, prove that 
cot $ (8 +a) (cos y — cos 5)+cot 4 (8+) (cos 8—cos a) 
+cot 4 (8 +6) (cosa—cos y) =0. 
29. If sin(a+@) , sin(8+6) _ Costas), cos (878) T 5 
: sin(a+¢)  sin(8+) cos(a+¢) ' cos(B+q) ~’ 


shew that either a and @ differ by an odd multiple of 47, or 6 and ¢ differ by 
an even multiple of 7. 


23. If a cos (P+) +b cos (P-)+c=0, 
a cos (~+6) +6 cos (y— 6) +c=0, 
acos (6 +)+6 cos (6 — d)+c=0, 
and if 6, d, ¥ are all unequal, shew that a?—6?+2bc=0. 
24, If ule NG Saad 
sin (a+) cos? y sin (y+a) cos? 8’ 
and 8, y are unequal, prove that each member will equal 


cos (8+y+6) 
sin (8+) cos? a’ 
sin (8+) sin (y+a) sin (a+8) 
cos (8+ y) cos (y+a) cos (a+) +sin?(a+PB+/y) ° 


and cot é= 


25. If A, 8, C be positive angles whose sum is 180°, prove that 
. cos A+cos B+cos C>1 and 3/2. 
26. Solve the equation 
64 sin’ 6+sin 76=0, 
27. If 2s=x+y+2z, prove that 


tan (s—)+tan (s—y)+tan (s—z)—tans 
~ 4sin vsin y sin 2 
~ 1—cos? x — cos? y— cos? z—2 cos 7 cosy cos z’ 


tan~1(s—x)+tan-!(s—y)+tan~1!(s—z)—tan7!s 


“ 16xyz aes 
(a2 + y+ 244)? 4(y2244 24a? +4 ay?) i 


SUS 


cos@ sind _cosd | sin b_y 


maak cosa sina cosa sina ” 
prove that goed ae oe g — £ +1=0. 
cos? a sin? a 
99, If 2 sin acos (6 +) =2 cos (6 — p) +cos? a, 
and 2sin acos (6 +) =2 cos (— 6) +cos? a, 


then 2 sin a cos (P+) =2 cos (b — pf) +c08" a. 
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30. If cos (y—2)+cos (z— x) +cos (v— y)= —3/2, 
shew that 
cos? (7 + 6) + cos? (y+ 6) + cos? (2+ 6) —3 cos (4+ 6) cos (y+) cos (z+ 6)=0, 
for all values of 0. 
sin ra _ sin(r7+1)a_ sin (r+2)a 
m nr 


31. If 


at cos ra _cos(r+1)a_ cos(r+2)a_ 
se ae Qm2@—L(l+n) m(n—l) n(l+n)—2m?’ 


32. Prove that the equations 
L\ ae ef RE 3 
(+5) sin Chats + as a, 
LV. Se ge 
y+-—) sin a=—+-—+cos* a, 
y eee 


(«+ ;) sin a=~ +~ + cos? a, 
z Y ye 


are not independent, and that they are equivalent to 
ztyies- + y a —sina 
Ys 
33. Prove that 


2 cos (B— y) cos (8+) cos (8+ y) +2 cos (y—a) cos (6+) cos (6+<a) 
+2 cos (a— 8) cos (6 + a) cos (6+ 8) — cos 2 (8+ a) — cos 2(8+8)~— cos 2 (6+) —-1 
is independent of 6, and exhibit its value as the product of cosines. 


34. Prove that if a, B, y, 6 be four solutions of the equation 
tan (6+47)=3 tan 36, 
no two of which have equal tangents, then 
tana+tan 8+tan y+tan8=0, 
tan 2a+ tan 28+ tan 2y+tan 25=4/3. 


35. If 6 tan (r+2)=3 tan (r+y)=2 tan (r+2z), 
shew that = 3sin? (w—y)+5 sin? (y—z)-2sin?(z—2x)=0, 
36. Solve the equations 
sin-! v—sin-ly=%r 
cos~!w—cos~ly=}ar 
37. Prove that the nth convergent to the continued fraction 


1 ie a ae x (tan a+sec a)"— (tan a—sec a)” 
2tana+2tana+2tana+...... (tan a+sec a)"+!— (tan a—sec a)**1" 


38. Eliminate 6 from the equations 


3a cos 6+a cos 36=42 
3a sin @—a sin 30=4y 
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39. If tan (@—a) _ tan (p—a) _ tan (y-a) 
P g ’ 
prove that 
P (q—7)? cot (p—-) +9 (r—p)? cot (— 6) +7 (p—g)* cot (8— o)=0. 
40. Develop 1 


; 1+acos6+5bsin @ 
in a series of the form 


Ay+A, cos (8@—a)+ A, cos 2 (9 —a)+.... 


41. Solve the equation 
tan 3¢ —tan 26 —tan 6=0. 


42. If 
cos? z+ cos? y=cos 3a, sin’ x+sin?y=sin3a, and xr+y=28, 
prove that 8 sin? 3 (a+ 8) =27 sin 28 sin? 48 cos (3a+ 8). 
43. If acos ¢ cosy +6 sin ¢ sin p=c, 
acosy cos 6 +bsiny sin 6 =e, 
acos 6 cos¢+bsin 6 sin $=, 
prove that be+ca+ab=0, unless a=b=ce. 


44. Solve the equation 
cos~!(«+4$)+cos—!4+cos—!(a—4)=8r. 


A5. Eliminate ¢ from the equations 
a’y sin 6+ bz cos d+ ab (a? sin? ¢ +b) cos? f?=0, 


az sec p — by cosec =a? — b*, 


46. Solve the equation 
cos 56 +5 cos 30+10 cos 6=4. 


47. Eliminate 6 from the equations 
a cos 6 cos 26=2 (a cos @—2), 


asin 6 sin 26=2 (asin 6—y). 


48. Prove that the number of solutions in positive integers (including 
zero), of the equation 3¢+y=n (n integral), is 
cos 4 (2n+1) r 
[fn t2+(—1) cos 4m il 
49. Solve the equation 
6 cos 36—3 sin 30 —10 cos 26 +5 sin 26422 cos 8—5 sin d=10, 


50. Find the greatest value of 
cosec? 6 — tan? 6 
cot? 6+ tan? d—1° 
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5]. Prove that 
sec?a sec?a sec?a sec?a 
foe ig as ka mg 


to r quotients is equal to 
sin ra 


2 sin (7+1)acosa™ 
52. Eliminate 6, ¢ from the equations 
asin (6—a)+bsin (6+a)=-2 sin ($+8)+y sin (b—8), 
a cos (@—a)—b cos (6+a)=2 cos (p+) —y cos (p —B), 


6+p=y. 
53. Prove that 


> cos a (cos 38 — cos 3) 
=4 (cos B — cos y) (cos y— cos a) (cos a— cos 8) (cos a+cos 8 + cos y}. 


64. If acos a+b cosB+c cos y=0, 
asina+bsin 8+csin y=0, 
asec a+b sec 8+csec y=0, 


prove that, in general, tatb+c=0. 


65. Eliminate @ from the equations 
sin 3 (¢7+6)+3 sin ($7 +6)=2a, 
sin 3 (¢ r— 6)+3 sin (ta — 6)=2b. 
56. If 6,, 42, 63 be values of @ satisfying the equation tan (6+a)=s tan 26, 
and such that no two of them differ by a multiple of 7, prove that 


6,+65+ O3+a 
is a multiple of 7. 


57. Prove that 
cos 4A P 
> putea Cnn aCe sin(A+8+C)-+cosec A cosec B cosec C, 


58. Prove that 
2 {sin® (6 — a) cos 2 (a — #) sin (8 = y) +sin (6 — 8) cos 2 (8 — d) sin (y—a) 


+sin' (6 — y) cos 2 (y— ¢) sin (a— )} 
= {sin 2a+sin 28 +sin 2y —3 sin 26} sin (8 — y) sin (y—a) sin (a— 8), 


where p=4t (at+B+y- 36). 


59. If 4+B+C+D=180", prove that 
(S—sin A) (S- sin B)(S—sin C) (S—sin D) 
=} (sin Asin B+sin Csin D) (sin Bsin C+sin A sin D) (sin Csin A +sin Bsin D), 
where 2S=sin A+sin B+sin C+sin D. 
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60. Prove that the sum of the products of » terms of the series 
cos a+cos (a+) +cos (a+28)+...... 
taken two and two together is 
t cosec? 48 sec 38 sin 3 x8[sin4ng cos$8+sin4(n—1)Bcos{2a+(n— 1)B}]—}n. 


61. If cos@+sin@ — —4(cos @—sin 8) (cos 26 — sin 26) 
: 2+cos26+sin26 4 (cos 26— sin 26)?— (cos @— sin 6)’ 


shew that there will be three values of 6, such that 
tan 6,+tan 6,+tan 6,=9. 


62. If tan 26—tan 6=tan 2¢ — tan d=tan 2y— tan y, 


shew that 6++y is an odd multiple of $7, provided tan 6, tan¢, tan y 
are all unequal. 


63. If zcosa+y sin a+z+cos 2a=0, 
xcosB+y sin 8+z+cos 28=0, 
Z COS y+y sin y+z+cos 2y=0, 
prove that xcosp+y sin 6+z+ cos 2p 
=8sin 3 (a+8+y+ ¢) sin } (p—a) sin $ (P—8) sin } (P— 7) 
64. Eliminate 6, @ from the equations 

tan 6+tan d=a, 

sec 0+sec p=), 

cosec 6+cosec d=c, 


and shew that, if 6 and c are of the same sign, bc > 2a, 


65. Prove that the result of eliminating 6 from the equations 
cos (@—3a) cos(9—38) cos (@—3y) 
cosa cos®B SSC 


is sin(8—y)sin (y—a) sin (a—8) {cos (a+8+y)—4cosacosf cos y)}=0. 


66. If (1—x+.?)-1 be expanded in powers of x, shew that the coefficient 
of 2® is sin4(n+1) /sin $x. 
67. Prove that %cos4asin (8+ y) sin (B— y) 
= —8 sin (8 — y)sin (y —a) sin (a— 8) sin (8+) sin (y+a) sin (a+f). 
68. Prove that 
3 cos 2 (8+ —a)sin(B— y)cosa=8sin (8 — y) sin (y—a)sin(a— 8) cosacosf cosy. 
69. If asin 6+6cos 6=a cosec 6+ bsec 0, 
shew that each expression is equal to 
$_ b8) (at +584 
(a5 — 68) (a5 + b*)3, 
70. Find the greatest value of 
sin (8 — y)+sin (y—a)+sin (a—8) 
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71. Solve the equation 
cos (7 — a) cos (a — b) cos (# — ce) =sin asin bsin csin x+cos acos bcos c¢ cos x. 
72. Solve the equation 
cos 2a + cos 2 (%— a) + cos 2 (w — b) + cos 2 (4 — c) = 4 cos a cos b cose, 
73. Solve the equation 
sin’ 3a+sin? 2a=sin? a (sin 3a+ sin 2a). 
74. Eliminate 6 from the equations 
a cos 26+5 sin 26=c, 
a’ cos 36+ 6’ sin 36=0. 
75. If A+B+C=180", shew that 
sin? 1B sin? 40+sin?}C sin? 4A +sin? iA sin? 2B 
is not less than pr (sin? A +sin? B+sin? C), 
76. Eliminate 6 from the equations 
4x7 = 5a cos 8—acos 58 
4y=5a sin 6 —asin 50 
77. If cos 2asin (8— y) sec (8+) 


=cos 28 sin (y—a) sec (y +a)=cos 2y sin (a— 8) sec (a+), 
prove that cos 2a+cos 28 + cos 2y=0, 


and sin 2(8+y)+sin 2 (y+a)+sin 2 (a+f)=0. 
78. Prove that 


<7 cos (ma+8)=cos (4 Ma+) sin $ (+1) a cosec $a, 


m=M n=N p=P 
and ZS TF F a.... C08 (mat+nB+ py +...) 


=cos$(Ma+ NB oie san $(M+1) asin} (N+1) 8B... cosec $a cosec $f... 
Sum to m terms the following series in Exs. 79—93, 
79. sin? a+sin? 2a+sin? 3a+......+sin? na, 
80. sin? asin 2a+sin? 2asin 3a+......+sin? ra sin (n+1) a, 
81. cosec a cosec (a+) 
+cosec (a+) cosec (a'+28)+...... + cosec {a +( — 1) 8} cosec (a +28). 
82. sin x sin 2x sin 37 


+sin 2x sin 3x sin 4v+......+sin 27 sin (n+1) av sin (n+2) x. 


A Ls Lehi 3 
83. sin? a+3 sin? Sats, sin® 3 ate... t5, 7 sin? 3*-l a 


84. tan 6 tan 36+tan 26 tan 40+...... +tan 6 tan (n +2) 0. 
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85. tan 6 sec 26+ tan 26 sec 276+...... +tan 2"-14 sec 24, 
1 A a 1 x 
86. tan 2+ 5tan5+7tant+ ACOonS + oa=a t80 = 
87. tan s sec? 2+ 2 tan = ae 
1 x x“ 
+2 tan 5 "sec? zt. vee t oy tan sec? 551" 

88. 1+ccos@ cos ¢ +c? cos 26 cos 2p +...... +c"~1cos (n—1) 6 cos (n—1) ¢. 
89 cos 20 2cos46 4cos8d 2"-1¢0s 2" 6 

* sin?2@ ° sin?4@ ° sin?86 °°"""" sin?2"@ ° 
90 sin 6 sin 20 + ee sin 26 

cos 6+cos 126 © cos26+cos2?6°°"""" cos n6 +cos n? 6° 

91 cot 2a cot 3a a + cot(n+1)a 

*  1—cos? 2asec?a _ 1—cos*8asec?a ****** © 1—cos*(n+1)a.sec*a™ 
92. 1.3sin™+3,58in== +, Da +(2n—1) (@n+1) sin @—Y*, 
93. 3.4sina+4.5sin2a+...... +(n+2) (n+3) sin na. 


94. If 6,, 6, be two solutions of the equation 
sin (9+a)+sin (9+8)+sin (a+8)=0, 


where 6,, 63, a, and f are each less than 27, 


shew that sin (6, +62)+sin (8+6,)+sin (8+ 62) =0. 
95. Prove that fe "q 
2V4+1 441 
$cot71 Ai +4tan-! Jp =}n, 
_,2N2+1 
and $tan-! wae TE = dyn. 


96. If a, B, y, 6 are four sa values of 9, each less than 27, which 
satisfy the equation 
: cos 2 (A—6@)+ cos (u — 8) +cos v=0, 
prove that at+B+y+8—4r=2nr, 
and that sin $ (8+y+d—a-2y)+sin $(y+d+a—B-2p) 
+sin $ (8+a+B—y—2yu)+8in $ (atP+y—8-2y)=0, 


CHAPTER VII. 
EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 


Series in descending powers of the sine or cosine. 


78. Ir in the formula (40), of Art. 51, we write for sin” A its 
value (1 —cos? A)’, and arrange the series in powers of cos A, we 
shall obtain an expression for cosnA in powers of cos A only. 
Writing @ for A, we have 


cos nO = cos” 6 — ~ ue . cos"? @ (1 — cos? 0) +... 
—1)...(n— 
+(—1)" peer) ss a tL) cos” @ (1 — cos? 0)" +.... 


(2r)! 


The coefficient of (— 1)" cos"~*" @ in this series 1s 


n(n—1)...(n—2r41) , n(n—1)...(n—2r—-1) 
(ry! 4 (2r +2)! aed) 
n(n—1)...(n—2r—8) (r +1) (r+ 2) 
far Raartaiaewe 21 7 0c 


this is equal to the coefficient of a” in the product of (1+.«)" and 
(1-1/a*)-"*, being supposed to be greater than unity; the 
coefficient is therefore equal to the coefficient of 2 in the 
expansion of (1+a)"""(1—1/x)-"*», This latter coefficient is 
equal to 


(n=r—1) ate See \r + (n— 2r) (r+ T) 


+ rs ae et, 
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and this is equal to 
n—r—1)...(n—2r4+1 
(eae OO PED fed +1 + (a2) (14 1, 
n(n—r—1)...(n—2r+1) Does 
r! : 

The coefficient of cos*@ is seen to be ${(1+1)"+(1—1)", 
or 2-1; the coefficient of —cos"-*@ is the term independent of 
a in the expansion of (1+)"-*(1—1/z)~, and this is easily seen 
to be (1+ 1)"?4 (n—2)(14+1)", or n.2". 

Hence we have 


cos nO = 2” eos” 6 — a 2"-3 cos”? 8 + 


or to 


Bee 2”-* cos" @...(1), 


of which the general term is 
(-1y Ad ae De Se 
In a similar manner we obtain from the formula (39) of 
Art. 51 the series 


sin nO/sin 6 = 2"— cos” 6 — as 


- 2"-8 cos" 8 


a (3g! 2° cos" 0.2... (2), 
of which the general term is 


(—ly Gist et ae Qn—27—1 cog"—2"—) 9, 


79. If in the formulae (1) and (2) we change @ into $4 —9, 
we obtain the formulae 


(—1)2 cos nd = 2" sin” @ — 7 2"-* sin** 6 


+ a 9n-5 gin™4@ — ...... (3), 
re i 
(Ce 1)? sin nO/cos 6 = 2" sin” 6 — ri Kn ad 
4 BSA 2) geen @— ......(4), 


where n is even, and 


(- 13 -) gin nO = 2" sin” 6 — ; 27-3 sin™? 6 


+ Ao Qn-s sin” 6 = she (5), 
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(- 1)3"~ cos n6/cos 6 = a sin*— 6 — no? 2°? ain * 6 


pO=He=9 20-5 sin" @ —...... (6), 


where n is odd. 


Series in ascending powers of the sine or cosine. 


80. In order to find expansions of cos n@, sin n@ in ascending 
powers of cos @ or sin@, we may write each of the six series we 
have obtained in the reverse order. It will, however, be better 
to obtain the required series directly. 

First suppose n even, we have then 

cos nO = (1 — sin? 6)?" — ne (1 — sin? 6)**-" sin? @ 


(2O-DO=90~ 8) gpg hind ‘eaed] 


expanding each power of 1—sin?@ by the Binomial Theorem, we 
have 


ei) 
ste C Mees ET) ae) 


AM 2 
sAecteneoOl de. pee 1 


the coefficient of (— 1)* sin* 6 being 
4n(tn— ae Ee 3+ 1), ellos 1) (4n—1)...(4n—8+1) 


(s—1)! 
noo =2) (n= 3) Gn—2).. (kn—8+1), 
ebay. 


which may be written in Rite form 


ee ae 4). oe ce \("-) (*55+-1)... AG7-s41) 


+0(=>*) (25--1)... (25 -5+2) er 1 
+65 Bt) Bisa). (tenes) 52 (53) 
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Now, taking Vandermonde’s theorem! 


1 
(p ae q)s = = Pst SPsigi + oa doe 2a + 
where p, denotes p(p—1)...(p—s+1); since this holds for all 
2s—1 n— 
values of p and q, let p= Oe echo s , then applying the 
theorem to the series in the brackets, we see that the coefficient 
of (— 1) sin* @ is 
In(n—2)...(n—28+2) 
el 2 S825 )05(28— 1) 
n? (n? — 2?) (n? — 4*) ... (n? — 2s — 2/*) 


(jn +8—1)(Jn+8—2)... (Jn) 


“ (2s)! 
We have mee when 7 is even, 
n? (n? — 2?) 
cosnO0=1 — isin mO+ edie sint @., 
, 8 (nt — 2’)... (0? — 2s — 2}?) f 
+} (2s)! SI Ob eemens (0); 


this series is the series (3), written in the reverse order. 
81. We have also 


sin 8 


sin 0 = cos 8 jn (1 — sin? 6)" ; 


__n(n—1)(n—-2) 
3! 
supposing n even, we expand each term of the series in powers of 
sin? @; we find the coefficient of (— 1)*+ cos @sin*— @ to be 


way teed aCe) Ce) 
ri —1)(s—2) (45+ ) : (S$) 


(1 —sin?6)*"~? sin? 6 + me 


2! 2 


which is equal to 


1 Bee). gael ePlt®) (gp 49 Sil) w(dni-d) 


(s—1)! . (28 —1) 
4 — 2?) (n?— 4? (n — 2s — 2)?) 
or to ne 2) 4) BEB) 


1 See Smith's Algebra, page 288. 
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We have therefore when n is even 


sin n6/cos @ = ; sin 6 — a sin? 6+.. 
a(t By. (n ~ 2s = 2p) 
+(—1) a ee sin *-1 9 + ...(8). 


82. When n is odd, we have 
cos nO=cos 6 {a —sin’9)? Gaphen ey —sin?6)? (n-8) intO4., 1 


and sin né =n(1—sin? 0)*"—») sin @ 
rg ie J a case (1 — sin? gj"-9) sin? O+...; 
expanding in powers of sin 6, as in the last article, we find in a 


similar manner 

meet IE + oes ty a 

ve ein? + eles — 3?) 
Hay (ee 1) (eR ni 

pst oh, (2s) ! 


Db aia | ee ant oe eeeces 
3! ~pe nfl 
a 


sint 0 — ....0. 


me BFR ea)» 
sin nO = i sin 6 — 


+(—1)7 sin¥—! 6 + .,.(10). 


83. If in the formulae (7), (8), (9), (10) we change @ into 
$7 — 6, we obtain the following formulae 
=i" = ape sh Cie 
(— 1)? cosn0?=1 91008" 8 + 41 
n? (n? — 2?) (n? — 4?) 
= 6! 


(- Lee sin n6/sin 0 = 7008 0 — ee 


,* (n? — 2?) (n? — 4?) cos’ @ 


cos‘ @ 
cos* @ + ...(11), 


cos’ 6 


51 =..(12), 
when n is even, and 
(= 1)" 1) gin n6/sin 0 = 1— “= cos’ 6 
‘m2 12) (m3 — 22 
nue) 6). 
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Clin cos nO = = cos ea ae cos? 8 
esi h Eee 
+ eo cos’ @ — ...(14), 


when n is odd. These formulae are all the same as those of 


Arts. 78 and 79. 


The circular functions of sub-multiple angles. 


84. Ifin the formulae (1) to (6), or in the equivalent formulae 
(7) to (14), we write @/n for @, we obtain equations which give 


cos 2 or sin’ when cos @ and sin @ are given. We will consider 
the various cases. 
(1) Suppose cos @ given, then the equation obtained from (1) 


will give us n values of cos. If cos 8 is given, we should 


expect to find the cosines of all the angles —_ : , since 2ka + 6 


represents all the angles which have the same cosine as 6, where k is 
any integer. Now whatever value k has, we can put tk=s+kn 
where s always has one of the values 0, 1,2...n—1, and k’ isa 
positive or negative integer. We have then 


Qk + 0 04 2sr 6 + 287 
cos <n = cos ( x 


+ ark’) = cos ———_, 
n 


thus we should expect to obtain the n values 


PD AOE of MEA 


6 
cos—, cos 
nN n n 


’ 


and these will be the roots of the equation we obtain from (1). 
These roots are in general all different, since neither the sum nor 
the difference of two of the angles is a multiple of 27. 


(2) Suppose cos @ is given, then the equations obtained from 


(8) or (6) will give the values of sin 2 Before we use (6), we must 


: feed 0 ; 
square both sides and write 1 — sin? = for cos? a thus we obtain an 


equation of degree 2n, for cin’, when n is odd, and the equation 
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(3) gives us an equation of degree n when n is even. We expect 
: . 2k + 0 meer : 

to obtain all the values of sin’ = — when cos @ is given; as in 

the last case, we can shew that all these values are included in the 


expression sin ze , where s has the values 0,1,2...n—1. When 


n is odd, all these values are different, and therefore we obtain 2n 
values which are the 2n roots of the equation obtained from (6). 
(n—2s)7—O0  . 2r+0 
——__—_ = sin 

n n 


When n is even, we have sin , hence 


in this case there are only n values, these being given by the 
equation obtained from (3). 


(3) When sin @ is given, we use the equation obtained from 


(2) to find cos, this gives 2n values of cos ©, for we must 


square both sides and replace sin’ by 1- cost? , before using the 


re 3 
equation. We shew as before that the expression cos AB SNe C Lee 


has 2n values, so that we expect to find cos © given in terms of 
sin 6, by an equation of degree 2n. 

(4) Ifsin @ is given, sin’ will be given by (4) or (5), accord- 
ing as n is even or odd. When n is even, the equation from (4) 
gives 2 values of cin’ these will be the 2n values of 


Pa Lia oe 


si = When n is odd, the equation formed from (5) 


gives n values of sin these will be the n different values of 
sin or aged ad 
n 


Symmetrical functions of the roots of equations. 


85. The formula (1) may be regarded as an equation of the nth 
degree in cos #, when cos 7 is given. Now each of the n angles 


2 4 n— E ; 
6,0+ — ,O+ - SR; fife. sie? 2 is such that the cosine of n 
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: . : 2 
times the angle is equal to cos 0, hence since cos 0, cos (8 se <=) ; 
n 


4 
cos (@ + =) cinta cos {6 + : — De * are all different, they are the 


n roots of the equation (1) in cos 6; we can now use the ordinary 
theorems for calculating symmetrical functions of the roots of 
equations to calculate symmetrical functions of the n cosines 


cos (2 +7" mr) , r having the values 0,1,2...n—1. We may of 


course, when it is convenient, use the forms (11) and (14) which 
are equivalent to (1). Again the equation (2) may be used to 
calculate symmetrical functions of the cosines of the n — 1 angles 
for which sin n@/sin 6 has a given value. 

The equation (3) may be used in the same way to calculate 
symmetrical functions of the 2m sines 

sane (0+2), sin (0+) 2a sin (04 *™™ ="), 

m m m 

where n = 2m. 

In the same way the theorem (5) may be used to calculate 
symmetrical functions of the 2m +1 sines 


sin 6, sin (0+ 5g 77), sin (O+57 75 =) ores. ain (OU 


where n= 2m+1. 
The equation 


tan n@ {i _ ait) tan? 6 + eatnieit Mae dat) tantOb, tess. 


2! 
n(n—1)(n— 2) 
3! 


may be regarded as an equation in tan 9, of which the roots are 


=n tan 6 — 


tan 0, tan (0+=), tan (0+=7) eee tan fo4@—08 == “I, 


and may therefore be used for calculating symmetrical functions 
of these expressions. 
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EXAMPLES. 


(1) Prove that the sum of the products of the cosecants of 


taken two at a time, 1s —4n* cosec? 4nd, n being an even integer. 


Using the equation (7), the required sum is the sum of the products of the 
sines of the angles taken n — 2 at a time divided by the product of all of them ; 
this is equal to the coefficient of sin*6, divided by the term not involving 


2 
sin 6, or — which is equal to 4 cosec? 3.70. 


nm 
2(1 —cos 76) 
(2) Prove that 
cost tm + cost 2 x +cos* § x +c0st £7 =19/16 
and sect tm + sect 2m + sect # mr + sect ¢ r = 1120. 
If sin 96/sin 6 be expressed in terms of cos 6, and be then equated to zero, 
the values of cos 6 obtained by solving the equation of the eighth degree so 


obtained will be 


cos}, cos 2...... C08 $m. 
We notice that 


cos 8 = —cosdm; cos fr = —COS Sm ....00y 
thus +cosim, tcosgm, tcosém, +cos$ar 
are the roots of the equation. We may either use the series (2), or proceed 
thus :—if sin 99=0 we have 
sin 56 cos 46 +cos 56 sin 46=0 
or (sin 36 cos 26+ cos 36 sin 26) (2 cos? 26 — 1) 

+ (cos 36 cos 26 —sin 34 sin 26) 2 sin 26 cos 26=0 ; 
substitute the values for sin 36, cos26... and reject the factor sin 6, then let 
z=cos? 6, we obtain the following biquadratic in x 

{(4a?— 1) (2-1) +2 (429 — 3x)} {2 (2a —1)?— 1} + {4 (2x — 1) (40% - 32) 
—8 (42-1) (1-2) 2} (2x-1)=0 
or (16a? — 12441) (82° — 82+ 1) + (6423 — 80x? + 202) (2a-1)=0 
or, arranging according to powers of 2, 
25624 — 44825 + 240x? — 40% +1=0. 
The sum of the roots of this equation is 448/256, and the sum of the products 


of the roots taken two together is 240/256, hence the sum of the squares of the 
448?- 2.240.256 19 


roots is 356 16 ; also the sum of the squares of the reciprocals 
of the roots is 40?—2. 240, or 1120. 
(3) Prove that sin a+sin 2a+sin 4a =} J 7. 


wherea=#r. 


We find (sin a+ sin 2a+sin 4a)?=sin? a+sin? 2a+sin? 4a, 
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Now the roots of the equation sin 76/sin 6=0 in sin 6 are 
+sina, +sin2a, +sin 4a; 
put x=sin? 6, then the equation in x is found to be 
6423 — 112224 56x —'7=0, 


hence sin? a+sin? 2a+sin? 4a=112/64=7/4; 
therefore sina+sin 2a+sin 4a=4 V7, 
(4) Evaluate sin =. 


17 
Writing a=27/17, we find by the formula for the sum of the cosines of 
angles in arithmetical progression 


(cos a+ cos 9a+ cos13a+cos 15a) + (cos 3a+cos 5a+cos 7a+cos 1 la)= —}. 


Also (cos a+ os 9a + cos 13a+ cos 15a) (cos 3a + cos 5a+ cos 7a+cos 11a) is found, 
on multiplying out and replacing each product by half the sum of two cosines, 
to be equal to —1. The two quantities in brackets are therefore the roots of 
the quadratic z?4+32—1=0, of which the roots are }(—1+,/17). It is easily 
seen that cos a+cos 9a+cos 13a+cos 15a is positive, and 


cos 3a+cos 5a+cos 7a+cos lla 
is negative, we have therefore 
cos a+cos 9a+cos 13a+ cos 15a=} (4/17 — 1), 
cos 3a +cos 5a+cos 7a+cos lla= —} (/17+1). 


We can now shew that (cos a+cos 13a) (cos 9a+cos 15a)=—}, hence 
cos a+ cos 13a, cos 9a+cos 15a are the roots of the quadratic 


a? —}(/17-1) -}=0, 
hence cos a+cos 1Ba=4 (—1+,/17+/34—2,/17) ; 
similarly we find cos 3a+cos5a=}(-1 —/174+V3442,/17). 


Now cosa cos 13a=} (cos12a+cos14a)=4 (cos 3a+cos5a) ; and since we have 
thus found the sum and the product of cosa, cos 13a, we can find each of 
them. Noticing that cosa>cos 13a, we have 


cos a=yh (17 — 1434-217 42V17 +317 -V170+ 38 17}. 
We have then 
sin r/17=1/} (1 —cos a) 
=4V34—9Vi7—2V34—2/17 —4V1743 17-170 +38 17. 


(5) Shew! that, if f(x, y) be a homogeneous function of x, y of n—1 
dimensions, 


f (sin x, cosx) _ 
sin (X — ay) sim (K — ag) ... 87 (KX — ap) 
r=n f (sin a,, C08 ay) 
2 SS 7 5 = ° 
pai Sin (X—a;,) 8?” (ay — a4) 822 (a, — ag)... 87M (ay = an) 


1 This theorem was given by Hermite in a memoir ‘‘Sur 1’Intégration des 
Fonctions circulaires” in the Proc. Lond. Math. Soc. for 1872. 
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The expression on the left-hand side of the equation may be written 


- pie) -% od vee, that, Aa where t=tanz, a,=tana,. 
(t— ay) (t — ag) «.. (¢— Ap) | COS & COS ay COS ag... COS ay,’ 


Now since f(z, 1) is of degree n—1, lower than n, we have by the ordinary 
method of resolving into partial fractions 
F(t, 1) ; ee F (ap, 1) 
(ta) (t— ag) ...(¢—-Gy) pen (¢— Gy) (ty — @) (Ap,— 1g) «+ (Ap — Gy) 
__</ (sin a,, COS ay). COS & COS ay COS ag ... COS dy 
x sin (#—a,) iN (a, — ay) ... SiD (a, — ay) 


b 


thus the result follows, 


Factorization. 


86. Since cosn@ can be expressed as a rational integral function 
of the nth degree in cos 8, we can express cos n@ as the product 
of n factors linear in cos 6; the values of cos @ for which cos n@ 


vanishes are 
T 3 (2n—1) 7 
COS ——, COS——...... cos ——_—__—— 
Qn 2n 


these cosines are all different; therefore 


cosn@ =A (cos 6 — cos i) (cos 6 — cos =| acs 
2n 2n 


2n 


where A is a numerical factor. Since the highest power of cos 6 
in the expression for cosn@ is 2"~' cos" 6, we see that A =2"—; 
therefore 


cos nO = 27-71 (cos 6—cos x) (cos 6 — cos x) eee 


(cos 6 — cos 


Weill), 


2n 2n 
(cos @ — cos oe) ; 
2n 
Now cos a =— Cos Ge sik , therefore this expression may be 
written 
cos n9 = 2" (cost 6 — cos? =) (cos* 8 — cos? =) Atos 


( cos? 6 — cos? . = cos 6, 
when n is odd, and 
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cos n@ = 27-1 (cost 6 — cos? ) (cos 6 — cos? a), Mecene 


2n 
(cost 6 — cos? aoo) 
2n : 


when n is even; these expressions may also be written 


cos n@/cos 6 = 2" (sim = — sin? 0) (sin* ee — sin? 0) Reese 
(sin’ ee Sein 0) 
when n is odd, and 
ei poets : 4s) gu: 
cos n@ = 2"—1 | sin? — — sin? 6) (sin SIN O i osceee 
\ 2n 2n 
(sin ne — sin? 6) 


when n is even. 


In each of these equations put 6=0, we then obtain the 
theorems 


$(2-1).: : 3a (n ep 2) us 
2 sin =— = = Ont sin on ih. 
when n is odd, and ib): 
4-1), 30 - (n—1) a 
2 ne sin ant sin To = 1, 


when n is even. 
The positive sign is taken in extracting the square root, since 


the angles are all acute. 
If we divide the expressions for cosn6/cos@ or cosn@ by the 


corresponding one of the products in (15) squared, we obtain the 


expressions 


i. By 
LE a bg pm (lates oe fh aoe oh eA) 
oe sin? sin? sint 2) 7 
2n 2n Qn 


when n is odd, and 


sin?@ \ / sin? 8 sin? 8 
cos n8 = 1— 7 ay. Seat pL perce 
sin on sin on 1 ~ on 


when n is even. 
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We may write the theorems (16) and (17) thus :-— 


r=}(n-1) in? @ 
cosnO/cos9= II (‘5 seeds’ (16), 


r=1 


where n is odd, and : 
eis sin? 8 
cos nO = B(1-sye=t | seeeeeeee (iy, 


where n is even. 


87. As in the last article, since sinn@/sin 6 is an algebraical 
function of degree n—1 in cos 6, we may find a corresponding 
expression for it in factors linear in cos @; in this case 


7 2Qar (n-—1)7 
COs =% | cos — ... COS ———_——— 
n n 


are the values of cos @ for which sin 7@/sin @ is equal to zero, 


These values may be thus grouped + cos + cos = abe ; hence 


as before 


sin nO/sin @ = 2"~ cos 6 (cos? 6 — cos? =) (cost @ — cos? 2) a 


(cost 6 — cos? is = 4 : 


nr 


when 7 is even, and 


sin 70/sin 0 = 2"— (cos 6 — cos? 2) (cost 6 — cos? 2) ae 


(cos @ — cos? or) 


when n is odd. 


We can write these equations in the forms 
sin n6/sin 6 = 2"— cos 0 { sin’ z — sin? 0) (sin’ an sin? 0) ea 
n 


(sin Oe bee — sin? 0) ; 


when 7 is even, and 


sin nO/sin @ = 27-1 (sin s — sin? 6) (sin a — sin? 6) mee 


(sin fe ae 7 _ sin? @) ; 


when n is odd, 
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We shall shew in the next Chapter that sin n@/sin @ has the 
limit n when @ is indefinitely diminished; hence 


yn=2 sin™ sin - (visa kaiser AGB). 


(n—2)a (n—1)7 


the last factor bei in ~~ 1 i 
Gfash inctor being, alte) -7 OF sino , according as n 


is even or odd. Hence 
, : gadie-2) sin? 0 
sinné/nsind=cos@ II (: _ in| anad (19), 


r=1 


when n is even, and 


r=} (n-1) “a 
Sia in (’ he | ee (20), 
r=1 . has 
sin Pat 


when n is odd. 


88. The expression cosn#—cosnd may be regarded as an 
algebraical function of cos @ of degree n, and can therefore be 
factorised; the values of cos@ for which the expression vanishes 


are cos ¢, cos (¢ + =") » COs (+ + =) fees , hence 
r=n-1, 
cos nO —cosn@=2"" I] ies 9 —cos ( + =. .(21). 
r=0 


89. !We shall now factorise the expression 2”— 2x” cos nO + 1, 
We have 


a” —2 cos nd + a = (a"— + a") (w — 2 cos 0+ a) 
+ 2cos 6 (a — 2. cos(n—1)0+a7-"*) 
— (a8 — 2. cos (n — 2) 0+ a-"*?), 
If we denote a" —2cosn@+a~" by up, we may write this identity 
Un = (a + aH) wy, + Qin, COS O — Uno 5 


this equation shews that wp is divisible by %, provided u,_, and 
Un—2 are divisible by uw. 


Now Uy = (a — 2 cos 0 + a) (x + 2 cos 0+ x), 


hence wu, is divisible by %, and therefore ws, and so on, 


1 This method was given by Ferrers in Vol. v. of the Messenger of Mathematics. 
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Hence wy is divisible by u,, and therefore a?— 2acos@+1 isa 
yaiy : 2 
factor of x” — 2a”cosn@+1; since @ can be changed into @ + — 


without altering cos n@ we see that, when r is any integer, 
x? — 27 cos (8 +=) +1 


is a factor of the given expression; if we let r=0, 1,2...n—1 we 
obtain n different factors of the given expression, and these are all 
the factors, hence 
Tle 2rar 
a” — 2a" cosn6+1= ue |e 2x08 (0+=) + 1} ..(22); 
this may also be written 
r=n-1 


xm — Qe y™cosn6+y"= II |2*—2ay cos (8 + 7) ty}. ..(23). 


r=0 
90. In the equation (22) put 6=0, we have then 


r=n-1 
(a—1y¥= I (at — 22 cos =" + 1), 
r=0 n 


AEE, the factors on the right-hand 


a 2Qrar 
and since cos Pa cos 


side of this equation are equal in pairs, except that when n is even 
there is the single factor 27+ 2+1, and whether n is even or odd, 
there is the single factor a? — 2”+1, hence 


r=} (n-2) 
a®—l=(2-1) LU (2 — 2a cos ee + 1) wae (24), 
=1 
when n is even, and : 
si r=}(n-1) par 
e*—-l=(e-1) I (2*— 24 cos oe 1) pret (25), 
r=1 


when n is odd. 
Again, putting 0=77/n in the formula (22), we have 


r=n—-1 
(a+1yY= II {a= 22008 tI) i}; 


r=0 


at gro Pht Va gg? SDs, 
n 


>] 


hence the factors are equal in pairs, except that when n is odd we 
have the single factor 27+ 27+1; hence 


r=tn-l1 

a+1= II {2 — 22 008 
r=0 

when n is even, and 
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r=} (n-3) 
e*+l=(¢+1) I jet— 2wcos PE) 4 1}.(27) 
r=0 \ n 
when n is odd. 


91. In the equation (22) put «=1, we have then 
r=n-1 1 
1—cos n@=2"—' II {1 — eos (0+ =) 


r=0 


changing @ into 26 this becomes 


sin? n6 = 2?"-? sin? @ sin? (8 + 7) sin? (0 2: =") ... sin? (9 + 


nai) 
n > 


a— <7) 
n >) 


or sinn@= + 2"—"sin 6 sin (0+=) sin (0+=7) ... SIN (0+ 
where the ambiguous sign is as yet undetermined. It has been 
shewn, in Art. 51, that the form of the expansion of sinn@ in 
terms of sin @ and cos @ is definite; the sign of the product on the 
right-hand side is therefore always the same; put then @=7/2n, 
the sign to be taken is clearly positive as each factor is positive. 
We have therefore 

sin n§= 2" sin Osin (047) sin (0+ =") ... Sin (04° 


)---28). 
In (28) change @ into 6 + 7/2n, we thus obtain 


2n—17r 


1 eae ue \ 30 ; 
cos nO = 2 ‘sin (0+ 5") sin(94+57)...sin (04> —™ ). (29). 


The theorem (18) can be deduced from (28) by putting @=0, and taking 
the square root. In a similar manner, the theorem (15) may be deduced 
from (29). 


EXAMPLES, 


(1) Prove that if n be an odd integer, sin nO + cos nO is divisible by 
sin 6+-cos 0, or else by sin 6—cos 6. 

Let U,=sin nO +cos 28, 
then Un + Un ~4= 2 COS 28. Uy —2= 2 (cos? 6 — sin? A) u,_ 9. 

Hence, if «,,_4 is divisible by cos 6+sin 6 or by cos @—sin 6, u, is divisible 
by the same quantity. Now u,=sin6@+cos6, hence ws, wp, %43... are all 
divisible by sin 6+cos 6; also w_j=cos6—sin 6, hence us, uz, uy... are all 
divisible by cos 6 —sin @. 

(2) Factorise tann@—tan na. 
sin n (6—a) 
cos 24 cos na” 


We have tan 26 — tan na= 
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In the formula (28) write a—6 for 6, we then have 


sinn (6—a)=(—1)"4 iar "Tr sin (<5) 


r=0 n 
(HL age Pr 1eos" 9” ‘i "cos (a+ =) {tan 6—tan (a+™)} 
r=0 n 
=(—1)"-! cos" @sinn (+5) Tr {tan 6—tan (a+™)} . 
2 r=0 nr 


Again, we have from (16) and (17) 


r=}(n—1) sin? \ r=tn in?@ 
cosn@é=cosé II ts ete i= 0 (*-e=De) 


r=1 


ae F 
according as 7 is odd or even. Now 1—- sagToos? 6 (1 ~ a , hence the 


expression for cos n@ may be written 
r=$(n—1) 2 r=kn tan? 
cos"@ II a or cos"@ II gall) 
ret ( ‘bid re tan? ad 


We have therefore 


=n—1 
sinn(a+2) "in {tan @—tan (a+) 
= (=) \ea1 r=0 
tan 74 — tan na=(— 1) = fe ee aay fi — r 
ral tan? (2r—1) :) 
Qn 


the product in the denominator being taken up to r=$n or $(m—1), according 
as 7 is even or odd. 


EXAMPLES ON CHAPTER VII. 


1. Prove that, if n be an odd positive integer, and a= n/n, 
tannd=(—1)h—) tan ¢ tan ($-+a)...... tan(p+2—1a), 
and ntan np=tan p+tan(p+a)+...... +tan (p+ —-1a). 
2. Prove that 


sin 56 —cos 56 pe: —2sin 26-—4sin? 26 
sin 56+ cos 56 hein tn); 1+2 sin 26 —4sin? 26° 


3. Prove that 
n cot na=cot a+cot (042) +... «-+cot (a4” =); 


n being an integer. 
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4 If d=7/13, shew that 
cos f+ cos 3 +cos 9f =} (1+V13), 
and cos 5 +cos 7h +08 11p =} (1 - V13). 
5. Prove that 


Ae See Sn Ty 008 5 cos 2 ¢ Ga ia : 

[oo > 1B 1B a is Lae TPAC 
Qr an 82 1 
6. Prove that = 2S be erl 
rove tha cos = +cos 7 +cos 7 ro 


Form the cubic of which the roots are 


cos an cos ‘sa cos a 
Tx: ae te 
7. Prove that the roots of the equation 
—3V/329-32+V3 =0 
are tan 20°, tan 80°, tan 140°. 


8. Prove that 


121 


sin‘ a+sin‘ 3a+ sin‘ 7a+sin‘ 9a+sin‘ 1la+sin‘ 13a +sin‘ 17a+sin! 19a =3}, 


where a=7/20. 


9. Prove that 
2”-1 sin > sin (+=) sin (+=) etic sin (o+2"—**) 


nN 


Tr Tv 
= 00s — conn ($+). 


10. . Prove that 
tana+tan (= - ) +tan = +a) 4+tan (= -a) + .cccee 


to 2n terms is equal to 2n cosec 2na. 


ll. Prove that 


in sin Ae elt A etd rts we 
a an 5 an on an gn=i? 


where 7 is an even positive integer. 
12. Prove that 


Qa (n-1)9 
Cue 2 2 
nm a5 2n 5 2n r 
2n ag 7 i Dar sik (n—1) 2’ 
2 2 2 
and 2n-1 sin 2n-1 2n-1 


where 7 is any positive integer, 
13. Prove that 
sin np sin n6 
sin ¢ sin 6 


=Qn-l {oos ($-6) ~c0s(4+0+22)| {cos (d- 6)- cos ($+0+ <=) eaeaiens 


the number of factors on the right-hand side being n —1. 
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14. Prove that m sin n@- sin mé is divisible by sin? 6, if m and n are 
odd integers, 


15. Shew that if m is a positive integer, sec?” 4+cosec?” A can be 
expressed in a series of powers of cosec 2A. 


in 2a sin 4a...... i = 

16. Provatict Mens ee ee 
sin asin 3a...... sin (2n—1)a@ 

where a=7/2n. 
17. Prove that 
(1) sin? ¢ oe sin? a 
sin (z—a)sin(#—b)sin(w—c) ~ sin(#—a)sin(a—b) sin (a—c)’ 
sin x cos (x— a) sina 


) sin (w— a) sin (2 — 6) sin (~7— eee sin (#— a) sin (a — 6) sin (a—c)* 
18. Prove that the product of 
1+ 0s a, 1-408 (a+ =") Aree 1400s (a+ “"=4*) 


is Tie {(—1)2”— cos na}? or 2!-"(1+cos na), 


according as 7 is even or odd. 


19. Prove that 


-1 Saat 5r\-1 
es i "sin ins 
nV (versin z) + (ver sin x) + (versin =) HF cccee 9 
n terms being taken on the right-hand side. 


20. Prove that 
(tan 74° +tan 374° + tan 674°) (tan 224° + tan 524° + tan 824°)=17+48 /3 


21. Shew that, if m is odd, 
es TEN as 2 
tan mp = tan ¢ cot (+55) tan (o+57) seeeee 
m— 24 m—I1nr 
aeeose Ot (4+ = ) tan (++ na) 


22. If 28a=m, shew that 
/14=23 sin asin 2a...... sin 13a, 
and cos 2a+ cos 6a+ cos 18a=4/7, 


Bas tan a a nin 
on on eeeeee n on 


v being any positive integer. 


23. Prove that tan 


24, Prove that 


cosec x + cosec («+22) ee Secosec (24 22=12) 
1 


=n {cosec na + cosec (na +m) +o... +cosec (na + n—17)}. 
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25. Prove that, according as n is even or odd, 
2(1+cos n@) or (1+cos n6)/(1+ cos 6) 
is the square of a rational integral function of 2cos 6. Shew that 
1+cos 96=(1+cos 8) (16 cos* 6 — 8 cos? §— 12 cos? 6+4 cos 6+ 1)2. 


26. Prove that 2"—1cos"6 — cos 76 is divisible by 1+2cos26, when n is of 
the form 6m—1, and by (1+2 cos 26)?, when n is of the form 6m+1, m being 
a positive integer. 

Prove that 


2" cos! 6 — cos 110=11 cos 8 (1+2 cos 26) {(1+2 cos 26)? +(1+2 cos 26)+1}. 


27. Prove that, if n be an odd positive integer, and 
tan (40 +4)=tan” (fr +46), 
r=}(n-1) 1+sin? 6 cot? A 


then singd=nsing II ee 
rl [14sin? 6 tan? = 


28. Shew that any function of the form f(sin 6, cos 6)/¢ (sin 6, cos 6), 
where f and ¢ denote rational integral functions of degree n, containing cos” 6, 
can be expressed in the form ATI sin 4 (6 — a)/II sin 4 (6—a’), where A and the 
quantities a, a’ are independent of 6, and there are 2n factors in the numerator 
and 2n in the denominator. 

acos 20+6 cos @+csin6+d 
a’ cos 26+ 6' cos 6+c' sind+d’ 


If the function be expressed in this form, 


prove that 3a and 3a’ are even multiples of x. 
29. Prove that 
3a . 24 — 
tan; +4 sin 57 = VU. 
30. Prove that 


28 sin? 6+sin 76 A 5) ( r) 
Ne es tan te ENant ase |: 
2° cos’ @— cos 76 sors (+5 ate 6 


CHAPTER VIII. 


RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND 
THE CIRCULAR MEASURE OF AN ANGLE. 


92. WE shall now investigate theorems which assign certain 
limits between which the sine, cosine and tangent of an angle 
whose circular measure @ is less than 47 must lie. The first 
theorem which we shall prove is that if @ be the circular measure 
of an angle less than 477, then sin 0 < 0 < tan 0, unless 6 =0. 


Let AOB = AOB’= 6; and let 7B, TB’ be the tangents at 
B and B’, and let SAS’ be the tangent at A. In Art. 11, it 
was shewn that the length of the arc AB does not exceed AS+SB; 
and thus the arc BAB’ does not exceed BS+ B’S’+ SS’, and 
therefore arc BAB’ < BT'+ 7B’; or areBA< BT. Also 

: arc BA> BA > BC. 
Consequently we have 
BC/OB < are BA/OB < BT/OB. 

Now @=are BA/OB, sin@=BC/OB, and tand=BT/OB; 
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therefore sin@< 6<tand@. If @ had been greater than $7, 7’ might 
have been on the other side of O, and the inequalities which we 
have employed would not necessarily hold. 

Since sin@ <6 <tan0@, we have 1<6/sin@<sec 0; now sup- 
pose 6 to be indefinitely diminished, then the limit when 6=0 of 
sec @ is 1; hence also the limit of 6/sin 6, when @ is indefinitely 
diminished, is unity. Since 


ee = (@ cosec 6)“, and = : 


0 
we have the theorems that the limits of aS and ae when 


= sec 6. (@ cosec 0)-, 


@ is indefinitely diminished, are each unity. 


The theorem may also be proved thus :—The triangle OAB, the sector 
OAB, and the triangle OB7 are in ascending order of magnitude; and 
AOAB=30A . BC=404A" sin 6, also sector OAB=}0A?. 6, and 


AOBT=30B. BT=30B?. tan 8, 
therefore sin @é<6<tan 6. 


93. The reason, to which we referred in Art. 5, why the 
circular measure is more convenient in Analytical Trigonometry 
than any other measure of an angle, is that in this measure the 
sine and tangent of an angle are each ultimately equal to the 
angle itself, as the angle is diminished indefinitely ; whereas if we 
use any other measure, as for instance seconds, this is not the case. 
We have in the case of seconds 


sinn” _ sin 6 . T 

a 0 ED 180 x 60 x 60’ 
tan n” _ tan 6 4 T 

a’ hin <0 180 x 60 x 60’ 


where @ is the circular measure of n seconds, hence the limits of 


sy “7 ut 

smn tann rer : baietke 

———, —7— when n is indefinitely diminished are each equal to 
n 


n 
Tv 


180 x 60 x 60° 


Tv 
measure, we should constantly have the number 180 x60 x 60 


If then we used seconds instead of circular 


occurring, instead of unity, in the large class of formulae which 


involve the limits of a and e for 0@=90. 
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on Xe fo a a : So . . 
The limits of msin—, m tan mm ore each a, when m is indefinitely increased, 
m 


for msin~=a CF) ; mtan— =a (3 *) , where O=—, and when m is in- 


definitely increased, @ becomes indefinitely small. The limiting values of 
sinpé tan pé 
sin g@’ tan qd’ 


when 6 is indefinitely diminished, are each equal to p/q. 


94. Since, if 6 < 47, tan 46 > 406, we have sin 40 > $6 cos 38, 


hence 2 sin 46 cos 46 > @ cos? 40, 
or sin 6 > @(1 — sin? $8). 
Now sin? 46 < (46), 
_ hence sin@>6(1-—36%), or sin@d>d@— 46%, 


Also cos @=1—2sin?}6, and this is greater than 1 — 2 (46); 
or cosO0>1—46%, Also, since sin4@0 >40—4}(26)%, we have 
cos @< 1-2 (40 — yO)? <1— $094 OH 2, 
hence cos 0<1—46?+ 4,64. We may state the results we have 
obtained thus :— 


If @ be the circular measure of an angle less than $7, then sin 0 
lies between 0 and 6 — 30%, and cos @ lies between 


1-40? and 1—-467+ 7,04 
95. We shall now shew that if @ < 47, 
sin9>0—}363, cos9<1—4674+ 4064 


This makes the limits for sin@ and cos@ closer than in the 
theorems of the last article. 


We have 3 sin 40 — sin 6 = 4sin* 40, 
te oe Vs 8 a 

3 sin 3, — sing = 4sin’ 5, 
8 ; acir 6 

sin 37 = aT = 4 sS1n' Bn" 


Multiply these equations by 1, 3, 3?...... 3” respectively, and 
then add them, we have 


3” anne —sin d= 4 (sin : + 3 sin® +...4377 sin’), 


3" jn 
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sin — 


iia. GG? gs 
hence @.—G= -sind<4(S +54... +355] 
3” 
4 Le 1 
< 79° (1 tatat-. pes): 
sin ai 
Now let n be increased indefinitely, then the limit of rn 
3” 
: : : ibe d : 1 ' 
is unity, and of the series 1+—+ 2+... is ==; therefore 
3? 34 ess 
je 
3? 
6-—sin6<}36% or sind>d-}6% 
Also cos 0 = 1-2 sin? 46; 


therefore cos0<1—2(40~7,0°)<1—469+ 3.04 


Hence sin 6 lies between 0 and 6 — 46%, and cos 6 lies between 
1— 46? and 1— 467+ 3,64, the angle 0 being less than 37. 


We have also tan 6=sin 6/cos 6, hence 
tan 6>(8 —} 6%) (1—467)-1>(6-2.65) (14+36?+43 0), 
or tand>6+}363+365—3.6', therefore tan 0>6+} 65. 


Euler's product. 


96. Wehave sin@=2sin }écos 48, 


i 09 1 Uae 
sin 5 = SIN 55 9a? 
5 @ a 

sin 5, = 2 SIN 5, COS 55» 


6 é 
hence sin 6 = 2” cos 5 cos ie cos 5, sin n° 
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Now when n is indefinitely increased, the limit of 2” sin vi is 0: 


2” 
hence the limit, when n is indefinitely increased, of the product 
6 0 0 . oO a sin 0 
COS 5 COS 5 COB 5, --- COS 5,» 1 —A—- 


In this product put 6=47, we then obtain Vieta’s expression for 7, viz. 


2/2 V2+J2V24+V24J2 
pra era) ae 2 


eee 


EXAMPLES. 
(1) Prove that as 6 increases from 0 to 4m, — continually dimanishes, 
me continually wnereases. 
sin@_ sin(6+h) 


We shall shew that a5 = 04h 


and 


; that is 


: F ; tan 6 sinh 
(6+) sin 6>6 (sin 6 cosh+cos@sinh), or a Moe ee ery AY 
tan 6 sinh sinh sinh : 
Now we know that ae >1l>—_, and Py Ges h+(1—cosh) 6? since 1 —cosh 
is positive, hence the inequality is established; thus — diminishes from 
1 to 2/7, as @ increases from 0 to $7. 
We shall next shew that 
ta: ‘ 
ene) > ee , or Osin (8+h) cos 6>(6+4) sin 6 cos (6+h); 


this is equivalent to 


6sin h>h sin 6 cos (6+A), or es g 


now we may suppose h<6, hence by the first theorem 


cos (+h); 


sink_ sind sin@_ sin#g 
oy & > shee and therefore Fe > 4 008 (6+A). 


Thus as 6 increases from 0 to $1, = increases from 1 too. The theorems 
may be seen to be true by referring to the graphs of sin 6, cos @ given in 
Art. 32; it will be seen that in the first case the ratio of the ordinate to 


the abscissa diminishes, and in the second case increases, as @ increases from 
0 to $x. 


(2) Prove that the equation tanx=Ax has an infinite number of real roots, 
and find the approximate values of tne large roots. 


In Art. 32 we have drawn the graph of the function tan; draw in the 
same figure the graph of Az, this is a straight line through the point 0. The 
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straight line will obviously intersect each branch of the graph of tan «, and 
the values of 7 corresponding to these points of intersection are the solutions 
of the equation. There is therefore a root of the equation between 


#=(2k-1)5 and (2k+1) 5, 


where £ is any integer. If 4A be large, then (24+ Ne is obviously an approxi- 
mate solution ; to find a nearer approximation let =(2k+1) 5 +y, where y is 


small, then — cot y=Ay+(2k+1) = ; putting cosy=1, sin y=y, and neglecting 
y*, we have 


ahs 2k+1)> , or therefore r=(2k+1)= — 
—y = Y, OT Y= 9 


2 2 
~ (2k+1)Ar’ (2k+1) Ar 
is the approximate solution. To find a still nearer approximation, neglect y%, 

- 2 

5 pater door gh oa A 
putting G+ Diz in the terms which involve y?, we have 
r 
by -1=fy+ b+) Fh y—ryt+y ety, 
hence (Qh-+1) = 14-2) gee 
yQk+1) = —1+G—-% eeyiyta 
2 

ory=— GER aa * (4—A) GEDA ; the approximate value of « is there- 


fore «=(2k+41) = ao orsient a (E41)! A388 


(3) Prove that Bact +4 tan ae tan $44 tan oe ... ad inf. 
It can easily be shewn that 
cot 5 py btan§, 
6 6 6 
hence also Z cot oa $cot 5m ttan >, 


Poe reese eS eeearsessesessessOSSsasssesaseetss® 


1 bi4rey G tas 6 
gen cot Qin - Q2n-1 cot Q2n-1 a Q2n tan oon Q2n9 


hence by addition we have 


On al 0 1 Cae! 6 
tan 5+ 5a tan 5+ -. -+ ain to lar ahiiambiion 


Opal 
Now when n is indefinitely increased, the limiting value of one cot gin 8B 


: fn vse 
hence the limiting sum of the series is 5— cot 0, 


6 
If we put 6=47, we obtain the theorem 


1 ce 7 T 
= wh ees ry uct 
# tan 4 tan 8 qe ta 16 
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The limits of certain expressions. 


97. When n is indefinitely increased, the limits of each of 


sin — 
nN 


y 
n 


the expressions cos — , is unity; hence the limiting values 
n 


ne 
, / sin i" 
of (cos -) St er are also unity provided r is any number which 


n 
as independent of n; but if r is a function f(n) of n, which becomes 
Ovi ™ 
wt. arm { IDF, 
infinite when n does so, the expressions (cos -) Al ey are 
n 

undetermined forms of the class 1°, and the values of their limits 
depend upon the form of /(n). 

ge 


: Hess d F (n) 
To determine the limiting values of (cos 4 , we have, 


denoting the expression by u, 
log.u=4f(n) log, (a — sin? 4) ‘ 


It will be assumed as a known theorem that the limit, when z 


becomes indefinitely small, of es is—1. Then, since 


se holt) 
log. (a — sin? 5) 


sin? - 
n 


logeu = $f (n) sint®. 


the limit of log,w is equal to that of 4 /(n) sine, with its sign 


changed, provided this latter limit exists. We can find the limit 
of log, u, and therefore of u, in the following cases :— 


(1) If f(n)=n; then f(n)sin? =nsin © sin is and the 


ee Oe ; F 
limit of nsin= is 6, and that of sin © is zero; therefore the 


limit of log,w is zero, or that of u is 1. 
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(2) If f(n)=nts then f(n)sint 2 = (msin <), ereehichttbe 
limit is 6. Hence the limit of log, v is — 46, or that of u is e4. 
(3) f(n)=™, where p>2, then f(n) cin’? =—ne sn (w sin ‘), 


and this increases indefinitely as n does so. Therefore the limit 
of logeu is — 0, hence the limit of w is zero. 


: n al) 
sin ~ sin = 
98. To find the limiting value of ame Ie since Te is less 
n n 
ne. AAR: 
sin A 6 sin ea 
than 1 and greater than or cos, the limit of = Oe lies 
tan — be 
n n 


n 
between 1” or 1, and (cos *) ; thus from case (1) in the last 


Article, the limit of the expression is unity. We see also that 


. O\” ON, 
sin a Se 
the limiting values of I= and of rr (p> 2) lie 


n n 
between 1 and e+”, and between 1 and 0, respectively. 


Series for the sine and cosine of an angle in powers of its 
circular measure. 


99. In the formulae (39), (40) of Chapter Iv. write 6 for A, 
and let « =n@, we have then 


sin «=n cos" a cos" 9 sin? 6+... 
oe en pred nes 
4+(—1) @r+i)! cos Osin*1 6 +..., 
n (n—1) 


cos # = cos” 6 — cos"? @ sin? 6 +... 


2! 
n(n—1)...(n—2s +1) 


mania YI cos”—*s @ sin” 6 +..., 
8 


+(-1y 
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We may write these series in the forms 


i Ts 6 
sin @ = x cos?—} Ce" ie aw (a: — 0) (w— 20 26) . os"-3 0 (ue =) ; 


3! 
..(a—2r0 sin 0\2"+1 
. € by” fy (a — a 2 “ ) cos?" @ =a) + - 


=a 7 
cos a = cos” 6 — ee n—2 9 (a J is 


L(x — 0)... (w@— 28-18) | s- 6 sin 6 
(2s)! Se y" 

The number of terms in each of these series depends upon the 
value of n, and increases indefinitely as n is indefinitely increased. 
In order to obtain the limits of the expressions when n is in- 
definitely increased, it is necessary to replace each of these series 
by a series in which the number of terms is fixed, and does not 
increase indefinitely with n. 

The ratio of one term of the series for sin z to the immediately 
preceding term is 


+ (— I} 


_ (w@— 2r +16) (w— 2r + 26) tan @ 
(Qr+2)Qr+3) ( 6 ys 


this number is negative, and is numerically less than 
| x fe a) i ee peck (= 6\3 
(2r + 2) (2r + 3) G n r+1 6 ). 


tanG\2 200 - abe 
If # have any fixed value, (=) diminishes as n is increased ; 


6 

values m, 7, of n and r may be so chosen that the above expression 
has values which are less than unity for n2n,, r27,. For the 
fixed value of a, and for all values of » which are 2 n,, the series 
for sin is such that, from and after a fixed term, the position of 
which is independent of n, each term is numerically less than the 
one that precedes it. Since the sum of a series of terms with 
alternate signs, when each term is numerically less than the 
preceding one, is less than the first term, we have 

i 1g (8in9\ «(a—8)(a—20 sin O\§ 

sin # = cos’ 6 (=) - raere ni Se )+ 

a(a—0)...(a—2r0 sin arti 


where @=-/n, provided n 2n,; Yr is naraenenaeNt of n, and ¢€ is a 
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number between 0 and 1. The integer r may have any value not 
less than 7,. 
In a similar manner, we can prove that 


cos # = cos” 6 — a (« — 8) cos"—? 6 (ey 


PAK 
4 fhe = 8) (= 28) (a 38), a sin 6 
sO M8 op sa in) 
mae Type eo a0 28-16) | nor 9 (SEEN 


provided n 2 n,’; s is independent of n, and ¢’ is a number between 
0 and 1. 

Now let n be indefinitely increased; the limits of the ex- 
pressions for sin a, cosa must represent these functions. Since 
the number of terms in each of the series is fixed, being inde- 
pendent of », we have only to add the limits of the several terms 
in order to obtain the limit of the sum. The limit of (5). 
where k is independent of n, is unity. Also the limit of cos”—* 6 
is that of cos” 6, divided by that of cos*@; and it has been shewn 
in Art. 97 that Zcos*?9=1; that Dcos*@=1 follows from 
Leos@=1; hence Lcos**@=1. The numbers ¢, e depend 
upon n, but they are for each value of n between 0 and 1, and 
therefore their limits €, é’ cannot exceed unity. We thus have 


: * ied ie (-1y fre 

Be =o— sy ey eit © @r +DP 
eM zat 

cos x=1-— ait a1 —..+(-l1)%é (Qsyl? 


where é, é are positive numbers which cannot exceed unity. 
These results hold, for each value of 2, for all values of r and s 

which are greater than or equal to fixed integers 7, and s,. It 
follows that for each value of a, sin # is represented by the con- 
vergent series 
a oS mn 
a 5 meet 
and cos # is represented by the alae Tees series 

lige Hits 
Sot eet Lys vee 


For the sum of a fixed number of terms of the first series differs 


ES yd 


1 + cee 
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ort 
from sin x by not more than mat which for each value of @ is 


arbitrarily small if r be chosen sufficiently large. That this is the 
grt 


: : : 2 
case is seen by observing that the ratio or (@r+F1) ° Tras in Tyr? 


gr} 
@r—1)! 
by taking r great enough. Similar reasoning applies to the 
expression for cos «. 


may be made arbitrarily small, for any fixed value of « 


EXAMPLES, 


(1) Expand cos? x in powers of x 


We have cos? v= z (cos 3u+3 cos 2); expanding cos 3x, cos v in Bai 3 of 
322? +3 3 am 

4(2n)! 

It will be seen that any integral power of cos x or sin x, or the product of two 

such powers, may be expanded in powers of w by putting the expression into 

the ‘sum of cosines or sines of multiples of «x. 


x, we find for the general term in the expansion of cos, (—1)" * 


(2) Expand tanx in powers of x as far as the term in x’. 


2 al | a at 98) 72 


We have tan z={ = 6 aa 120 = 5040 = 2 + 24 as 720{ ’ leaving out 


terms of higher order than 27. Expanding the second factor, we have 


Alike ap Baro I Aaa We aah ep fo 1 

tan tg 190. 6 BOAO (2 24 a0) TAS x) : x) ; 

multiplying out and collecting the coefficients of the terms up to 2’, we tind 
tan c=0+$284 P94 Me a’ 


sin (tam x) — tan (sin x) 


(3) Find the limit of x 


, when x=0. 


The numerator of the expression is equal to 
tan 2—} tan’ 7+ 745 tan® x — gqzp tan’ w— sin #—4 sin’ e— % sind a’— V5 sin’ a, 
using the expansion obtained in the last ae % This is equal to 
at 
5040 


(w+ ha8+ shoot sea?) — a9 (Lt att Hat) +5 (14g) — 


120 
a Oe a oot f 
~ (2-404 55, soa) — (Ig tap tig) — ed 8) ae, 


rejecting all terms of higher order than x’ ; this expression reduces to — 34,27. 
The limit of the given expression is therefore — 1/30. 
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A relation between trigonometrical and algebraical identities. 


100. From any trigonometrical identity in which the angles 
are homogeneous functions of the letters, a series of algebraical 
identities may be deduced, by expanding the circular functions 
in powers of the circular measure of the angles, and equating 
the terms of each order. Thus for example, in the formula 
sin asin b = 4 {cos(a—b)—cos(a+b)}, expand each of the sines 
and cosines and equate the terms of the second order, we have 
then ab=} {(a+b)—(a—by}. In Articles 44 and 47 of 
Chapter Iv., we have given a number of examples of analogous 
trigonometrical and algebraical identities; in each case the 
‘algebraical identity is obtained, as we have above explained, 
from the trigonometrical one. For example, in example (11), 
Art. 47, which may be written 


> sin?a sin(b+c—a)—2sinasinbsinc 
= sin (b+c—a)sin(c+a-— b)sin(a+b—c), 


if we equate the terms of the third order, when the sines are 
expanded, we obtain the analogous algebraical identity 


2a? (b+c—a) — 2abe = (b+c—a)(c+a—-b)(a+b-c), 


EXAMPLES ON CHAPTER VIIL 


1. Prove geometrically that 
tan 622tan46, where 6<$n. 


2. Trace the changes in the value of tan 36 cot’ 6, as 6 increases from 
0 to 47 

Shew that 17+12./2 is a minimum and 17—12,/2 a maximum value of 
the expression. 


3. Prove that tan 36 cot @ cannot lie between 3 and 1/3, 


3 sin 0 
4. Prove that araarey p where 6<47. 


5. Prove that 3 tan 56>5 tan 36, if 6 lies between 0 and 7/10. 


6. Shew that the limiting value of - oy when 6=0, is }. 


ace 
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7. Prove that sin (cos @)<cos (sin 6) for all values of 6. 


8. Prove that the limiting value of the infinite product 


8 8 6 a we 
(1-tan*5) (1-tan? 5) (1-tan *) aieaats © 18 fan 8: 


One it we =1+n7, and x be very small, prove that 
sin d=(1—4n) sin $6, approximately. 


sin (6 cos 0) 


cos (6 sin 6) ’ when 6=4>n. 


10. Find the limiting value of 


tan 26—2tan@ 
68 


11. Find the limiting value, when 6=0, of 


12. Prove that the limiting value of 
( cot 6 re (t=+46) 
/2—2 sin 6 
13. Prove that 


. when 6=}7, is ¢€ 


: 2 
sin x evita: Dene x aS) 

= 1 —sin? = —cos?= sin? — — cos? = cos? — sin? =—...... 

( x ) 5) a qeohar SB 7 


1 1 
cot a; +cot ag " cot a3+ cot ay 
ay, a2, a3, ag be all nearly equal; shew that 6 is very nearly equal to 


$ (ay +a +43 + a4). 


14. If in the equation tané= , the angles 


15. Sum the series 


@ ee eee Ae ee 
cos g + 2cos 5 cos mat 2*cos 3 008 5p COS 55 + -sseee to n terms. 


16. Prove that the sum to infinity of the series 


x a z os @ 
= sec ++tan — sec = +tan — sec = 


‘ug ge 8°C 5 gs S°° os 


Seer: is tan 2. 


17. Shew that 


6—sin 6 cos 6=2 sin @sin?S + 2? sin tae 23 sin ca ey ee ad inf. 


Z 4 4 8 
18, Prove that tan é= : — — tare 
cot 5 - cota cote= 
19. If 6<m, shew that 
SO RO = @ 6 6 
2 [sin g tsiv mt Nocwee + sin =| [c°s 9 + cos gt aeeciee +cos 5 


an 0 , 0 ]n 
| sin @sin 5... 8in 5] 
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20. If a and 6 be positive quantities, and if a,=4(a+b), b:=(q by3, 
Doh 
a,=4(a,+b,), b2=(a2b,)2, and so on, shew that pepe SCRE 
cos~1 
b 
Shew that the value of m may be calculated by means of this formula 
21. Find the limiting value of the infinite product 
(sin 6 cos $ 6) (sin $6 cos $4)4 (sin $6 cos 26)8 ....008 
22. If tan @=46, the value of @ between 0 and $7 will be 


se ia aie nee 2 
27 (geengaet 48075 toe" a 
sin £ 
i oo nm 
23. Prove that rors an > se = 
2cos = —1 
24. Prove that 
2cos 2"6+1 es 
2cos 6+] =(2 cos 6-1) (2 cos 26—1)...... (2 cos 2"-16—1), 


25. Sum to n terms the series 
1 1 1 
3 log tan 20+ 55 log tan PO+S log tan 236 +... ss0.- 
in® 
26. Having given that the limiting value, when @=0, of a is 


neither zero nor infinite, find 7. 


27. Find the limit, when r=0, of 


1—cos 247+ cos 4% — cos 62 + cos 8x—cos 10%—cos 147+ cos 16x 
3—4cos 24+ cos 47 


28. Prove that the sum of the infinite series whose rth term is 


Marci. i 1 . alle ; 
CUT orca a en 
29. Ife be very small, and ¢=6-2esin 6+ $e? sin 26, shew that 
6=$+4+2e sin P+ fe’ sin 29, nearly. 
30. If y=z+ksin(z+4a), expand z in powers of the small quantity 4, 
as far as the term in #4. 
31. From the trigonometrical identity 
sin (d—6) sin (a—c)+sin (b—¢) sin (a — @) +sin (c—d) sin (a— 6) =0, 
deduce the algebraical identity 


(d—b) (a—c) {(d— 6)? ++ (a —0)%} +(b-c) (a -d) (6-0)? +(a— a} 
+(c-d) (a—6) {((e-d)?+(a—b)}=0, 
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3 sin 2p 


: —3sin : F 
32. Prove that @ differs from 2 (2+cos 24) by #: p° nearly, @ being a 


small angle. (Snellius’ formula.) 


33. Find the circular measure, to five places of decimals, of the smallest 
angle which satisfies the equation sin (v7+47)=10 sin 2. 


34. Solve the equation (sin 6)¢ cos = 5, approximately, where a is positive 
and not large, and @ is known to be nearly equal to a, which is itself not very 
small, 


35. Shew that there is only one positive value of @ such that 6=2sin 6, 
and find its value to two places of decimals by means of a table of logarithms. 


36. In the relation asin-!2=b sin-!y, where a and 6 are integers prime 
to each other, prove that there are 2b values of y for each value of «, unless 
a and 6 are both odd numbers when there are b values. 


37. Assuming that if a be the acute angle whose sine is ve , 8in 7a must 


be ue , prove that cos a—cos : exceeds = 90 by less than ‘0000005, 


CHAPTER IX. 
TRIGONOMETRICAL TABLES 


101. IN order that the formulae of Trigonometry may be of 
practical use in the solution of triangles and in other numerical 
calculations, it is necessary that we should possess numerical 
tables giving the circular functions of angles, so that from these 
tables we can find to a sufficient degree of accuracy the functions 
corresponding to a given angle, and conversely the angle corre- 
sponding to a given function. Such tables are of two kinds, 
(1) tables of natural sines, cosines, tangents, &c., in which the 
numerical yalues of the sines, cosines, tangents, &c., of angles are 
given to a certain number of places of decimals, and (2) tables of 
logarithmic sines, cosines, tangents, &., in which the logarithms 
to the base 10, of these functions, are given to a certain number 
of places of decimals. The latter kind of tables are those which 
are now used for most practical purposes; in nearly all such 
tables the logarithms are all increased by 10, so that the use of 
negative logarithms is avoided; the logarithms so increased are 
called tabular logarithms and written thus, LZ sin 30°; so that 
L sin 30° = 10 + log sin 30°. 


Calculation of tables of natural circular functions. 


102. We sha!l first shew how to calculate tables of the 
natural circular functions, which will give the values of these 
functions accurately to a certain specified number of places of 
decimals, for all angles from 0° to 90°, at certain intervals such 
as 1’ or 10”. We shall first calculate the sine and cosine of 1’ 
and of 10”, 


1 Logarithms were formerly called ‘‘ artificial” numbers, thus ordinary numbers 
were called ‘natural’ numbers. 
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(1) To sind sin I’, cos 1’, 


Tv . , 

Let @= 180 x60 denote the circular measure of 1’, then 
3°141592653589798... <4 
6= 10800 = '000290888208665 


to 15 places of decimals, hence 
44 = 3 (-0003)* = 000000000004 
to 12 places of decimals. 
Now from the theorem in Art. 95, sin 1’ lies between 6 and 
6 — 406°, and these numbers only differ in the twelfth decimal 
place, therefore to eleven places of decimals 
‘00029088820 is the correct value of sin 1’. 
We find also 1 — $6? ="999999957692025029 
to 18 decimal places, 
and gz Ot = x (00029 ...)* = 00000000000000029 
to 17 decimal places. 
Now cos 1’ lies between 1— $6? and 1—4@+ 4; and since 
these two numbers differ only in the 16th decimal place, we have 
cos 1’ = ‘999999957692025 correct to 15 decimal places. 


(2) To find sin 10”, cos 10”. 
If O= 


oan , the circular measure of 10”, 
we find 6 = 000048481368110, to 15 decimal places, 
44 = 000000000000021, to 15 decimal places, 


hence the two numbers 6 and @—436* agree to 12 decimal places, 
therefore sin 10” = 000048481368, to 12 decimal places. 
Also ;';6* is zero to 17 decimal places, thus cos 10” = 1—+46°, 
or cos 10” = ‘9999999988248, to 13 decimal places. 
108. The formulae 
sin nA = 2 cos A sin (n—1) A —sin (n — 2) A, 
cos nA = 2 cos A cos (n —1) A —cos(n — 2) A, 
enable us to calculate the sines and cosines of multiples of 1’, or of 
10”. Let A=10", 2cos10”=2—k where k& = 0000000023504, 
then the formulae may be written 
sin nA —sin(n — 1)A ={sin (n—1) A —sin (n — 2) A}—ksin(n—1)A4, 
cos nA — cos(n — 1).A = {cos (n —1).A — cos (n — 2) A}—keos(n—1) A; 
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if in these formulae we put n=2, we can calculate sin 20” 
and cos 20”. We can now by letting n=8, 4, 5, ... calculate 
the differences sin nA —sin(n—1)A, cosnAd —cos(n—1) A, 
when the preceding differences sin (n—1) A — sin(n —2) A, 
cos (n — 1) A —cos(n — 2) A, and also sin(n—1) A, cos(n—1) A, 
have been found; hence these differences can be found by a 
continued use of the formulae; we can then find sinnA, cosnA, 
and thus we can form a table of sines and cosines of angles at 
intervals of 10”. We have & =-000000002354, thus in calculating 
ksin(n—1) A, kcos(n—1) A we need only use the first few figures 
of the value of sin(n—1).A, cos(n—1) A. 


104. When sin 74, cos7A are thus calculated by successive applications 
of the formulae, the errors arising from the use of approximate values of 
sin A, cos A will accumulate during the process ; it is therefore necessary to 
consider how many places of decimals must be used during the process, in 
order that with assumed values of sin A, cos A, correct to a certain number 
of places of decimals, we may obtain values of sin nA, cos 7A which will be 
correct to a prescribed number of places of decimals. 

Suppose m the number of places of decimals to which sin 4, cos A have 
been calculated, and suppose that 7 is the number of places of decimals that is 
retained in the calculation of the sines and cosines of successive multiples ; 
let u, be the value of sin nA or cos”A, obtained by this process, and u,+2, 
the corresponding correct value, we have then 


Un + X,=(2 —k) (Un—1+ 2n—1) — (Un-2+%n—2), 
also U,=(2—K) Up; —Un—2, Where # is the approximate value of & to r places 
of decimals ; let (4 -—#) u,_1=Yn, we have then 


Un =(2—k) Un—1— Un—-at Yn» 


hence Ly =(2—k) typ-1-—Lp-2—-Yn 

or Iq = 2-1 —Tp—-2—2ny Where 2 =Ynthtn—13 
this may be written (Sn — Ln—1) =(Lp—-1—Zn—2) — 2m 

whence (n—1— — Dp 3) = “ob 1~ a ae n-1s 


Byg— LZ, = 4, — 23; 
therefore Ly — Bn =H — (2g Heat ..-+2n) § 
the number ka,_, is very small compared with 27,_1, hence y,+4a,_, differs 


insensibly from y,, hence each of the numbers 2g, 23... 2, is less than 1/10", 
therefore their arithmetic mean 6, is less than 1/10", thus 


Ln — %y_—1=%,—(n—1) 8, 


Xy,-1— tn 3=* ay (n— 2) OMet; 


Xq— 2, =X, — Oe, 
or Hy = NX, — (09+ 26,4+...+7-186,) 3 
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now 65, 43...6, are each numerically less than 1/10", hence 
—(62+203+..-) 
is less than $n (m— 1)/10", or 


n2 
2.10" Pere eee Cee eee eee eee ee 
If in this formula m=12, n=10800, 
108 , 5832 
Xn< Tow + jor=4 
< 0000000108 + -00...... 5832, 


where there are r—8 zeros in the last decimal, hence if r=15, 2,<*00000007, 
or w, is correct to seven places of decimals ; now 10800x10”=30", hence the 
sine or cosine of 30° will be found correct to seven places of decimals if when 
calculating the sines or cosines of the multiples of 10” up to 30° we retain 
15 places of decimals throughout the calculation. The formula (a) may be 
applied in all such cases to determine the number 7, so that z, may be zero 
to a certain number of decimal places’. 


gt n 
a fortiori In< Tom ts 


EXAMPLE, 


Prove that in order to calculate the sines and cosines of multiples of 10” 
up to 45°, correct to 8 places of decimals, the values of sin 10’, cos 10” being 
known to 12 decimal places, it is necessary to retain 17 decimal places in the 
calculation. 


105. When a table of sines and cosines of angles at intervals 
of 10”, or of 1’, is required, it is only necessary to calculate the 
values for angles up to 30°, we can then obtain the values of the 
sines and cosines of angles from 30° to 60°, by means of the formulae 


sin (30° + A) + sin (30° — A)= cos A, 

cos (30° — A) — cos (380° + A)=sin A, 
by giving A all values up to 30°. When the sines and cosines of 
the angles up to 45° have been obtained, those of angles between 
45° and 90° are obtained from the fact that the sine of an angle is 
equal to the cosine of its complement, so that it is unnecessary to 
proceed in the calculation further than 45°. 


The method of calculating Tables of circular functions, which we have 
explained, is substantially that of Rheticus (1514—1576) ; his tables of sines, 
tangents, and secants were published in 1596, after his death. The earliest 


1 This article has been taken substantially from Serret’s Trigonometry. 
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table is tho Table of chords in Ptolemy’s Almagest, for anglcs at intervals 
of half a degree. Historical information on the subject of Tables will be 
found in Hutton’s History of Mathematical Tables ; see also De Morgan’s 
Article on Tables in the English Encyclopaedia. 


The verification of numerical values. 


106. It is necessary to have methods of verifying the correct- 
ness of the values of the sines and cosines of angles calculated by 
the preceding method; this may be done by the following means: 

(1) We have formed in Art. 66 a table of the surd values of 
the sines and cosines of the angles 3°, 6°, 9°... differing by 3°; we 
can therefore calculate the sines and cosines of these angles to 
any required number of places of decimals, then the values of the 
functions obtained by the method of calculation above explained 
may be compared with the values thus obtained. If necessary, 
the values of the sines and cosines of angles differing by 1°30’ 
may be obtained by means of the dimidiary formulae, and we 
have thus a still closer check upon the calculations. 

(2) There are certain well-known formulae called formulae 
of verification, these are 
cos (36° + A) + cos (86° — A) = cos A +sin (18° + A) + sin (18° — A), 
sin A = sin (86° + A) —sin (36° — A) + sin (72° — A) —sin(72°+ A) 

(Euler’s formulae), 
cos A = sin (54° + A) + sin (54° — A) —sin (18° + A) —sin (18° — A) 
(Legendre’s formula). 
The verification consists in the substitution of the values obtained 
of the functions in these identities. 


Tables of tangents and secants. 


107. To form a table of tangents, we find the tangents of 
angles up to 45° from the tables of sines and cosines by means of 
the formula tan A = sin A/cos A; the tangents of angles from 45° 
to 90° may then be obtained by means of Cagnoli’s formula 


tan (45° + A) = 2 tan 2A + tan (45° — A). 
A table of cosecants can be formed by means of the formula 
cosec A ='tan4.A +cot A, and a table of secants by means of the 
formula sec A = tan A + tan (45° — $A), 
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Calculation by series. 


108. A more modern method of calculating the sines and 
cosines of angles is to use the series in Art. 99; if we put 


Mm 1 
w@=—.= we have 
n 2 
bile KLOPAYA ‘mM 1 A hal ck A Oi tn 
ein (90°) = (7.5) —55(2-5) tain) is, 
Mogo\ _ -3(@.3) i * 3) - 
cos (790°) =1 Z1\n'2 basa epee eocen 


We thus obtain the formulae 


sin (m/n 90°)=1'57079 63267 94896 61923 13 m/n 
—0:64596 40975 06246 25365 58 m3/n3 
+0:07969 26262 46167 04512 05 mié/né 
—0:00468 17541 35318 68810 07 m/nt 
4+0-00016 04411 84787 35982 19 m?/n? 
—0:00000 35988 43235 21208 53 m/nit 
+0-:00000 00569 21729 21967 93 ml8/nis 
—0-00000 00006 68803 51098 11 m5/nis 
+0:00000 00000 06066 93573 11 ml/nit 
000000 00000 00043 77065 47 ml%/nie 
+0:00000 00000 00000 25714 23 m2l/n% 
—0:00000 00000 00000 00125 39 m%3/n% 
4+0:00000 00000 00000 00000 52 m%/n% 

cos (m/n 90°)=1:00000 00000 00000 00000 00 
—1-23370 05501 36169 82735 43 m2/n? 
+0°25366 95079 01048 01363 66 m4/né 
— 002086 34807 63352 96087 31 m/n® 
+0°00091 92602 74839 42658 02 m%/n8 
—0:00002 52020 42373 06060 55 mi0/nie 
+0:00000 04710 87477 88181 72 mi2/ni2 
-0-00000 00063 86603 08379 19 ml4/nl4 
+0:00000 00000 65659 63114 98 ml6/n16 
—0:00000 00000 00529 44002 01 ml8/ni8 
+0:00000 00000 00003 43773 92 m/n2 
—000000 00000 00000 01835 99 m%2/n2% 
+0°00000 00000 00000 00008 21 m*4/n% 
~0:00000 00000 00000 00000 03 m%8/n2s 
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Since we need only calculate the sines and cosines of angles up 
to 45°, the fraction m/n is always taken less than 4, so that very 
few terms of the series suffice for the calculation to a small number 
of decimal places. These series are taken from Euler's Analysis 
of the Infinite, where they are given to six more decimal places. 


Logarithmic tables. 


109. When tables of natural sines and cosines have been 
constructed, tables of logarithmic sines and cosines may be made 
by means of tables of ordinary logarithms which will give the 
logarithm of the calculated numerical value of the sine or cosine 
of any angle; adding 10 to the logarithm so found, we have the 
corresponding tabular logarithm. The logarithmic tangents may be 
found by means of the relation Z tan A =10+Zsin A — Lcos A, 
and thus a table of logarithmic tangents may be constructed. We 
shall in a later Chapter give a direct method by which tables of 
logarithmic sines, cosines, and tangents may be constructed. 


Description and use of trigonometrical tables. 


110. Trigonometrical tables, either natural or logarithmic, 
are constructed as follows :— 


(1) They give directly the functions for angles between 0° 
and 90° only; the values of the functions for angles of magnitudes 
beyond these limits may be at once deduced. 


(2) The tables give the values of the functions of angles from 
0° to 45°, and from 45° to 90°, by means of a double reading of 
the same figures; the names of the functions, sine, cosine, tangent, 
and also the degrees (< 45°), are printed at the top of the page, 
and the corresponding minutes and seconds are printed in the 
left-hand column, the angles increasing as we go down the page; 
again the names cosine, sine, cotangent, &., and the degrees 
(> 45°), are printed at the bottom of the page, in the same 
columns in which sine, cosine, tangent, respectively are printed 
at the top; in the right-hand column are printed the minutes 
and seconds for the angles which are complementary to the 
former ones, these latter angles of course increasing as we go 
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up the page. We give as a specimen a portion of a page of 
Callet’s seven-figure logarithmic tables for angles at intervals 
of 10”. 


17 deg. 
aay sine dif. cosine | dif.|| tangent dif. | cotangent | ” Y 
50 | 0 | 9:4860749 9°9786148 95074602 0°4925398 | 0 | 10 
—————| 655 }|——————-| 68 | —————_||_ 722 |-————___ 


10 | 94861404 9-9786080 95075824 0-4924676 | 50 
20 | 9-4862058 | S4 | g-97s6012 | Ge || 9:5076046 | 755 | o-923954 | 40 
30 | 9-4862712 99785944 9:5076768 0-4923232 | 30 
—————| 654 |__| 67 | ———_|_ 722 | 
40 | 9-4863366 | g., | 9:9785877 | gg || 95077490 | 79 | 0:4922510 | 20 
50 | 9-4864020 | S24 | 9-9785809 | 6S || 9-5078212 | 75) | 0-4921788 | 10 
51 | 0 | 94864674 | © | 9-9786741 95078933 0-4921067 | 0 | 9 
————| 654 |__| 6s || —_——|_ 722 |} —_—_ 
10 | 9°4865828 | g., | 9:9785673 | gg || 9°5079655 | 79, | 0-4920345 | 50 
20 | 9-485982 | S54 | 9-9785605 | 88 || 9-s080376 | 755 | 0-4919624 | 40 
30 | 9-4866685 | °°? | 9-9785538 9°5081098 0-4918902 | 30 
———| 654 | | 6s | ———_|_ 721 | ———— 
40 | 9:4867289 | ga | 99785470 | gg || 9:5081819 | 75, | 0-4918181 | 20 
50 | 9-4867942 | £53 | 9-9785402 | 68 || 9-5082540 | 721 | 0-4917460 | 10 
52 | 0 | 9-4868595 9-9785334 9-5088261 0-4916739 | 0 


cosine dif. sine dif. || cotangent | dif. tangent LBA He 


72 deg. 


For example, in the third line of the column headed cosine, 
we find that 9:9786012 is the tabular logarithmic cosine of the 
angle 17° 50’ 20”, and reading the minutes and seconds in the 
right-hand column we see that the same number is the loga- 
rithmic sine of the complementary angle 72° 9’ 40”. It should 
be observed that the logarithmic sines and tangents increase 
with the angle, whereas the logarithmic cosines and cotangents 
diminish with the angle. 


111. In order to find the functions corresponding to an angle 
whose magnitude lies between two of the angles for which the 
functions are tabulated, we use the principle which we shall 
presently investigate that, eacept for angles which are either 
very small or very nearly equal to a right angle, small changes 
in the natural or in the logarithmic function of an angle are 
proportional to the change in the angle itself. 

For example, if the difference between two consecutive tabu- 
lated values corresponding to a difference of 10” in the angle is a, 
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the difference between the values of the function for the smaller 


tabular angle and an angle greater than this angle by y” is rat ; 
the increase of the function for an increase 10” of the angle is a, 
and that for an increase y” (< 10”) is that fraction of a which 
y’ is of 10”. In the specimen of Callet’s tables which we have 
given, the differences between consecutive logarithms are given 


without the decimal points in the columns headed dif. 


For example, suppose we wish to find Zsin17° 51’ 13”, we find from the 
table 
ZL sin 17° 51’ 10”=9°4865328, 


ZL sin 17° 51’ 20” =9-4865982, 
dif. =654 ; 
we have ;4, x 654=196°2, hence we must add ‘0000196 to the first logarithm 
and we obtain Z sin 17° 51’ 13” =9°4865522. 
Again suppose we require the angle whose tabular logarithmic tangent 


is 9°5082032. We find from the table that the given logarithm lies between 


the two 
Z tan 17° 51’ 40”=9'5081819, 


L tan 17° 51’ 50” =9°5082540, 
dif.=721 ; 
the difference between the given logarithmic tangent and the first obtained 
from. the table is 213, hence the angle to be added to 17° 51’ 40” is 


342 x 10”=2"-9 approximately, hence the required angle is 17° 51’ 43” 
approximately. 


Lhe principle of proportional parts. 


112. We shall now investigate how far, and with what excep- 
tions, the principle of proportional increase, which we have assumed 
in the last Article, is true. 

Suppose # to denote any angle, and f(«) to denote a natural 
or logarithmic function of #, we shall shew in the various cases 
that if h be any small angle measured in circular measure, added 
to a, 

f(w+h)—f (a) = hf’ (a) + WR, 
where f’(«) is another function of , and R is a function which 
remains finite when h=0. From this we see that, provided h be 
sufficiently small, f(a+h)—f(«) is for a given value of « pro- 
portional to A, and it will appear that in general A?R will be so 
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small that it will not affect the values of the functions to the 
number of decimal places to which they are tabulated; hence 


Ea is constant to the requisite number of decimal 


places for a given value of a However, two exceptional cases will 
arise. 

(1) If x be such that f’(z) is very small, then the difference 
f(a +h)—f(«) may vanish, to the order in the tables ; the difference 
f(x+h)—f() is then said to be ansensible, and in that case two 
or more consecutive tabulated values of f(#) may be the same. 

(2) If x is such that & is large compared with f’(#), the 
term h?R may not be small compared with Af’(«); in this case 
the difference f(a +h)—f (a) is not proportional to A, and is said 
to be irregular. 

In either of these cases (1) and (2) the method of proportions 
fails, but we shall shew how by special devices the difficulties are 
obviated. 


The student who is acquainted with Taylors theorem will see that the 
formula given above is really the special case of Taylor’s theorem 


S(@+A)=f (a) +hf' (a) +g? f" (w+ Oh), 

where 6 is between 0 and 1, thus R=3/”(x+6A), and the error made in 
assuming f(#+h)—f(#)=hf' (@) lies between the greatest and least values 
which $/2f”(z) assumes between the limits z=# and z=a2+H. 

113. First let f(«)=sina, 
then sin(#+h)=sin «cosh +cosasinh, 
or sin(#+h)—sina=cosa(h— ph'+...)—sin a ($h?— AAs +...) 

=hcosa#—+th*sin # + higher powers of h; 

in this case f(x) = cos x, and the approximate value of R is — {sin a; 
thus sin(a@+h)—sinx=hcosa—sh sin w.........0.. (1) 
is the approximate difference equation. 

Similarly it may be shewn that, approximately, 


cos (x +h) —cosa#=—hsinag — th? cose......... (2). 
A 4] t tg = - fain) ys 
gain an (# +h) — tana cos @ cos (@ +h) 
h 


cos? z —hsin x cos a2’ 


or, approximately, 


tan («+ h)—tanew=hsec? a + h?sec?atane ......(3). 
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Also Lsin(@ +h)— Lsin « = log atl Cal) 
sin & 
=log (1 —4h?+heot 2), 
or Lsin(#+h)—L sing =hcota—sh? cosec?a ...... (4), 
Similarly JL cos(«+h)—Lcosw=—htana —th?sec?a...... (5), 
Ltan(#+h)—L tana = Aaa 3 006 2g ...(6). 
sin # cos @ sin? 2x 


In each case we have found only the approximate value of R, 
that is to say, we have left out the terms involving cubes and 
higher powers of h. It appears from these six equations that 
if h is small enough, the differences are, for values of # which 
are neither small nor nearly equal to a right angle, proportional 
to h. The following exceptional cases arise. 

(1) The difference sin(w«+h)-—sinw is insensible when « 
is nearly a right angle, for in that case h cosa is very small; it 
is then also irregular, for $/?sina may become comparable with 
h cos &. 

(2) The difference cos(z+h)— cosa is insensible when a is 
small; it is then also irregular. 

(3) The difference tan(x+h)—tana@ is irregular when x 
is’ nearly a right angle, for h?sec*’#tanaz may then become 
comparable with h sec’ a. 

(4) The difference Lsin(«+h)—-L sinew is irregular when 
z is small, and both insensible and irregular ‘when @ is nearly 
a right angle. 

(5) The difference Lcos(a+h)—Lcosx is insensible and 
irregular when @ is small, and irregular when @ is nearly a 
right angle. 

(6) The difference Z tan(#+h)—L tan is irregular when 
# is either small or nearly a right angle. 

It should be noticed that a difference which is insensible is 
also irregular, but that the converse does not hold. 


In order to investigate the degree of approximation to which the principle 
of proportional parts is in any case true, it is the simplest way to consider the 
true value of &; in the case of sin(w+/)—sin# the true value of the second 
term is —$h/*%sin(x+6h), where @ is between 0 and 1; if the table is for 


2 
iy ) or $(:00005)? ; 


intervals of 10’, the greatest value of $/? is $ (soxe a 
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this gives no error in the first eight places of decimals; in the case of 
tan(#+h)—tanz the error is (:00005)? sec? (a+ 6h) tan (#+6h); beuce when 
tanz+tan7=40, the error will begin to appear in the seventh place of 
decimals. In the case of Zsin x there is no error in the seventh place of 
decimals if 2>5° 


114. When the differences for a function are insensible to the 
number of decimal places of the tables, the tables will give the 
function when the angle is known, but we cannot employ the 
tables to find any intermediate angle by means of this function ; 
thus we cannot determine x from the value of I cosa, for small 
angles, or from the value of sin, for angles nearly equal to 
aright angle. When the differences for a function are irregular 
without being insensible, the approximate method of proportional 
parts is not sufficient for the determination of the angle by means 
of the function, nor the function by means of the angle; thus the 
approximation is inadmissible for Zsinz, when @ is small, for 
Lcosx, when « is nearly a right angle, and for Ltan@ in either 
case. 

In these cases of irregularity without insensibility, the following 
means may be used to effect the purpose of finding the angle 
corresponding to a given value of the function, or of the tunction 
corresponding to a given angle. 


(1) We may use tables of Zsina, L tana for the first few 
degrees calculated for angles at intervals of one second, and for 
Lcosa, Ltan« for the few degrees near 90°, calculated for each 
second ; Callet gives such a table in his trigonometrical tables; we 
can then use the principle of proportional parts for all angles which 
are not extremely near zero or a right angle.: 


(2) Delambre’s method. 


This method consists of splitting LZ sin x or LZ tan x into the 
sum of two terms, the differences for one of which are insensible 
for values of # near those at which the irregularity takes place, 
and the differences for the other one are regular; the difference 
for the first of these terms is irregular, but this is of no con- 
sequence, owing to its being also insensible. Thus if x be the 
circular measure of n’ a small angle, 


Lsinn’= (log =" of La) + log n, 
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L tan n” = (log ee + La) + log n, 
where a is the circular measure of 1”. 
h 
N ] ~ = ee 
ow og (n + h) — log n = log ( + -) 
poem his 
hence the differences for log n are regular, if h be small compared 


tan £ 
x 


with n, Also the differences for log =, log are insensible, 


for 


log 


sin (a +h) sng, sin(#+h) 
z+h log ieee ~ sina Be 
h : h? 
=h cot # — > cosec ee riers 


=h (cote = +3(4 


= 2 
. 9 \e cosec 2) 


+h x 


=h( 1 a +5 (~ seem 2); 
~~“ \sin #@ cos # a 2 sin? 2a * a/’ 


each of these differences is insensible since the coefficient of h is 
small when z is small. 


and@log ee +h) ; tan 


If tables of the values of log =" + La, log =e 
constructed for the first few degrees of the quadrant, we may use 
these tables in conjunction with the tables of natural logarithms 
of numbers to find n accurately when LZ sin n” or L tan n” is given, 
and conversely. 

If Lsinn” or Ltann” is given, find the approximate value 


+ La are 


of n; then from the table we get the value of log = + La or 


tan & 


log = 
given by the value 
<a sin & 
Lsinn” — (log == + La), 


+ La, either of which changes very slowly; then logn is 


or Ltan n” — (log a . La) : 
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and we find » accurately from the table of natural logarithms. If 
n is given, the table gives the value of log —* + La, and sin n” is 
then found by the formula. 


(3) Maskelyne’s method. 


The principle of this method is the same as that of Delambre’s. 
If x is a small angle, we have 


sin # x ant a et ; . 
ae r= res (1 — >) = cos* x, approximately ; 
hence log sin x = log x + 4 log cos « ; 


when z is a small angle the differences of log cos # are insensible ; 
hence it is sufficient to use an approximate value of cosa. If 
log sin # is given we find an approximate value of a, and use that 
for finding log cosa; « is then obtained from the above equation. 
If «# is given we can find log # accurately from the table of natural 
logarithms, and also an approximate value of log cosa; the formula 
then gives logsina. We can shew, in a similar manner, that 
log tan # is given by the formula log tan a = log a — 3 log cosa. 


EXAMPLE. 


Shew that the following formula is more nearly true than Maskelyne’s :— 


log sin =log 6 — 7; log cos 6+ $4 log cos $4. 


Adaptation of formulae to logarithmic calculation. 


115. In order to reduce an expression to a form in which the 
numerical values can be calculated from tables of logarithms, we 
must make such substitutions as will reduce the given expression 
to the product of simple expressions; this may be frequently 
done by means of one or more subsidiary angles, as the following 
examples will shew. 


(1) Va’ + b*=a*seck , where tan d = b*/a*; hence 
log Va® + b° = 2loga+%(Lsec ¢— 10), 
where Ltan d= 10+ 3 (log b— log a); 


thus Va°+b* can be calculated by means of logarithmic tables, 
g having first been found from the tables. 
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(2) acosa+bsina=acos(a— p) sec d, where tan 6 =b/a; 
hence 
log (a cos a + bsin a) = log a+ L cos (a—)— L cos ¢, 
where ¢ is found from 


L tan ¢=10 + log b- log a. 


116. To calculate numerically the rogts of a quadratic 
equation supposing the roots to be real. 

Let ax’ + ba+c¢=0 be the equation, and first suppose a and c 
to be both positive. We have tan? — 2 cosec 20 tan6+1=0; 
now let =yVc/a, the equation becomes y? + by/Vac +1 =0; 
hence if sin20=2%Vac/b, the quadratic in y will be the same as 
that in —tan 0, the roots of which are — tan 0, —cot@; thus the 
roots of the given quadratic are — c/a tan 6, — Vc/acot 0, where 
sin 26 = 2ac/b, and hence the roots may be calculated by means 
of logarithmic tables. 

If a and ¢ are of opposite signs, we may take the quadratic 
to be ax*+ ba —c=0; in this case put «= Vc/a and it reduces 
to y*?+ by/Vac —1=0; comparing this with the equation 

tan? 6 + 2 cot 20 tan @-—1=0 


we see that if tan 20 = 2Vac/b, the roots of the quadratic in # 
are Vc/atan 6 and — Vc/a cot 0. 


117. To calculate the roots of the cubic 2+qr+r=0 
supposing them all to be real. We shall suppose q to be negative. 
Consider the equation 


sin? 6 — #sind+ fsin3d=0; 
let a= yV— 4q/8, then the equation in « becomes 
y— by +r (— 3/4g)8 =0; 
this will be the same as the cubic in sin 8, if 
sin 36 = 4r (— 3/4q)? = (— 277°/4q")?; 
hence the values of # are 
V—4q/3 sin 0, V—4q/3sin(0+%r), V—4q/3 sin (6 + 47), 
the condition that sin 39 +1 is the condition that the roots of the 
cubic are all real. 
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We shall shew in a later Chapter how to calculate the roots of 
a cubic when two of them are imaginary. 

The processes by which we have solved the quadratic and 
cubic equations shew that the two algebraical problems are really 
equivalent to the geometrical problems of bisecting and trisecting 
an angle respectively. It follows that a quadratic equation can 
be solved graphically by means of the ruler and compasses only, 
whereas the cubic ‘can not in general be solved graphically by 
these means, since they are inadequate for solving generally the 
geometrical problem of trisecting an angle. 


CHAPTER X 


RELATIONS BETWEEN THE SIDES AND ANGLES 
OF A TRIANGLE. 


118. Ir ABC be any triangle, we shall denote the magnitudes 
of the angles BAC, ABC, ACB by A, B, C respectively, and the 
lengths of the sides BC, CA, AB by a, b, c respectively. We 
shall, in this Chapter, investigate various important formulae 
connecting the sides a, b, ¢ of a triangle with the circular functions 
of the angles. These formulae will afford the basis of the methods 
by which we shall solve a triangle in the various cases in which 
three parts of the triangle are given. 


119. From the fundamental theorem in projections we see 
that the sum of the projections of BA, AC, on BC, is equal to BC, 
and that the sum of their projections on a perpendicular to BC is 
zero. Expressing these facts we have, since the positive direction 
of AC makes an angle — C with the positive direction of BC, 


A 


eT NG 
B 


B L Cc 


BAcosB+ AC cosC =a, 
or . ccos B+ bcos C =a, 
and BAsin B—ACsinC=0, or csinB—bsinC=0, 
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which may be written b/sin B=c/sinC. These relations and the 
corresponding ones obtained by projecting on and perpendicular to 
each of the other sides, in turn, may be written 


a=bcos0C+ccosB 


b=ccosA+acosC }.............006 ey eS 
c=acosB+bcos A 
a/sin A =b/sin B = c/sin C......s0se000++---(2). 


The equations (2) express the fact that, in ‘any triangle, the 
sides are proportional to the sines of the opposite angles. 


120. The relations (2) may also be proved thus:—Draw the 
circle circumscribing the triangle ABO, and let R be the length 
of its radius, then the side BC is equal to twice the radius multi- 
plied by the sine of half the angle BC subtends at the centre 
of the circle, that is 


BC=2RsinA or 2#sin(180° - A), 
hence a= 2F sin A; similarly 
b=2RsinB, and c=2Rsin@; 
hence a/sin A = b/sin B = c/sin C = 2R. 


These relations (2) may also be deduced from (1); writing the first two 
equations (1) in the form 


a—bcos C—ccos B=0, 
—acos C+b-—ccos A=0, 


we can determine the ratios of a, b, ¢; we obtain 


a Es 6 e 
cos Ccos A+cos B cos Bcos@+cos A 1—cos*@? 
b ‘ 
(RRs ig Se Bic ae Bee ae a/sin A =6/sin B=c/sin C. 


To deduce (1) from (2) we have 


a ° . 
a= Sin (B+C) =", (sin Bcos C+cos Bsin C); 


oe. : 
hence a= ——p sin B cos 0 +“, cos Bsin C=b cos C+<¢ cos B, 


which is the first of the relations (1). 

If we eliminate a, 6, c from the three equations in (1), we obtain the 
relation cos? A + cos? B+ cos? C+ 2 cos A cos Bcos C=1, which holds between 
the cosines of the angles of a triangle. 
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121. If we multiply the equations in (1) by —a, b, c respec- 
tively, and then add, we have 


b? + c?— a? = 2be cos A, 


which gives an expression for the cosine of an angle, in terms of 
the sides; we may write this relation and the two similar ones for 
cos B, cos C thus 


a? = b?+ c?— 2bce cos A 
B= c? +a*— 2cacos Bh .......cccceoes ...(3). 
c= a?+ b?— 2abecosC 


122. We may obtain these relations (3) directly by means of 
Euclid, Bk. 11. Props. 12 and 13. If AZ be perpendicular to BC, 
we have, when C is an acute angle, 


AB*= AC? + BC?— 2BC.CL, 
and when C is obtuse 
AB?= AC?+ BO?+2BC.CL; 
in the first case CL = AC cos C, and in the second case 
CL = AC cos (180° —C)=— AC cosC; 
therefore in either case 
=a? + b? — 2ab cos C, 


To deduce the relations (2) from (3) we have 


b+c-—a? 
cos A= — ; 
therefore 
ae 4620? —(b2++c2 a)? (2be+-b? +0? — a?) (2be+ a? — b? — c?) 
an AS erate os HOR AOL file 
(a+b+c) (b+e—a) (ec+a—b)(a+b—c) 
or sin? A = ee Ty [eae OL ol ee eee 


is equal to the symmetrical quantity 


sin? A 
thus a 
(a+b+c) (b+ce-a) (e+a—b) (a+b— ¢). 


4a? b?c2 
h sin? A sin?B sin?C 
= = 
ence a B ta 


from which (2) follows. 
To deduce (1) from (3), divide the first two equations of (3) by c, and then 


add them ; we get 


C+ og, + Ft" _9(b 00s +4008 B), or c=bcosA+acos Li. 
¢@ 
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123. We have 
sin?4.A =4(1—cos A), cos?4A=4}(1+cos A); 
hence ; RM Ae 
: 7+ c— a +c?—a 
sin?4A=4 (a = ate") , cortzA=h (a + —) : 
or 


(a+b-—c)(a—b+c) (a+b+c)(b+e—a) 


sin?4.A = abe , cor$A= he 
Now let 2s=a+b+e, then 2(s—a)=b+c—a, and we have 
: (s — b)(s—c) _8(e—@), 
sin?4A = Sinrae hc halen cos?4.A = seh icsald 
therefore 
= hye aye —a))# 
sintA= (ea en , costA - = ; 
anid — (G—)e-2)\3 
tan 3A ={ a ce oe (4); 


these formulae are more convenient than (8) as a means of 
determining functions of the angles when the sides are given, 
because they are more easily capable of being adapted to 
logarithmic calculation. 


14 eG snB sind 


, we have 


b 
snBtsinC _bte Bs 2sin¢(B+C)cos}(BFC) bte 
sin A o-s 2sind(B+C)cost(B+C) a ’ 


b+c_cos}(B-C) b—c_sin}(B-C) 


hence] eoe$(B+Oy 4G -~ sing BHO)” 
_ (b+e)singA _ (b—c)costA 
or ~ cos4(B—C)’ a= sin$(B—O) mreretetateterere (5), 


we obtain by division the formula 


tan}(B—0)=9 TS COt EAs essssessseen (5’), 


To prove these formulae geometrically, with centre A and radius AB 
describe a circle cutting AC in D and E; draw DF parallel to BH, then 
CE=b+c, D0=c—b, DEB=}4, DBF=C+%4A-90°=3C0-4B. We have 
CD _sinDBF b-c_ sin}(B-C) 


CB wr. sin CDB v gf \ @ cost A > 
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E 
B 
D 
Alan b+e CE _EB_ BDcottA _ ___—cot dA 
e-b CD DF BDtan}(C—B) tan} (C—By’ 
b-c¢ 
hence tan $(B-C) =; cot $A. 


The area of a triangle. 


125. The area of a triangle is half that of a parallelogram on 
the same base and with the same altitude; if the side a is the 
base, the altitude is b sin C or csin B, we have thus the expressions 

sabsinC and 4acsinB 
for the area of the triangle; the area of a triangle is therefore 
half the product of any two sides multiplied by the sine of the 


included angle. 
Using the expression for sin A, found in Art. 122, 


Math +0) 6 +e-a) (CHa—b)(atb—0), 
we have for the area of a triangle the expression 
Waa hee rua Sa) (oe <b ach) 
or M8 (8 — @)(8 —)(8—C) ss.scccnvesseceens (6); 


this formula was obtained by Hero of Alexandria’ (about 125 B.c.). 
The formula (6) may also be written 


3/29? + Qc°a® + 2a? — a — BF oA 


1 See Ball’s History of Mathematics, p. 82, where the original geometrical proof 
of the formula is given, 
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Variations in the sides and angles of a triangle. 


126. We shall now investigate the relations which hold 
between small positive or negative increments in the values of 
the sides and angles of a triangle. Suppose three of the parts of 
a triangle to have been measured, of which one at least is a side, 
the other three parts will be determined by means of the formulae 
of this Chapter; the relations between the increments of the parts 
will enable us to find the effect in producing errors in the values 
of the latter three parts of small inaccuracies in the measurement 
of the former parts. We shall suppose that the increments are so 
small that their squares and products may be neglected. 

Suppose A, B, C, a, 6, c to be the values of the angles and 
sides of a triangle, as ascertained by the measurement of one side 
and two angles, two sides and one angle, or the three sides, the 
other three values being connected with the three measured ones 
by means of the formulae given above. If the three parts have 
been measured inaccurately, there will be consequent inaccuracies 
in the values of the other three parts as found by the formulae; 
let 4+65A, B+8B, C+8C, a+8a, 6+ 56, c+ 8c be the accurate 
values of the angles and sides; we shall obtain relations between 
the six errors 5A, 5B, 850, 8a, 8b, dc. It will be convenient to 
suppose the increments of the angles to be measured in circular 
measure; they can however of course be at once reduced to 
seconds. 


We have csin B—bsinC=0, 
(c + 6c) sin (B + 5B) — (6 + 8b) sin(C + 8C)=0; 
since, when the squares of 8B, 8C are neglected, 
sin(B+6B)=sinB+68BcosB, sin(C+8C)=sin 0 +80 cos C, 
we have, (c + 6c) (sin B+ 5B cos B) — (b + 8b) (sin 0 + 8C cos 0) =0: 
hence if we neglect the products &c, 6B, 5b, 5C, we have 
ccos B.6B + sin B. 8c — bcos 0.80 — sin C. 8b = 0. 
This, with the two corresponding equations, may be written 
sin C.8b —sin B. 8c =ccos B. 8B—deosC. 80 
sin A. 6c —sin C.8a=acos0.8C0 —ccosA.SA Set 
sin B.éa—sinA.db=bcosA.d5A—acosB.5B 
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Also SAGE OB ASC 0. ic esl es (8), 
in virtue of the relations 
A+B+C=7, AOA PBL SBTC tCar 


The equations (7) are not independent, as may be seen by 
writing them in the form 


6b 8 


By = Ot B. dB cot C. 36, 
Bo _ 80 cob 0. 30 cot A. BA, 
oe cot A. 8A — cot B. 5B, 


which shews that any one of the equations may be deduced from 
the other two. 

The system consisting of two of the equations (7) and the 
equation (8) is sufficient to determine any three of the six errors 
when the other three are given, except that one at least of the 
three given errors must belong to a side. 

By eliminating 6B, 8C, between (7) and (8), we obtain an 
equation giving Sa in terms of 6d, 8c, and 6A; this may however be 
found directly from the formula a?= b?+ c?— 2bc cos A; we obtain 

ada =(b—ccos A) 6b+(c—bcos A) 6¢+besin AdA, 
which, with the two corresponding formulae, becomes, in virtue 


of (1), 


Relations between the sides and angles of polygons. 


127. Let a, ay, a3...a, denote the lengths of the sides, taken 
in order, of any plane closed polygon, ayarel KEE tbs Celjan lela denote the 
angles, measured positively all in the same direction, which these 
sides make with any fixed straight line in the plane of the 
polygon; then from the fundamental theorem in projections in 
Art. 17, we have, projecting on the fixed straight line and 
perpendicular to it, the two relations 

 @, COS G + Ag COS O, + ....-- + An COS dy, = 0, 


G1 SIN G, + Az SIN A+... + (in SIN Gy, = 0 
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Now let the line on which the projection is made be the side an; 
if we denote by A, the external angle between a and a, by B, the 
external angle between a, and a, &c., then 

a=, ®=Bit Br, %=Ait+Brt Bs, We, an = 27, 
we have then 
a, cos 8, + a, cos (8B; + Bx) + as cos (8; + Ba+ Bs) + ++. + Gn =O 
a, sin 8, + a, sin (8, + 82) + a3 sin (8, + 83+ Bs) +... (10), 

+ dm. 8in (8, + Bat... + Bn) =0 

the two fundamental relations between the sides and angles of a 


polygon. If there are only three sides, these relations reduce to 
(1) and (2) respectively, remembering that 8, = 7— A,, B,.=7— As. 


128. In the first equation in (10), take a, over to the other 
side of the equation, then square both sides of each equation and 
add ; in the result the coefficient of 2a,a, 1s 


cos (6, + Bs +... + By) 008 (8, + Bat... + Bs) 
+sin(8,+ B,+...+8,)sin(B,+ B2+...+ Bs); 
or cos (By41 + Bria t-.. + Bs); 
this is the cosine of the angle 6,, between the positive directions 
of the sides a, and a,; we thus obtain the formula 
On? = Ay? + Ag? +... + Any? + 20,2 COS Oy +... + 2a, 008 O,,+...(11), 


which is analogous to the formulae (8), to which it reduces when 
n=3. In the formula (11), 7 and s are each less than n and are 
unequal. 


Lhe area of a polygon. 


129. The area of a polygon is given by the expression 

$ (Gydg SIN Ayy +... + Oy Ag SIN Opp + oe) veer cee (12) 
or 43a,a, sin 6,,, the summation being taken for all different values 
of r and s; if we suppose s is always the greater of the two 
quantities r and s, the angle 6,, is, as in the last Article, the 
sum of the external angles B,4,+ Brat... +8. To prove this 
formula, we shall first shew that in the case of a triangle it 
reduces to the expression }a,a,sin.A,, and shall then shew that 


if it holds for a pulygon of n—1 sides, it also holds for one of 
n sides. 
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We have in the case of the triangle A,A,A;, in which 
A,A,=%, 
0,= 7 — A,, 0.=17— As, 6,3 = 27 —A,—A;, 
hence in this case $2a,a, sin 6,, is equal to 
$(a,a,8in A,+a,a,sin A,—a,a,sin A,) or 4a,a,sin A,, 
thus the formula holds when n = 3. 
Now suppose the formula true for a polygon of sides 


go that the area of the polygon is 
$2, As SIN Ops + 40'n_ DAy SID On_1,¢5 
where r and s are each less than n—1. Now replace the side an, 
by two sides @,_,, Gn, thus making a polygon of n sides; we have 
to add 4a,_,4, sin 6,_,,n; the area of the polygon of n sides is 
then 
4 Tye 81D Oyg + $04 ZA, SID O'n_4, r + $On—1 An SIN Ona, n- 
Now we have, by projecting the side a’,_, on a,, 
On Si Oy 4 = An SID 8, na + Oy SIN 8; n, 
hence the above expression becomes 
ards sin 0,,+ 4 Sa-(An_1 SiN 9, n—-1 + An SiN O;,n) + $ nr An 81D Ona,n, 
or 4 Da,-Q, SiN Ors, 
where r and s have all different values from 1 up to n, such that 
a<is. 

The formula (12) has been shewn to be true when n =3, and 
is therefore true for n = 4, &., and therefore holds generally. 

It should be observed that in the formula (12) the coefficient 
of a, vanishes, in virtue of the second equation in (10); the 
formula therefore becomes 45a, a, sin 0,,,, where r and s have all 
values from 2 up to n, s being always greater than 7. 


164 EXAMPLES, CHAPTER X 


EXAMPLES’ ON CHAPTER X, 


Prove the following relations in Examples 1—11, for a triangle 4 BC. 
1. asin(B—C)+bsin (C—A)+csin (A — B)=0. 
2. acos A+b3 cos B+c3 cos C=abe (1+4cos A cos Bcos QC). 


3. a®cosC+c?cos A= a {62+ (c—a)*}. 


4. acos Acos24 +6cos B cos 2B+c cos C'cos 20 
+4cos A cos Bcos C(acos A +6 cos B+ecos C)=0. 
a? cos 2 (B— C) =b? cos 2B +c? cos 2C + 2bc cos (B—C), 
a cos (B —C’) +83 cos (C— A) +c cos (A — B)=3abe. 
ce =a3 cos 3B + 3a*b cos (2B — A)+3ab? cos (B-2A)+ 68 cos3A. 


Cm a 


(cot }.4 — tan} B—tan}C)*+ (cot }B—tan}0-tan}A)? 
+(cot}C—tan } A —tan$3B)=(cot $A +cot$B+cotZ0)2. 
9. 6?+c¢?—2becos (A +60°)=c?+ a? —2ca cos (B+60°) 
=a? +b? —-2abcos(C+60°); 
interpret this result geometrically. 
10. cos}Bsin(4B+C) : cos$Csin(}C+B)::a+e: a+b. 
ll. (a+6)sin B=26 sin (B+4C) cos$C. 


12. Prove that, if the sides of a triangle be in a.p., the cotangents of its 
semi-angles are in A.P. 


13. If the squares of the sides of a triangle are in a.p., shew that the 
tangents of its angles are in H.P. 


14. If 1—cos A, 1—cos B, 1—cos@ are in u.P., shew that sin A, sin B, 
sin C are in H.P. 
15. If b—a=me, prove that A=cos~!(mcos$C)—$C, 


1+mcos B 


and cot $(B- A)= ae 
16. Prove that, in a triangle, cos A+cos B+cosC>1 and $ 3. 


17. Prove that, in a triangle, tan?4Btan?}C+tan?40 tan?} 4 +tan?4A 
tan?} B<1, and that if one angle approaches indefinitely near to two right 
angles, the least value of the expression is }. 


18 Prove that a triangle is equilateral if cot A +cot B+cot C=/3. 
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19. Ifin a triangle, 
cosec A cosec B cosec ('+4 cot A cot B cot C 
=sec$ 4 sect Bsec}C+4 tan} A tan $B tan 40, 
prove that one angle is 60°. 
20. If in a triangle, cos A =cos Bcos C, prove that cot Bcot C=4. 
21. If 6 be an angle determined from cos gat", prove that 
(a+b) sin 6 csin 0 
avab ”’ 2Vab" 
22. If O is a point inside an equilateral triangle, prove that 
o,_ BO?+C0?— AO? 
cos (BOC— 60 ) = 2B0.00. 


23. If c=b+4a, and BC is divided in O so that BO: OC:: 1: 3, prove 
that 4 ACO=22 AOC. 


24. If CD, CE make equal angles a with the base of a triangle ABC, 
shew that area ABC: area CHD :: ¢ : 2bsin A cota. 


25. If AB be divided in C, D, so that AC=CD=DB, and if P be any 
other point, prove that sin APDsin BPC=4sin APCsin BPD. 


cos $(A—B)= and cos$(4+B)= 


26. If the sides of a parallelogram be a, 6, and the angle between them 
be w, prove that the product of the diagonals is {(a? + ?)* — 4a7b? cos? o}?. 


27. If D is the middle point of the side BC of a triangle, and 4 BAD=6, 
4 CAD=4, shew that cot 6 — cot ¢=cot B-cot C. 


28. A straight line divides the angle C of a triangle into segments a, 8, 
and the side ¢ into segments 2, y, and is inclined to this side at an angle 6; 
prove that xcota-—ycotB=ycot A— «cot B=("%+y) cot 6. 


29. If the sides of a triangle are in A.P., and if the greatest angle exceeds 
the least by 90°, prove that the sides are as ./7+1:,/7:./7-1. 
30. Prove geometrically, that in any triangle 
acos 6=b cos (C'- @)+ccos(B+6), 6 being any angle. 
If a, b, c denote the sides AB, BC, CD of any plane quadrilateral, shew that 
asin A—bsin(A—B)+esin(A od Teel 8B oii 
acos A—bcos(A— B)+ccos(A—B-C) 


31. If a triangle ABC be such that it is possible to draw a straight line 
AD meeting BC in D, so that 2 BAD is one-third of 4 BAC, and also BD is 
one-third of BC, prove that a2b?= (b? — c*) (b? + 8c’). 


32, BC 4s a side of a square; on the perpendicular bisector of BC, two 
points P, Q are taken, equidistant from the centre of the square; BP, C@ are 
joined and cut in A; prove that in the triangle ABC, 


tan A (tan B— tan C’)?+8=0. 
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33. If y2+z22 —2yz cos a=a® 
2+a%-QzrcosB=b?> and a+B+y=2n, 
22+? —Qxy cos y= C7 
prove that 
(yzsina+ze sin B+ ay sin y)?=4 (2b%c? + 2c? a? + 2075? — at — b4 — ct). 
34. If A, B, C are angles of a triangle, and 2, y, z are real quantities 
satisfying the equation 


ysin O-zsin B zsin A—wsind 


z—ycosC—zc00sB y—zcos A—xcosC” 
ee Pt 
sind sinB sinC 


then will 


35. Prove that the area of the greatest rectangle that can be inscribed in 
a sector of a circle of radius R is R? tan4a, where 2a is the angle of the 
sector. 


36. Shew how to construct the right-angled triangle of minimum area 
which has its vertices on three given parallel straight lines; and if a, b are the 


distances of the middle line from the other two, shew that the hypothenuse 
makes with the parallel lines an angle cot~1 aoe : 

37. If the angles of a triangle computed from slightly erroneous 
measurements of the lengths of the sides be A, B, C, prove that if a, B, y be 
the approximate errors of lengths, the consequent errors of the cotangents of 


the angles are proportional to 
cosec A (SB cos C+ycos B—a), cosec B(ycos A +acos C-8), 
cosec C'(acos B+ 8 cos A —y). 


38. Prove that, if in measuring the three sides of a triangle, small errors 
xv, y be made in two of them a, b, the error in the angle C is 


- (Ecot B+~ cot 4) : 
a b 


and find the errors in the other angles. 


39. The area of a triangle is determined by measuring the lengths of the 
sides, and the limit of error possible either in excess or defect in measuring 
any length is 7 times the length, where z is a small quantity. Prove that in 
the case of a triangle of sides 110, 81, 59, the limit of error possible in its 
area is about 314337 times the area. 


40. Prove that the cosines ¢, c,, cg, cy of the four angles of a quadri- 
lateral satisfy the relation 


4 i 
(cat + ea8 + cpt + 048) — 2 (0429? + 02? 05? + 05% 01? + 042012 + C42 cy? + C4202) 
+4 (097 057 04? + 5? 64? 0? + 04? 042 09 + 042092052) 
+- 40) C203Cq (2 _ Cc? — Co? — Cs? = C4”) =0, 


CHAPTER XI. 
TIE SOLUTION OF TRIANGLES, 


130. WE shall now proceed to apply the formulae obtained 
in the preceding Chapter to the solution of triangles, that is, 
when the magnitudes of three of the six parts are given, to find 
the magnitude of the remaining three parts; one at least of the 
three given parts must be a side. We shall generally select such 
formulae as can be used for numerical computation by means of 
logarithms, as these formulae only are of use in practice. 

The solution of triangles is made to depend upon a knowledge 
of the numerical values of circular functions of the angles, hence 
since such circular functions are the ratios of the sides of right- 
angled triangles, it is seen that the solution of all triangles is 
really performed by dividing up the triangles into right-angled 
ones. 


The solution of right-angled triangles. 


131. Suppose the angle C of a triangle to be 90°, then this 
is one of the given parts, and we can solve the triangle in the 
various cases in which there are two other parts given, one at 
least being a side. 

(1) Suppose the two sides a, b to be given; then the angle 
A can be determined from the formula tan A =a/b, and B is then 
found as the complement of A; also c=acosec A, which deter- 
mines c, when A has been found; the logarithmic formulae for 
solving the triangle are then 

Ltan A= 10+ log a— log, 
B=90°— A, 
logc=loga—Lsin A + 10. 
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(2) Suppose the hypothenuse c and one side a to be given; 
then the angle A is determined by means of the formula 
sin A =a/c, B is found as the complement of A, and b is found 
from the formula b=ccos A, or from b?=c?—a* 

The logarithmic formulae are 

Lsin A = 10 +-log a — loge, 


B=90°-A, 
and log b = loge + L cos A — 10 
or log b = 4 log (¢ + a) + 4 log (c — a). 


(8) Suppose the hypothenuse ¢ and one angle A are given, 
then B is found at once as the complement of A; a is found 
from a=csin A, and 6 as in the last case. 

The formulae are 


log a =loge+ L sin A —10, 


B=90° - A, 
log b= log c+ L cos A —10 
or log b = 4 log (c + a) + $ log (c — a). 


(4) Suppose one side a and one angle A to be given, then B 
is 90°— A, c is acosec A, and b is found as in the last two cases; 
the formulae are 


log c=loga—Lsin A + 10, 


B=90° — 4, 
log b= loge + L cos A —10 
or log b=4 log (c + a) + 4 log (ce — a). 


132. In certain cases, the formulae of the last Article are 
inconvenient, for example in case (2) if the angle A is nearly 90°, 
it cannot be conveniently determined from the equation sin A = a/c, 
since the differences for consecutive sines are in this case in- 
' sensible, we therefore use another formula; from the theorem (4) 
of Chap. X. we obtain b tan} B=c—a, bcot}B=c+a, hence 
tan?4B= — thus we have tan(45°—4A)= eh and this 
formula, being free from the objection, may be used to determine A. 


Again, in cases (3) and (4), the formula b=ccos A is in- 
convenient if A is very small; we may then use the formula 
=c—csinAtan4A, 
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133. Various approximate formulae may be found for the solution of 
right-angled triangles. Let us denote by a, 8 the circular measures of the 
angles A, B respectively. 


(1) An approximate form of the formula a=ccos B is 
a=c (1-36? +5484), 
which is obtained by taking the first three terms of the expansion of cos B in 
powers of the circular measure of B; this formula may then be used for 


approximate calculation of a, when ¢ and B are given, provided B is not 
too large. 


(2) Since sin A=a/c, we have a—}a*+ 7}y5a5=a/c, approximately; to 
obtain a in terms of a/c, we have as a first approximation a=a/e, and as a 


6 
~o, Fie Aer ay? 
Cie. a No 120 2 


OD NYG SI AONE 
Aa a= 2+5 (5) +3 (3) , 


which may be used to calculate a. 


3 
second approximation a=- re () ; the third approximation is 


—a\t : 
(3) From the equation tan4B - (=) we can obtain the approximate 


formula $8= alk {1 -% (=) aa : rd } 


: : 3 sin 2 
(4) Using Snellius’ formula b= 577 a5835) 3 


an angle (see Ex. 32, p. 138), in which the approximate error is #5, put 
3b 

2c+a 

408°; thus B is given in degrees by the approximate equation 


3b ie 
B= eta 57°°2957, 


for the circular measure of 


2=8, we then obtain the formula B= , and the error is approximately 


The solution of oblique-angled triangles. 


134. To solve uw triangle when the three sides are given; 
any one of the formulae 


(s—b)(s— ay 


s(s—a) 


with the corresponding formulae for the other angles, may be 
used; these formulae are adapted for logarithmic calculation. 


tan} A =| 
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EXAMPLE. 


The sides of a triangle are proportional to 4, 7,9; find the angles, having 
given 
log 2 ='301030, 


L tan 12° 36’=9'349329, diff. for 1’=:000893, 
Ltan24° 5’'=9°650281, diff. for 1’ =-000339. 
We find s=10, s-a=6, s—b=3, s—c=1, and hence tan}d=¥W/1/20, 
tan} B=,/2/10, thus Ztan}A=10—4}(1+ 301030) =9°349485 
and Ltan 3} B=10+4(-301030—1)=9°650515. 


To find A, we have 9°349485 — 9:349329 = 000156, and 28§.60”=15''8 
approximately, hence 4.4 =12° 36’ 158, or A=25° 12’ 31”6. 

To find B, we have 9°650515 ~ 9650281 ='000234 and 434.60” =41'"4 
approximately, hence 4 B=24° 5’ 41-4, or B=48° 11’ 228; also 


C=180° — A — B=106° 36’ 56; 


thus we have found the approximate values of the angles, 


135. To solve a triangle when two sides and the included 
angle are given. 


Suppose 6, c, and A are the given parts, then B and C may 
be determined from the formula 


tan $ (B-C)=/—© cot} 4, 


together with B+C=180°— A; the logarithmic formula is 
Ltan $(B—C)=log (b—c) —log(b+c)+Lcot4 A. 


Having found B and C, the side a may be found from any one 
of the three formulae 


loga=loge+ Lsin A —LsinC, 
loga + Lcos$(B—C)=log(b+c)+LsintA, 
loga +L sin $(B—C)=log(b—c)+L cos} A. 


We may also determine a thus:—Since a?=b?+ ¢?— 2becos A 
we have 
a? = (b+ c)*—4becos*4 A, 


hence a=(b+c)cos¢, where ¢ is given by 


2Vbc cos 4A 


sin ¢ = ie 
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thus we may first find ¢ by the logarithmic formulae 
Lsin $= log 2+4logb+4logc+Lcos}A —log(b +0), 
and then determine a by the formula 
log a= log (b+¢)+L cos $—10, 


EXAMPLE. 


If a=123, c=321, B=29° 16, find A, C, b, having given 
log 99=1-9956352, Lsin29°16'= 9-6891978, 
log 123=2:0899051, L sin 15° 42’= 9-4323285, diff. for 1”=74'87, 
log 2220=3'3463530, LZ cot 14° 38’=10°5831901, 
log 2221 =3'3465486, Ltan59°39’=10-2324552, diff. for 1” = 48-27. 
We have Ztan4(C—A)=L cot 14° 38’+ log 99 — log 222 
= 10°5831901 + 19956352 — 2°3463530 
== 10°2324723. 


Now 10:2324723 — 10°2324552=:0000171, and may73t approximately, 


hence 4(C— An 59° 39’ 35, also 4 (C+ A)=75° 22’, therefore 4 =15° 42’ 56’°5, 
C=135" 1 35 


Again log b=9'6891978 + 20899051 — Z sin 15° 42’ 565, 
and 56°5 x 74°87 = 4230°155, hence ZL sin 15° 42’ 56”°5 =9:4327515, 
therefore log b=2°3463514, so that 6=222—74$,=—221:992. 


136. To solve a triangle when two sides and the angle opposite 
one of them are given. 

This is usually known as the ambiguous case. 

Suppose a,c, and A are the given parts, then sinC is deter- 
mined from the equation sin C =<sin A ; when sin C is thus found, 


there are in general, if csin A +a, two values of C less than 180°, 
the one acute and the other obtuse, whose sine has the value 
determined; we must consider three different cases :— 


(1) if csinA >a, we have sinC'>1, which is impossible, and 
indicates that there is no triangle with the given parts ; 


(2) if csin A=a, then sin C=1, and the only value of C is 90°. 
If A < 90°, there is one triangle with the given parts, and that one 
a right-angled triangle. If A >90°, the value C= 90° is inad- 
missible, and there exists no triangle with the given parts. 
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(3) if csin A<a, then sin C< 1, and there are two values ot C, 
one acute, the other obtuse 

(a) if c<a, we must have O< A, hence C must be acute, 
thus there is only one triangle with the given parts; 

(8) if c>a, the angle C is not restricted to being acute, and 
both values are admissible, ‘provided A< 90°; but if A>90° 
neither value is admissible since C> A. There are two triangles 
or none with the given parts according as A < 90° or A > 90°; 

(y) if c=a, then C= A or 180°— A; for the latter value of C 
two sides of the triangle are coincident, the first then gives the 
only value of C for which there is a triangle of finite area, but 
this is only admissible when A < 90°. 


We may state the above results thus: 


csin A >a, no solution 

csin A =a, A < 90°, one solution 
csinA=a, A >490°, no solution 
csin dA <a, c¢ <a, one solution 


c=a, A< 90°, one solution 
c=a, A>490°, no solution 
1c>a, A< 90°, two solutions 
(, >a, A >90°, no solution 
When C is nearly 90°, it cannot be conveniently determined by means of 
tts sine; in that case we may use one of the formulae 
csin A 


tan C= + —— ) 
V(a+esin A) (a—csin A) 


tan (45°4+30)=+ ares s. 


137. It is instructive to investigate geometrically the different 
cases considered in the last Article. 

From B draw BD perpendicular to the side b, then 
BD=csin A; with centre B and radius a, describe a circle; 
then if a is less than csin A, this circle will not cut the side AC 
and no triangle with the given parts can be drawn, but if 
a>csin A, the circle will cut AC in two points, C, and 0,. In 
the case a<c and A < 90°, both O, and O, are, as in Fig. (1), on 
the same side of A, and the two triangles ABO, and ABC, have 
each the given parts, the angles AC, B, AC,B being supplementary. 
When a<c, and A >90°, A will be beyond C,, and no triangle 
with the given parts exists. If a>c, then C, and C, are on 
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A D 


opposite sides of A, and only the triangle ABC, has the given 
parts. The triangle ABC,, in this latter case, has the angle at 
A not equal to A, but to 180°—A, and therefore does not satisfy 


the given conditions. 
If a=csin A, the circle touches AC at D, and the right-angled 


triangle ADB is the one triangle with the given parts, provided 
A < 90°. 
We remark that since, in Fig. (1), 
AD=ccosA, and 0,D=C0,D=Vai?—esin? A, 
the two values of b are 
ccosA+Va?—c?sin?A and ccosA—%Va?—c’sin? A, 

these values being both positive when there are two solutions; 
we may also obtain these values of b as the roots of the quadratic 


equation in 8, 
a? = b? + c?— 2be cos A. 
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138. To solve a triangle when one side and two angles are given. 

Suppose a the given side, and A, C' the given angles, then B 

is determined from the equation B=180°— A —C, and the sides 
b, c will be determined by means of the formulae 
logb=loga+Lsin B—Lsin A, 
log ¢c=loga+Lsin C—JLsin A. 


EXAMPLE. 


If a=10, A=51° 30’ 40", B=76°, find b, having given 
log 12396 =4:0932816, L sin 76° =9-9869041, 

log 12397 = 4:0933166, L sin 51° 30’=9-8935444, 

L sin 51° 31’ =9°8936448. 


We have log b= 9-98690414+1—Z sin 51° 30’ 40” 
and ZL sin 51° 30’ 40” =9°8935444 + 48 x 0001004 
=9°8936113, 
hence log b= 1-0932928, therefore b=12°396+444x 001, 
or 6=12°3963 approximately. 


139. The expression ccos A+a?—c?sin? A for 6 may be adapted to 
asin (p+ A) 
sin A 
having been determined from the equation Zsin¢@=Lsin A +loge—loga, we 

can determine 6b from log b=loga+JZsin(@+A)—ZLsin A. 

Denoting by a, B, y the circular measures of the angles A, B, C, respectively, 
and by a’, 8’, y’ the complements of a, B, y, we obtain the following approxi- 
mate formulae for the solution of triangles. 


logarithmic calculation ; let sin g=~sin A, then 6= , thus @ 


(1) Suppose A, C, a are given, C not being large; then from the formula 
_ asin? 

~ sin A 
e=acosec A {y— y+ rh5y}. 

Also if A and C are both not large, we have 
petty Pray —*) 
a—ta+yzhy5a°—... 
hence ¢ is given approximately by 


, we get the approximate formula 


om at l+h (ey), 
which may be used for calculating c¢, 
(2) Suppose, as in the last case, that A, C, a are given; also suppose C is 
; : _acosy a . ; 
nearly 90°, then c= ore therefore a (1-4y?+ 3,74) may be used 
to determine ¢ approximately, 
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If both A and C are nearly 90°, we have 
_ 008 y’ _a(l—$y?+...) 
‘ oom th an l-f$a'2+ one 
therefore e=a{1—4$(y2—a2)} 


gives ¢ approximately. 


140. We shall give a few examples of the solution of triangles 
when instead of sides and angles there are other data. 


, 


(1) Suppose the three perpendiculars from the angles on the opposite 
sides given ; denote them by 7, p», p3, we have then ap, = bp.=cp,=2 area 
of triangle. Now since 


= 8 (8—@) 
cos4.dA= Sea 
we have cosgA—, / (P2PstPsPit Pips) (—PoPst Papi + Pips) 


’ 


4py Pops 
which determines 4 ; also p,=csin A, hence c is determined when 4 is known. 


(2) Suppose the perimeter and the angles of the triangle given. We have 
s= FR (sin 4+sin B+sin C), 
hence # is determined, and the sides are then 


: ; ; 23 sin A 
2R sin Hi QR sin B, 2Rsin C, or a= sin Aopsin Be sin 0? 
; eet : ssin3A 
with similar values for 6 and ¢; this value of a reduces to PT oe 


which is adapted to logarithmic calculation. 


(3) Suppose the base, height, and difference of the angles at the base 
given. Let a@ be the base, p the height and B—C=2a the given difference : 
then since B+C=180°—A, we have B=90°+a—4A, C=90°—a—$A, also 

a=p (cot B+cot C) =p {tan ($A —a)+tan ($A +a)}, 

2sin A 
cos A +cos 2a’ 

a? (cos A +cos 2a}?= 4p? (1 — cos? A) 
or cos? A (a?+ 4p?) + 2a? cos 2a . cos A = 4p? — a? cos? 2a, 


therefore ~ = hence cos A is given by the quadratic 
iu 


the solution of which is 
a? cos2a , 2p (4p? + a? sin? Qa)t : 
a?+4p? — a? +4p* c 
these are two values of cos A corresponding to two solutions of the problem. 
Solve the triangle with the following data: 
(4) C,c,a+b, 
(5) B, a, b+e. 
(6) The area and the angles. 
(7) OC, c+a,e+b. 
(8) The angles and the height. 


cos A = — 
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The solution of polygons. 


141. The relations between the sides and angles of polygons, 
and the methods of solving a polygon when a certain number of 
sides and angles are given, have been considered by Carnot’, 
L’Huilier?, Lexell*, and others. The two fundamental equations 
in this so-called Polyganometry have been given in Art. 127. 

In order that a polygon of n sides may be determinate, 2n—3 
of its 2n parts must be given, and of these at least n—2 must 
be sides. To prove this, suppose the polygon divided, by means of 
a diagonal, into a triangle and a polygon of n—1 sides; if the sides 
and angles of the latter polygon were determined, we should only 
require to know two parts of the triangle in order to determine 
the figure completely, since one side of the triangle is already 
determined as a side of the polygon, hence to determine a polygon 
of n sides we require to know two more parts than for a polygon 
of n—1 sides; since therefore: for a triangle three parts must be 
given, one of which is a side, for a polygon of n sides we must 
have 3+ 2(n—3), that is 2n—3 parts given. If of these 2n—3 
parts, only n— 3 were sides, we should have n angles given; but if 
n—1 angles are given, the nth is also given, so that only 2n—4 
independent parts would be given, thus at least n—2 of the given 
parts must be sides. 

In some cases, a polygon can be conveniently solved by dividing 
it by means of diagonals into triangles, taking the diagonals for 
parts to be determined ; this method is however not always con- 
venient, as may be seen, for example, by considering the case of a 
quadrilateral when two opposite sides and three angles are given. 


142. To solve a polygon of n sides, when n—1 sides and n—2 
angles are given. 


(1) Suppose the angles to be found are adjacent to the side 
to be found. We shall, as in Art. 127, use the external angles 
Bi, Bs... Bn between the sides, instead of the internal angles; 


1 Carnot, Geometrie der Stellung. 
2 L’Huilier, Polygonométrie. Geneva, 1789. 
3 Lexell, Nov. Comm. Petrop., Vols. x1x. xx. 
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suppose a, the side to be found, then from the second equation (10) 
of Art. 127, we have 


sin 8, {a, + a, cos By + a3 cos (B, + Bs) +...+ An—1 008 (By +...+ Bns)} 
=— cos B, {a sin By + a, Sin (By + By) +...+ Gn: Sin (By +... + Bn)}, 
hence 
tan BR, =— a, Sin Bz + asin (By + Bs) +... +An8in(B,+.. -+Bn—1) 
1,2 = —— ee OTe SOE 
a, + 2,008 By +0008 (8, + B3)+...+An—1008(B2+...+Bn+)’ 

this determines , in terms of the given angles ®,, 8... Ba and 
the given sides dz, ds: ... Gn; it should be noticed that this 
equation is found by projecting the sides on a perpendicular to 
the unknown side; the remaining angle 8, is then determined 
from the relation 8, + B.+...+ Bn= 27. 

Having found #, and By, we can determine a, from the 
equation obtained by projecting the sides on ay, 


a, = — {a, cos B, + a, 008 (8, + Bs) +...}, 
or by means of the equation (11) of Art. 128, which gives a,? in 


terms of the squares and products of the other sides and of the 
cosines of the angles between the sides. 


(2) Suppose the angles to be found are adjacent to one 
another but not to the side which is to be found. We shall take 
Gy, as the side to be found, and 8,, 8,4; the angles to be found, 


then B,+ Brii= 27 — (8, + Bot +.» + Brat Bria ++. + Bn), 
thus 8,+ 8,4, is known; also from the second equation (10) 


a,sin(8,+ B+... + By) =—a,8in 8, — a, sin (8, + Bo) —... 
— Ap, SiN (B, + Ba t+ 0. + Ber) — Or 41 Sin (8, +... + Br4r) — + 
—An—, Sin (Bi +...+ Bn), 


hence 8, +8,+-.. +, can be determined, and therefore 8,. 
The side a, is then determined as in the last case. 


(3) In the case in which the two unknown angles are not 
adjacent to one another, let H, K be the angular points at which 
the angles are unknown; join HX, then the polygon is divided 
into two polygons, in one of which all the sides except one are 
known, and all the angles except the two which are adjacent 
to the unknown side. We can solve this polygon as in (1), 
determining HK and the angles H and K. 
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In the other polygon we now have all the sides except one 
given, and all the angles except two adjacent ones; this polygon 
can therefore be solved as in (2); we have then all the sides of 
the given polygon determined, and the angles at H and K are 
determined by adding the two parts into which they were divided 
by HK, and which have been separately found. 


143. To solve a polygon of n sides, when n— 2 sides and n—1 
angles are given. 
We determine the remaining angle at once from the condition 


Bi + Bot eee + By, = 2r. 
To determine an unknown side a,, use the equation 


a, sin B, + a, sin (B; + Bz) +... + Gn sin (8; + By +... +Bna)=0, 
obtained by projecting perpendicularly to the other unknown side 
@,. We can then determine a, in a similar manner, or use the 
other fundamental equation. 


144. To solve a polygon of n sides, when the n sides and n—8 
angles are given. 


Let P, Q, & be the angular points at which the angles are not 
given; join PQ, QR, RP, then the polygon is divided into four 
parts, one of which is a triangle. In each of the parts except 
PQR, all the sides except one are given, and all the angles except 
those adjacent to those sides; we can therefore determine PQ, QR, 
RP, and the angles at P,Q, R. We can then find the angles of 
the triangle PQR, of which the sides have been determined. We 
obtain now by addition the angles at P, Q, R, of the given 
polygon. 

Heights and distances. 


145. We shall now give some examples of the application 
of the solution of triangles to the determination of heights and 
distances, For fuller information on this subject, as for the de- 
scription of instruments for measuring angles, we must refer to 
treatises on surveying. The angle which the distance from any 
point of observation to an object makes with the horizon is 
called the elevation or the depression of that object, according 
as the object is above or below the horizontal plane through 
the point of observation, 
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146. Yo find the height of an inaccessible point above a hori- 
zontal plane. 

Let P be the inaccessible point and C its projection on the 
horizontal plane, let PC =h, and suppose any line A B =a, measured 


Ty 


A B Cc B 


on the horizontal plane, if possible so that ABC is a straight line; 
let the elevations of P at A and B be measured, denote them by 
a and 8; then a= AC— BC=h(cota—cot 8), therefore 


_asinasin B 

~ gin (B—a) 

which determines h. If it is impracticable to measure the base 
line directly towards C;, let it be measured in any other direction ; 
let the elevations a of P be measured at A, and also the angles 
PAB=y, and PBA=6, then Pasa noes and h=APsina, 

cite sin(y+4) 

therefore h= ees SS , thus h is determined. 
sin (y + 8) 


147. To find the distance between two inaccessible points. 


Let P and Q be the two objects, and let any base line AB=a 
be measured, the points A, B being so chosen that P and Q are 


Q 


P 
s ~< 
ya 
A fp 
B 
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both visible from each of them. At A measure the three angles 
PAQ=a, QAB=£, PAB=y7; it should be observed that the 
angles PAQ, QAB are in general not in the same plane. At B 
measure the angles PBA = 6, and QBA =e. 

From the two triangles ABP, ABQ, we have 


sin 6 
Gon ieee NY 
sin € s 
aS, ee bh 
and AQ a (Bt 6) Thus AP, AQ are determined by the 
formulae 


log AP = loga+Lsin §— Lsin(y + 8), 
log AQ = log a+ Lsin e — Lsin (8 + e). 
In the triangle PAQ, we now know AP, AQ, and the angle 


PAQ =a, we find then the angles APQ, AQP by means of the 
formulae 


Ltan4(APQ-—AQP) =L cot 4$a+ log (AQ—AP) —log(AQ+AP), 
APQ + AQP = 180° —@ 
We then find PQ by means of the formula 
log PQ=log AP + Lsina—Lsin AQP. 


148. Pothenot's Problem. To determine a point in the plane 
of a triangle at which the sides of the triangle subtend given 
angles. 


(04 


Pp 


Let a, 8 be the angles subtended by the sides AO, OB of a 
triangle ABC at the point P, and let 2, y denote the angles 
PAC, PBC respectively; the position of P is found when the 
angles # and y are determined, for the distances PA and PB 
can be found by solving the triangles PAC, PBC. 
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We have a+y=2r—-—a—B-O, 
Nii bsine _ asin y 
sin a sin 8 


Assume ¢ to be an auxiliary angle such that 


Wass 


a sin a 
b sin B’ 
sin # — sin 
SingFainy 7 n(o—45 ), 
or tan $ (@— y)=tan $(#+y) tan (¢ -- 45°) 
= tan (45° — $) tant (a+B+C); 
thus «—y can be found, and since «+y is known, we can find 
# and y. 


tan ¢ = 


sin & 
therefore ——-= tan ¢, hence 
sin y 


149. EXAMPLES. 


(1) It ts observed that the elevation of the top of a mountain at each of the 
three angular points A, B, O, of a plane horizontal triangle ABC, is a; shew that 
the height 1s $a tanacosec A. Shew also, that if there be a small error n" in the 
latana cos C sin nn’ 

2 sin A ( Baas) 

Let O be the projection of the top of the mountain on the plane ABC, we 
have then, if / is the height of the mountain, A=OA tan a= OB tana=OC tana, 


elevation at C, the true height is very nearly 


A 


thus O is the centre of the circle round ABC, hence 0A=$}acosec A, or 
h=}atanacosec A. When the measurement of the elevation at C is atn", 
let O’ be the projection of the top of the mountain, then since the elevations 
at A and B are equal, 00’ is perpendicular to AB; let h+z now be the 
height of the mountain. We find geometrically, 


0'A=0A+00' cosC, O'C=O0C—-00' cos (A—B), 
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when 00’ is so small that its square may be neglected, hence 
h+a2=0'A tana=0’C tan (a+n’") 
=(04A+00' cos C) tana={OC—00' cos (A — B)} tan (a+n"), 
hence 2#=00’. cos C.tana=—00'cos(A —B) tana+ OC sec? a. sinn’, 
since tan (a+n”)=tana+sec?a.sinn”, approximately; eliminating OO’, we 


have «cos (A — B) tan a=cos C tan a (OC sec? a. sin x” — 2), 


hence 2a sin A sin B= OC sec? acos Csin n", 
; . latana cos 0 sin n” 
therefore the true height h+. is we ( nome poy T a) : 


(2) The sides of a triangle are observed to be a=5, b=4, c=6, but it is 
known that there is a small error in the measurement of c; examine which angle 
can be determined with the greatest accuracy. 


Let 6+. be the true value of the side ec; let A+8A, B+8B, C+5C be the 
angles of the triangle, the parts 64, 5B, 6C depending on 2; we suppose 2 so 
small that its square may be neglected. 

We have 


= 
cos (A484) =10+6+2) 25 274129 


ae A ee eee - _ = 
2.4(6+a) 48(1+}2) 2G (1+2}4—$2)=7f (1+ 52); 
approximately, hence sin 4. 64 = —s4;2. 


2 Ve 
ise toa (Pah ee ees 


ae ° 
—2.5(6+2) 4 (143). hence sin B.sB= —75%, 


_254+16-(6+a)? 1/, 120 
and es eed Pat = a-), hence sin C’. 60=,4, 2. 
snA_sinB_ sin@ 
neg aryl ar Wana B 
so that 24.84=40.6B=-15.8C. 


Thus 8B is numerically smaller than 5A and 6C, hence the angle B can be 
determined with the greatest accuracy, 
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1. The sides of a triangle are 8, 7, 5; find the least angle, having given 
log 112 =2-0492180, 
LI cos 19° 6'=9:9754083, diff. for 60” =-0000437. 


2. If in a triangle a=65, b=16, C=60", find the other angles, having 
given 
log 3=:4771213, L tan 46° 20’= 10-0202203, 


log 7="8450980, Z tan 46° 21’= 100204731. 
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3. The sides of a triangle are 3, 5, 7 feet; find the angles, having given 
log 13°5 =1'1303338, log 14=1'1461280, 
L cos 10° 53’=9'9921175, Z cos 10° 54’ =9-9920932, 


4. If B=45°, C=10°, a=200 ft., find 6, having given 
log 2=-3010300, log 172°64=2-2371414, 
LI sin 55° =9-9133645, log 1'72°65 =2:2371666. 
5. If in a triangle b=2°25 ft., c=1°75 ft., A4=54°, find B and C, having 


given 
log 2=-301030, L cot 27° =10:292834, 


L£ tan 13° 47'=9°389724, Z tan 13° 48’=9-390270. 


6. If the ratio of the lengths of two sides of a triangle is 9: 7 and the 
included angle is 47° 25’, find the other angles, having given 
log 2=-3010300, Z tan 66°17’ 30” = 103573942, 


ZL tan 15° 53’=9°4541479, diff. for 1'=4797. 


7. An angle of a triangle is 60°, the area is 10,/3 and the perimeter is 
20; find the remaining angles and the sides, having given 
log 2=-3010300, -L sin 49° 6’=9:8784376, 
log 7=°8450980, JZ sin 49° '7’=9°8785470. 


8. In a triangle ABC, it is given that a=10 ft., b=9 ft., C=tan-1(§); 
find c. If errors not greater than 1 in. each are made in measuring a and 6, 
and, an error not greater than 1° in measuring C, shew that the error in 
the calculated value of ¢ will be less than 2°7 in. 


9. In the ambiguous case, a, 6, B being given, where a> 6, if c, ¢ be the 
values of the third side, shew that c?— 2cc’ cos 2B+¢'2=4)? cos? B. 


10. In the ambiguous case in which a, }, A are given, if one angle of one 
triangle be twice the corresponding angle of the other triangle, shew that 


a3=2bsin A, or 4b%sin? A=a?(a+3b). 
11. The base of a triangle is equal to its altitude, and the two other 
sides are of known length; determine the remaining parts of the triangle 


by formulae adapted to logarithmic calculation. Shew that the ratio of the 
given sides must lie between $(V5—1) and $(V5+1). 

12. A triangular piece of ground is 90 yards in its longest side, and 
100 yards in the sum of the other two sides, and one of its angles is 46°. 
Determine the other angles, having given 

L tan 23° =9°6278519, 
L tan 13° 15'=9°3719333, Z tan 13° 16’=9°3724992. 


13. An angle of a triangle is 36°, the opposite side is 4, and the altitude 
V5—1; solve the triangle. 
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14. Shew that it is impossible to construct a triangle out of the 
perpendiculars from the angles of a triangle on the sides if any side is 
<}(3—1/5)x perimeter; and it is certainly possible to construct such a 
triangle if each side is >+4 perimeter. 


15. Ifa triangle be solved from the parts C=75°, b=2, c=,/6, shew that 
an error of 10” in the value of @ would cause an error of about 3°44 in the 
calculated value of B. 


16. Having given the mean side of a triangle whose sides are in A.P., and 
the angle opposite it, investigate formulae for solving the triangle, and find 
the greatest possible value of the given angle. Solve the triangle when the 
mean side is 542 feet, and the opposite angle is 59° 59’ 59”. 


17. Solve a triangle, having given the length of the bisector of a side, 
and the angles into which this divides the vertical angle. 


18. Solve a triangle, having given one side, the angle opposite it, and the 
perpendicular from that angle on the side. 


19. A triangle is solved from the given parts a, b, A. If the values of 
a, b are affected by small errors x, y respectively, find the consequent error in 
the value of the perpendicular from A on the opposite side, and prove that 
this error is zero if xsin? Bcos C=y (sin? B—sin? C). 


20. A lighthouse is seen N. 20°. E. from a vessel sailing S. 25°. E. and 
a mile further on it appears due N. Determine its distance at the last 
observation correctly to a yard, having given 


LE sin 20° =9°534052 log 2= 3010300, 
log 206 = 2°313867, log 207 =2°315900., 


21. A cliff with a tower on its edge is observed from a boat at sea, the 
elevation of the top of the tower is 30°; after rowing towards the shore a 
distance of 500 yards in the plane of the first observation, the elevations of 


the top and bottom of the tower are 60° and 45° respectively; find the 
heights of the cliff and tower. 


22. A is the foot of a vertical pole, B and C are due east of A, and D is 
due south of C. The elevation of the pole at B is double that at C, and the 


angle subtended by AB at D is tan-11, also BC=20 ft., CD=30 ft.; find the 
height of the pole. 


23. From a certain station the angular elevation of a mountain peak in 
the north-east is observed to be a. A hill in the east-south-east whose height 
above the station is known to be A, is then ascended, and the mountain peak 
is now seen in the north at an elevation 8. Prove that the height of its 
summit above the first station is 4 sin acosf cosec (a—). 


24, A train travelling on one of two straight intersecting railways sub- 
tends at a certain station on the other line an angle a, when the front of 
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the first carriage, and an angle a’ when the end of the last, reaches the 
junction. Prove that the two lines are inclined to each other at an angle 6 
determined by 2cot @=cota~cota’. 


25. A cylindrical tower stands on a horizontal plain; an eye in the plain 
views the visible arc of the rim of the upper end of the tower. If a, a’, a” be 
the angular elevations of either end of such arc above the plain, when the eye 
is at distances ¢, c’, c’ respectively, prove that 


(ce? —¢") cot? a+(¢”? — c) cot? a’ + (c? — ¢) cot? a” =0. 


26. A balloon was observed in the N.E. at an elevation a; ten minutes 
afterwards it was found to be due N. at an elevation 8. The rate at which 
the balloon was descending was afterwards ascertained to be six miles an 
hour; shew that its horizontal motion, supposed uniform, was at the rate of 


Vat : Gis miles an hour, the wind at the time being in the East. 
an a— tan 


27. I observe the angular elevation of the summits of two spires which 
appear in a straight line to be a, and the angular depressions of their re- 
flexions in still water to be 8B and y. If the height of my eye above the level 
of the water be c, then the horizontal distance between the spires is 


2¢ cos? asin (8 —y) 
sin (8—a) sin (y—a)’ 


28. The angular elevation of a tower at a place A due south of it is 30°, 


and at a place B, due west of A and at a distance a@ from it, the elevation is 


18°; shew that the height of the tower is Passe 


V2 /54+2 
29. A tower 51 feet high has a mark at a height of 25 feet from the 
ground; find at what distance the two parts subtend equal angles to an eye 
at the height of 5 feet from the ground. 


30. A person on a level plain, on which stands a tower surmounted by a 
spire, observes that when he is a feet distant from the foot of the tower its 
top is in a line with that of a mountain. From a point 6 feet further from 
the tower he finds that the spire subtends at his eye the same angle as before, 
and has its top in a line with that of the mountain; shew that if the height 


of the tower above the horizontal plane through the observer's eye be c feet, 
: abe 
the height of the mountain above that plane will be eee feet. 


31. A man, 5 feet high, standing at the base of a pyramid whose base is 
square, sees the sun disappear over one of the edges, half-way along it. Shew 
that if a and 6 are the distances of the man from the two nearest corners, 
and @ is the altitude of the sun, the height of the pyramid is 


10+ tan 6/4 (6a*— 2ab +b?) feet. 
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32. From'the top of a hill the depression of a point on the plain below is 
30°, and from a spot three-quarters of the way down, the depression of the 
same point is 15°; find within 1’ the inclination of the hill. 


33. ABCD is the rectangular floor of a room whose length AB is a feet. 
Find its height, which at C subtends at A an angle a, and at B an angle £. 
If a=48 ft., a=18°, B=30°, prove that the height is 18 ft. 10 in. nearly. 


34. A tower is situated on a horizontal plane at a distance a from the 
base of a hill whose inclination is a. A person on the hill, looking over the 
tower, can just see a pond, the distance of which from the tower is 6. Shew 
that, if the distance of the observer from the foot of the hill be ¢, the height 

be sin a 


of the tower is Gab ee eS 


35. A person standing between two towers observes that they subtend 
angles each equal to a, and on walking a feet along a straight path inclined at 
an angle y to the line joining the towers, he finds that they subtend angles 
each equal to 8; prove the following equations for determining the heights of 
the towers, Ah’ (cot? 8 — cot? a)=a*, (h’ —h) (cot? B— cot? a) =2a cot acos y. 


36. From a hill-top the angles of depression (a, 8) of two piers of a bridge 
are observed, and the distance a between the piers subtends an angle 6 at the 
point of observation; prove that the height of the hill is 


4a cot p sec $6 sin asin 8, 
where cos P=2 cos $6. Vsinasin®. (sina+sin 8)~, 
37. A man on a hill observes that three towers on a horizontal plane 


subtend equal angles at his eye, and that the angles of depression of their 
bases are a, a’, a”; prove that, c, ¢, ce’ being the heights of the towers, 


sin (a’—a”) | sin(a”—a) , sin(a—a’) 
csina c’ sin a’ e’ sina 


38. A gun is fired from a fort, and the intervals between seeing the flash 
and hearing the report at two stations B, C are ¢, ¢/ respectively; D is a point 
in the same straight line with BC, at a known distance a from A; prove that 


= pees 
if BD=6b, and CD=c, the velocity of sound is ad Rl Examine 
the case when a?=be. 


39. From a point on a hill-side of constant inclination, the angle of 
elevation of the top of an obelisk on its summit is observed to be a, and a feet 
nearer to the top of the hill to be 8; shew that, if A be the height of the 
obelisk, the inclination of the hill to the horizon will be 


_, fa sinasinB 
ooo iin eee 


40. On the top of a spherical dome stands a cross; at a certain point the 
elevation of the cross is observed to be a, and that of the dome to be 8; ata 


EXAMPLES. CHAPTER XI 187 


distance a nearer the dome the cross is seen just above the dome, when its 

elevation is observed to be y; prove that the height of the centre of the dome 

above the ground is) 7», = #008 y =e0s a Bis 
sin (y—a) cos y — cos B 


41. At noon on a certain day the sun’s altitude is a. A man observes a 
circular opening in a cloud which is vertically above a place at a distance a 
due south of him; he finds that the opening subtends an angle 26 at his eye, 
and that the bright spot on the ground subtends an angle 2p. Shew that if 
z is the height of the cloud 


£* (cot? a tan? @ — tan? 6) — 2ax cot a tan? ¢ +a? (tan? d — tan? 6) =0. 


42. From a point on the sloping face of a hill two straight paths are 
drawn, one in a vertical plane due South, the other in a vertical plane at right 
angles to the former, due East; these paths make with one another an angle 
a, and their lengths measured to the horizontal road at the foot of the hill are 
respectively a and 6. Shew that the hill is inclined to the horizontal at an 

24.52 — 
angle sin~! Cie ea Ras ; eae ad 
ab sina tana 

43. The breadth of a straight river is calculated by measuring a base of 
length @ along one side of the river and observing the angles made with this 
base by lines joining its extremities to a mark on the opposite bank. If the 
instrument by which the angles are measured gives each a value which is 
(1+) times the true value, x being very smal], shew that the error in the 

* Bsin?a—a sin? B - . 
computed breadth is nearly equal to na. BT CTT Shee. a, & being the 


circular measures of the above angles. 


44, An observer from the deck of a ship, 20 feet above the sea, can just 
see the top of a distant lighthouse, and on ascending to the mast-head, where 
he is 80 feet above deck, he sees the door which he knows to be one-fourth 
of the height of the lighthouse above the level of the sea; find his distance 
from the lighthouse, and its height, assuming the earth to be a sphere of 
4000 miles radius. 


45. Three vertical posts are placed at intervals of one mile along a 
straight canal, each rising to the same height above the surface of the water. 
The visual line joining the tops of the two extreme posts cuts the middle 
post at a point eight inches below the top; find to the nearest mile the 
radius of the earth. 


46. Borings are made at three points dA, B, C in a horizontal plane, and 
the depths at which gault is found are a, 6, ¢ respectively ; also AB=A, 
BC=k, ABC=a. If the upper surface of the gault be a plane, shew that its 
inclination ¢ to the horizon is given by 


as = = — 6b)? 
tan? p = {" = =—2 (a b) cosa ote casec? a 
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47. The angular elevation of a column as viewed from a station due north 
of it being a, and as viewed from a station due east of the former station and 
at a distance c from it being 8, prove that the height of the tower is 

ecsinasin§ 
{sin (a—) sin (a+)}3° 

48. A lighthouse stands 9 miles due N. of a port from which a yacht sails 
in a direction E.N.E., until the lighthouse is N.W. of her, when she tacks 
and sails towards the lighthouse until the port is S.W. of her, when she tacks 
again and sails into port. Shew that the length of the cruise is 16 miles 
nearly. 


49. A circular pond of radius a is surrounded by a gravel walk of uniform 
width 6, and the whole is enclosed by a fence of height d. A person of 
height A stands just inside the fence. Shew that the portion of the fence 


whose highest points can be seen by reflection from the water is “th, where 
{ h+d V+ oa 
QV/hd atd J’ 
provided h<d(1+2a/b), and > 


Log 
—=—cos7} 
n 7 


De Dep 
1+42a/b° 


50. The width of a croquet-hoop, the thickness of its wires, and the 
diameter of a ball are given; the ball being in a given position, shew how to 
find the conditions that it may just’be possible for it to go through the hoop 
(1) straight, (2) by hitting one wire, (3) by hitting both wires; assuming that 
the angle of incidence is equal to the angle of reflection. 


51. Three mountain peaks, A, B, OC, appear to an observer to be in a 
straight line, when he stands at each of two places P and Q, in the same 
horizontal line; the angle subtended by AB and BC at each place is a, and 
the angles AQP, OPQ are ¢ and > respectively. 

Prove that the heights of the mountains are as 


cot 2a+coty : 4(cota+cot y) (cot a+cot d) tana : cot 2a+cot d, 
and that if QB cut AC in D, AC=CD sin 2a (cot y+ cot 2a). 


52. A man standing at a distance c from a straight line of railway sees a 
train standing upon the line, having its nearer end at a distance a from the 
point in the railway nearest him. He observes the angle a, which the train 
subtends, and thence calculates its length. If in observing the angle a he 
makes a small error 6, prove that the error in the calculated length of the 
cé 


train has to its true length a ratio ————————___. 
sin a(¢cosa—a sin a) 


53. The height A of a mountain, whose summit is A, is to be determined 
from the observed values of a horizontal base line BC (a), the angles ABC, 
ACB, and the angle (z) which AB makes with the vertical. Shew that 


_acoszsin 0 
~ sin(B+C) * 
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If 4 be known approximately, shew that the best direction of BC in order 
that an error in measuring C' may have least effect on the accuracy of the 
above value of /, is given by B=2tan-} (Gorrrn): 

a@cosz+h 

54. Three vertical flag-staffs stand on a horizontal plane. At each of the 
points A, B and C in the horizontal plane, the tops of two of them are seen in 
the same straight line, and these straight lines make angles a, 8, y with the 
horizon. The plane containing the tops makes an angle 6 with the horizon. 
Prove that their lengths are BC/(/cot? B— cot? 6 + »/cot? y — cot? 6), and two 
similar expressions. Explain how the signs of the roots must be taken. 


55. A tower AB stands on a horizontal plane and supports a spire BC. 
An observer at a place # on a mountain, whose side may be treated as an 
inclined plane, observes that AB, BC each subtend an angle a at his eye; 
he then moves to a place /, measuring the distance H/'(=2a), and observes 
that AB, BC again subtend angles a at his eye; he then measures the angles 
AFE (=8) and CFH(=y). Shew that if w and y are the heights of AB, BC 
respectively, 

cos B cos y cos? a \3 
~ cos? (B+) cos*$ (B—y)) * 

Also if @ is the middle point of HF, and # is the point on the line of 
greatest slope through G, at which 4B, BC subtend an angle 6, and GH is 
measured (=), prove that the inclination @ of the mountain to the horizon is 
given by 

gry? a2+b2\2)3 , a2 +6? xy (~@+y) sin 25 
{e 7, % ( 2b ) } A ears el O= F548 — ny cos 28° 


“C08 B=Y COS y=a {1 


CHAPTER XII. 
PROPERTIES OF TRIANGLES AND QUADRILATERALS. 


150. In this Chapter we shall for the most part assume 
without proof the theorems in Euclidean Geometry which are 
necessary for our purpose, referring to works on pure Geometry 
for the investigation of those theorems. 


The circumscribed circle of a triangle. 


151. We have already, in Art. 120, obtained the formula 
R=tacosec A, for the radius of the circle circumscribing a 
triangle, or as it is now frequently called, the circwm-circle. 
This formula may also be obtained as follows: 


A 
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Let O be the circum-centre; draw OD perpendicular to the 
side BC of the triangle ABC, then D is the middle point of BC. 
and the angle BOD= A. 

Since BD = OB sin BOD we have 

4a=Rsin A, or R= facosec A....scccsseeess (1); 
If S denote the area of the triangle ABC, we have 
S=4bcsin A, thus we have the expression R = abc/48...(2). 
Also OD = OB cos A = Ros A. 


The inscribed and escribed circles of a triangle. 


152. We know that four circles can be drawn touching the 
three sides of a triangle; the inscribed circle, or in-circle, touches 
each side internally, let J be its centre; the escribed circles each 
touch one side of the triangle and the other two sides produced, 


it 


let I,, I2, I, be the centres of these circles; we know that IA, JB, 
IC bisect the angles A, B, OC, respectively, and that /A bisects 
the angle A, and 1,B, J.C bisect the angles B, C, externally ; it 
follows therefore that AJ,, BI,, Cl, are the perpendiculars from 
I,, I,, Is, on the opposite sides of the triangle I,1,J;, and that 
is the orthocentre of the triangle J, J,1,. 

The circum-circle of the triangle ABC is the nine-point circle 
of the triangle J,J,J;, and therefore passes through the middle 
points of the sides J,J;, I;1,, Lh, and also through the middle 
points of 17,, Li,; 11. 


192 PROPERTIES OF TRIANGLES AND QUADRILATERALS 


153. Let H, K, L be the points of contact of the in-circle 
of the triangle ABC, with the sides BC, CA, AB, respectively. 


Then AIBC+AICA+AIAB=S. 

Now AIBC=}1H.BC=}ra, AICA=}rb, AIAB=hre, 

where r denotes the radius of the in-circle, hence 
$r(a+b+c)=S, whence we have the formula r= S/s...(8), 

for the radius of the in-circle. 

Also a= BH + HC=r(cot4B+cot40), 

hence r=asintBsin $C sechA......cscsceceess (4), 


another expression for 7, which might of course be deduced from (8). 
Combining the formulae (1) and (4) we have the symmetrical 


expression r=4R sin} A sin $B sin $0.....cccceceeeee (5). 
Again, since AK+BC=}(BC+CA+AB), 
we have AK=AL=s-a, 


and similarly BH=BL=s—b, CH=CK=s-—.e, 
hence since r= AK tant d= BH tans} B=CK tan}0, 
we obtain the expressions 
r=(s—a)tan}A =(s—b) tant B=(s—c)tan4$C......(6), 
which may also be deduced from (3) or (4). 
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154. Expressions corresponding to those of the last Article 
may be found for the radii 7,, 7, 73 of the escribed circles. 

Let H,, K,, L, be the points of contact of the circle whose 
centre is J,, with the sides of the triangle ABC. Then 


AT,AB+AT,AC-AI,BC=S, therefore 47,(b+e— a)=s, 
thus we have the formulae 
S S S 


Een rea Sessa © TS gatio eveccccccces (7), 


for the radii of the escribed circles. 
Also a= BH,+ H,C=r,(tan$B+ tan 40), 
therefore 7,= @ COS $B cos $C secgA....ccscscscoeeees (8), 


whence we obtain the formula 
r,=4R sintA cost} Boos $C ........seeeee. (9), 
with corresponding expressions for r, and 75. 
Again, since 
BH,=B1L,, and CH,=CK,, and AK,= AL, 

we find BH,=s—c, CH,=s-6, AK, =AL,=8, 
thus we obtain the formulae 

r,=s tan4A =(s—c) cot 4B=(s—b) cot 3C...... (10). 
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EXAMPLES. 


(1) Prove that ry +re+r,—r=4R, 
Yo¥3-+Ygly +lyle=9"/r2, 
r,~!+rq71+r3 t=r7}. 
(2) Prove the following formulae for the sides and angles of a triangle, 


in terms of the radii of the escribed circles: 


Yr; (r2 +73) : 
—— sintA= 
Mrarg+¥atittits ®) ; 


(y) sin A=2r, 


Ty 
V(r +1) (1 +75)’ 
Mra +¥3ti +TyFa 
(ry +12) (Ti +73) * 
(rg+1g) (Tg +11) (Ti+T2) | 


(a) a= 


(3) Prove that R=} 


Yo¥g +13 +1 ,T2 
(4) Prove that 16R?rr,r,13= a? b?c*, 
2R+r— 
(5) Prove that cos A= on : 


(6) If the escribed circle which touches a is equal to the circum-circle, 
prove that cos A=cos B+cos CO. 


(7) Prove that r (rg+rs) cosec A=rq (rg +r) cosec B=rg (r1 +12) cosec C. 


(8) If a, a, a2, ag are the distances of the centres of the inscribed and 
escribed circles from A, and p is the perpendicular from A on BC, prove that 
(a) aajagag =4R?p%, 
(b)  a?+ay?+ ag?+4<a3? =16R4, 
(c) a~?+a,~?+a97 2+ a3-2=4p-3%, 
(9) Shew that the area of the triangle formed by joining the centres of the 


escribed circles is = , or 8R?cos$A cos $B cos$C, 


(10) Shew that the radius of the circle round any of the four triangles 
formed by joining the centres of the inscribed and escribed circles is double of R. 


(11) Prove that the areas I,IgI3, IgIsI, Isl,1, IpIg1] are inversely as 
T, Ti, Ta, Vg- 
hid , Tht 18 gR. 
Tels Y3Yy YT r 


(b) #8. 1I,. Il,. Il,=IA2. [B?. 10% 


(13) If dy, dy, ds be the distances of I from the angular povnts of a 


triangle, shew that os *. 
C 


(12) Prove that (a) 


(14) Ifa’, b’, c’ are the sides of the triangle formed by joining the points of 


: . ey Ree SAD 
contact H,, He, Hg of the escribed circles, shew that ln a oe é 
a c 
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(15) Prove that the sides of the triangle formed by joining the centres of the 
circles BOC, COA, AOB are as sin2A : sin 2B: sin 20. 


(16) Prove that the circum-circles of the two triangles in the ambiguous 
case, when a, b, B are given, are equal in magnitude; shew also that the 
distance between their centres is (b® cosec? B —a2)3. 


(17) In the ambiguous case of the solution of a triangle, prove that the 
distance of the points of contact of the inscribed circles with the greater of the 
two given sides is equal to half the difference of the values of the third side. 


(18) Jf pi, po, ps be the radit of the circles described about IBC, ICA, TAB, 
prove that 4R3— R (p,?+ ps? + ps”) — p1p2p3=0. 


(19) Prove that the radii of the escribed circles of a triangle are the roots 
of the cubic x8—x?(4R+r)+xs?-rs?=0. 


The medians. 


155. The lines AD, BE, CF, joining the angular points of a 
triangle to the middle points of the opposite sides, are called the 


A 


B D L ¢ 


medians. The length of AD is given by the well-known geo- 
metrical theorem AB?+AC?=2(AD?+ BD), thus the squares 
of their lengths are given by 


m?=40+4e—-ha, me=}hce+ha?— hd 
me=40?+4b?— fe’.........(11). 
Let M, denote the angle ADC, then 
cot M, = DL/AL=}(BL-CL)/AL, 
where AL is perpendicular to BO, therefore M, is given by 
cot M, =} (cot B—cot (C)....... Sc sedemeed (12). 
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The point G, where the medians intersect one another, is called 
the centroid of the triangle. It is well known that @ divides each 
of the medians in the ratio 2: 1. 


EXAMPLES. 


(1) Prove that cot AGF + cot BGD + cot CGE=cot A + cot B+ cot C. 


(2) Jf a, B, y are the centres of the circles BGC, CGA, AGB, and A, A’ are 
the areas of the triangles ABC, aBy, prove that 48AA’=(a?+b?+c?)*, 
(3) Jf Ry, Re, Rs be the radii of the circles BAC, CGA, AGB, prove that 
a2 (b?—02) _ b?(c?—a2) _ c?(a?—b?) _ 
Ri Beaaa Gates iy 
(4) If the angles BAD, CBE, ACF are a, B, y, and the angles CAD, ABE, 
BOF are a’, 8’, y’, prove that 


cot a + cot B + cot y=cot a’ + cot 8’ + cot ¥. 


The bisectors of the angles. 


156. Let a and a, be the points in which the internal and 
external bisectors of the angle A meet the opposite side BO. Let 
Ff, 9, h be the lengths of the internal bisectors Aa, BB, Cy, and 
I’, 9,’ the lengths of the external bisectors Aa,, BB,, Cy,. To 
find the positions of a and 4, we have Ba/Ca= BA/OA = Ba/Ca,, 


whence 


To find the lengths f, f’, we have 
AABa+AA0a=S=AAxB-A Aa,C, 
hence f(b+c)sin$A =/’(c—b) cosf.A =28, 
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therefore f and /’ are given by 


2be ir diten % « 
f= 5750s 4, j="; sing A sewers (18). 


EXAMPLES. 


(1) If a,B,y are the angles that Aa, BB, Cy make with the sides a, b, ¢, 
shew that asin 2a+bsin28+csin2y=0 


(2) Jf fi, 1, bi are the lengths of the bisectors of the angles, produced to 
meet the circwm-circle, shew that 
f-1 cost} A+g-1cos}B+h-1!cos§hC=a-!+b-14071, 
and f, cos$A+g, cos$B+h, cos $}C=a+b+e, 


(3) Prove that a8 cuts Cy in the ratio 2c: a+b. 


The pedal triangle. 


157. The triangle ZMN formed by joining the feet of the 
perpendiculars AZ, BM, CN, from A, B, C, on the opposite sides, 
is called the pedal triangle of A, B,C. Let P be the orthocentre 


A 


B L C 


of the triangle ABC, then since PMA, PNA are right angles, 
a circle whose diameter is PA circumscribes PMAN, hence MN 
is equal to PA multiplied by the sine of the angle in the 
segment MN, or MN=PA sin A; now if O is the centre of the 
circum-circle, and OD is perpendicular to BC, it is well known 
that AP =20D, and we have shewn in Art. 151 that this is 


equal to 2Rcos A: hence MV =2R sin A cos A =a cos A. Also 
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the angles PLM, PLN are each the complement of A, or 
MLN =7-—24A; the sides and angles of the pedal triangle are 
therefore respectively 

acos A, bcos B, ccos e 

a7—-2A, w—-2B, r—20 
It should be remarked that ABC is the pedal triangle of I, J,l;. 
The pedal triangle of LMN is called the second pedal triangle of 
ABC, and so on. 


We have assumed that the triangle is acute-angled; if the angle 4 is 
obtuse, it can be easily shewn that the angles of the pedal triangle are 
2A—7, 2B, 2C, and that the sides are —acos A, bcos B, ecos C. 


EXAMPLES. 


(1) Prove that the radius of the circle inscribed in the triangle LMN 1s 
2R cos A cos B cos C. 


(2) If a, B, y are the diameters of the circles MPN, NPL, LPM, shew that 


(3) Prove that if ry’, ry’, 12’, rg! are the radii of the inscribed and escribed 


v- {3 ‘ 
circles of the pedal triangle, then “ets = a 


(4) Jf AL, BM, CN meet the circum-circle in L/, M’, N’, shew that 
Al SM ON) 4 
AL * BM * CN ~~ 


The distances between special pornts. 


158. Let P be the orthocentre, O the centre of the circum- 
circle, J of the in-circle, J, of one of the escribed circles, G@ the 
centroid, and U the centre of the nine-point circle of the triangle 
ABC. According to Euler's well-known theorem, the three points 
O, G, P lie on a straight line, and PG =20G; the point U is also 
on OP, at its middle point. Each of the angles JAO, IAP is equal 
to 4(B~0O); also AO=R, AP=2R cos A, 


AI=rcosecs}A=4Rsin$BsintC, Al,=4Rcosh Boosh. 


We can now find expressions for the distances of the points 
O, I, P, 1,, U from one another. 
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(1) To find OI=8 We have 


&= A0*+ AI*—2A0. AI cos OAT, 
hence 


&= R(1+ 16 sin? B sin? $C — 8 sin} Bsin}0 cos $B—O) 
or &= R(1—8sindA sin} Bsin $0), 


A 


we thus obtain Euler's formula 
OF = Bt DR oosseecoseeee ei Bation’ (15). 
(2) To find OI,=8,. We have 
6,2 = R2(1 +16 cos’? 4B cos? $C — 8 cos 4 Bcos $C cos $B — C) 
or 62 = R2(1+8sin}A cos4B cos }(), 
which gives 6,2 = B24 DRI, vcoscecceccecccceceeses+( 16) 
(3) To find OP. 


From the triangle OAP we have 
OP?=0A?+ AP?—20A.AP cos OAP 


or OP? = R2(1+ 40s? A — 4:cos A cos B-C), 
which gives OP? = R?(1—8cos A cos Bcos C) ......-000 (17). 
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(4) To find IP. We have 
IP? =4R* cos? A + 16R? sin? 4B sin? $C 
—16R?cos A sin} Bsin$C'cos4(B-O), 
hence [P?=4R? {cos? A +(1 —cos B) (1 — cos C) —cos A sin Bsin C 
—cos A (1 —cos B)(1—cos O)}, 
or IP? = 4R? {(1 —cos A) (1 — cos B) (1 — cos C) 
—cos A cos B cos C}...... (18), 


or TP? =27?—4R*cos A cos B cos C, 


(5) To find IU. We have 
IU?=31P?+4I0?—430P?; 

hence TW="4+4R?—Rr-iR*=(4R-ry; 

hence JU=4R-—r; in a similar manner it can be shewn that 
TU=4R+7,; now $F is the radius of the nine-point circle, 
hence the expressions we have obtained for JU, GU shew that 
the inscribed and escribed circles touch the nine-point circle. We 
have then a trigonometrical proof of Feuerbach’s theorem, of 
which a considerable number of geometrical proofs have been 
given. 


EXAMPLES. 


(1) If t1, te, ts are the lengths of the tangents from the centres of the 
escribed circles to the circum-circle, prove that 


1 1 1 a+b+e 


t? A 432 en tae ADO 
(2) Prove that the area of the triangle IOP is 
—2R? sin $ (B—C) sin $(C—A) sin 4 (A —B). 
(3) Prove that GI?=1 R? {3 sin? 4B sin? $C — 72 sin? A} 


and GI?+4Rr=}4 (be +ca + ab) —} (a2 +b? +0), 
Za? (a? — b?) (a? — c?) 
4 ) Vie= Se Se 
(4) Prove that OP (48)? 


(5) If a, B, y be the distances of the centre of the nine-point circle from the 
angular points, and g its distance from the orthocentre, shew that 


a? + B24 -y2+ 92=3R2 
(6) Prove that the nine-point circle does not cut the circum-circle unless the 
triangle is obtuse, and in that case they cut at an angle 


cos~!(1+2 cos A cos B cos C). 
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(7) Shew that, if the distance between the orthocentre and the centre of the 
circum-circle is $a, the triangle is right-angled, or else tan Btan C=9, 
(8) If Q ts the centre of the nine-point circle, shew that 
(QI: - QIs) (QI, — QI) =b? — 3, 
(9) Jf OIP ts an equilateral triangle, shew that cos A+¢cos B+cos C= 8. 


(10) If the centre of the in-circle be equidistant from the centre of the 
circum-circle and the orthocentre, prove that one angle of the triangle ts 60°. 


Expressions for the area of a triangle. 


159. A very large number of expressions for the area of a 
triangle, in terms of various lines and angles connected with the 
triangle, have been given. Large collections of such formulae 
will be found in Mathesis, Vol. 11. and in the Annals of 
Mathematics, Vol. 1. No. 6. 


We give here a few of these expressions, leaving the verification of them 
as an exercise for the student. 


(1) NV rrita%sy (2) V3 Ep, Pops; (3) 4 /o (o —m) (o — m2) (o — Ms) 


where Qo =, + 7g + M3. 
(4) aioe (5) fcos4(B—C)+gcos4 (C—A)+hcos}$(A — B) 
Zcot4A’ 2(f-1cos$A+g-tcos$B+h-tcostC) ” 
(6) r?cot4A cots B cots, (7) 1? cot4A+2Rr sin A, 


er /4R—(r, +72) 
(8) rargtan $A, (9) rr; ae (10) 11s me =. 


Various properties of triangles. 


160. If Q be any point in the plane of the triangle ABC, we 
have the identical relation AQBC+AQCA +AQAB=AABC, 
the areas of the triangles with vertex Q being taken with the 
proper signs; for example, AQBC is negative when @ and A are 
on opposite sides of BC. By taking Q in various positions, we 
obtain various well-known relations between the angles of a 
triangle. 

(1) Let Q be at O, the above relation becomes 

sin 2A +sin2B+sin2C0=4sin A sin Bsin C, 


since the angles BOC, COA, AOB are 2A, 2B, 2C respectively. 
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(2) Let Q be at J, we obtain the relation 
sin} A sind(B+0C)+sin4Bsin4(C+ A)+sin}Csin}(A + B) 
=2cos4A cos$Bcos $C. 
(3) Let Q be at U, we get 
sin A cos (B—C) +sin Bcos (C—A)+sin Ccos(A — B) 
=4sin A sin Bsin @. 


161. The identical relation which holds between the six 
distances of any four points A, B, C, Q, in a plane, may be 
expressed in various forms, 


(1) Using the equation AQBO+ AQCA +AQAB=AABC, 
and expressing each of the four triangles in terms of its sides, we 
have the required relation in a form involving four radicals. 


(2) To obtain the same relation in a rationalised form, denote 
the angles BQO, CQA, AQB by a, B, y respectively; then since 
a+ B+9=2, we have 

1 — cos? a — cos? 8 — cos? y + 2 cos acos 8 cos y = 0. 


Now substituting for cosa its value (QB?+ QO?— BO*)/2QB.QC 
with the corresponding expressions for cos 8, cosy, we have the 
required relation. 


162. Taking any general relation between the sides and 
angles of a triangle, another relation may be deduced, by re- 
placing the sides and angles by the corresponding sides and 
angles of the pedal triangle. The sides and angles of this 
triangle are given in (14), and we may therefore replace a, }, c, 
in the given relation, by acos A, bcos B, ccosC, and the angles 
A, B, OC by w—-2A, w—2B, 7-20. 

As an example of this transformation, we obtain from the 
known relation a?=b?+c¢?—2bc cos A, the new relation 


a’ cos? A = b* cos? B + c? cos? C + 2bc cos B cos C' cos 2A. 


This method of transformation may be extended, by taking 
the nth pedal triangle, of which the sides are 


(—1)"" a cos A cos 2.A cos 4A ... cos 2" A, 
(— 1)" b cos B cos 2B cos 4B ... cos 2" B, 


(— 1)" c cos O'cos 20 ... cos 2" C, 
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aud the angles are 


$(2"4+.1)r—2"A, 4(2"41)r—2"B, 4(2"41) 7-26, 
when n is odd, and 


—$(2"—1) r+ 2"A, —4(2"—1) r+ 2"B, —4(2"—1) 4-240, 
when n is even. 


Thus, in any relation between the sides and angles of a triangle, 
we are entitled to write (—1)"" acos A cos2A4 ... cos 2”—A for a, 
and 4(2"+1)m—2"A or 27A —4(2"—1)7 for A, according as n 
is odd or even, with corresponding expressions for the other sides 
and angles. 


163. In any general relation between the sines and cosines of the angles 
of a triangle, we may substitute pA+qB+r0, gA+rB+p0, rA+pB+¢0 for 
A, B, C respectively, where p, gy, 7 are any numbers such that p+q+r is of 
one of the forms 6n—1, 6n+2, where n is a positive integer, provided that 
when p+q+7 is of the form 6n—1, the signs of all the sines are changed, and 
when p+q+-7 is of the form 6n+2, the signs of all the cosines are changed. 

This theorem follows from the facts that in the first case the sum of the 
angles 2Inr —(pA+qB+4+r7C), Inr —(qA+rB+pC), Ina —(rd+pB+qC) is 7, 
and in the latter case the sum of the three angles 

(Qn+1)7-(pA+gB+rC), (2n+1)r-(gA+rB+pC), 
(2n+1)7—(rA+pB+QC), is mr. 


Properties of quadrilaterals. 


164. Let ABCD be a convex quadrilateral; denote the sides 
AB, BC, CD, DA by a, b, ¢, d respectively, and the diagonals AC, 


A 
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BD by «, y respectively; also let A +C= 2a, and let be the 
angle between the diagonals. 

We shall find an expression for the area S of the quadrilateral 
in terms of a, b, c,d, and a We have 

y =a? + d?—2ad cos A = b? + c?— 2he cos C, 
therefore ad cos A — bce cos C=4(a?+ d?—b?—c*), 
also adsin A + besinC =2S; 
square and add the corresponding sides of these equations, we get 
a?d? + b?c? — 2abcd cos 2a = 4S? + 4 (a? + d?— 6? —c’)?, 

hence 16S8?= 4 (ad + bc)? — (a? + d? — b? — c*)?— 16abed cos’ a, 
or 16S?= {(a+d)?— (b —c)*} (6+)? — (a —d)*} — 16abed cos? a ; 
hence S?=(s — a) (s—b) (s—c) (s — d) — abcd cos*a...... (19), 
where 2s=at+b+c+d. 

In the case of a quadrilateral inscribable in a circle we have 


2a=7r, thus 
S?=(s—a)(s—b)(s—c)(s—@) ..........5. (20). 


The expression (19) shews that the quadrilateral of which the sides are 
given has its area greatest when a=4m, that is, when the quadrilateral can 
be inscribed in a circle. 


The theorem (20) was discovered by Brahmegupta, a Hindoo Mathema- 
tician of the sixth century. 


165. Expressions for the area of a quadrilateral can be found, 
which involve the lengths of the diagonals and the angle between 
them. 

The area of the quadrilateral is the sum of the areas of the 
four triangles into which the diagonals divide it; the area of each 
of these triangles is half the product of the two segments of the 
diagonals which are sides of it, multiplied by sing; hence by 
addition we have 


SSE BELO cacscatsaauccte (oaeeors (21). 
Also ¢ 


204A . OB cos $ = 0A? + OB?— a3, 200. OD cos ¢ = OC? + OD? — 
204 . OD cos $ = d?— 0.A?— OD?, 20B.0C cos d= b*— OB? — oct 
hence 2ay cos h = b? + d?—a?—C8 oe (22), 
therefore S=43(0?+d?—a?—c*) tan h oo... eee (23), 
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and eliminating ¢, we obtain Bretschneider’s formula 
S=} [dary — (084+ dat o)}8 oc. (24), 
which expresses the area in terms of the diagonals and the sides. 
If a circle can be inscribed in the quadrilateral, we have a+c=b+d, 


hence the formulae (23), ' (24) become S=4(ac—bd) tang, and 
S=} {x%y? - (ac—bd)}4, 


166. An expression may be found for the product of the 
diagonals of a quadrilateral, in terms of the sides and the cosine 
of the sum of two opposite angles. 

Through B and C draw straight lines meeting in &, so that 
the angles CBH, BCE may be equal to the angles ABD, ADB, 
respectively. The triangles HCB, ABD are similar, hence 

AD BD_AB 
CE OB BE’ 


Cc 


thus AD.CB=BD.CE. Also since the angles CBD, ABE are 
equal, and AB: BE:: BD: BO, the triangles ABE and CBD are 
similar, therefore AB.CD = BD. AE. 


Since AOQ?=AH?+ EC?—-2AE. EC cos (A +0), 
multiplying by BD?, we have 
wy? = ac? + bd? — 2abed cos 2a .........++. (25). 
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If 2a=7, we have Ptolemy’s theorem wy = ac + bd, for a quadri- 
lateral inscribed in a circle. 

If 2a=477, we have «7? =a’c? + b’d*, for a quadrilateral in 
which the sum of two opposite angles is a right angle. 


167. In the case of a quadrilateral inscribed in a circle, the 
lengths of the diagonals a, y, and of the third diagonal, formed by 
joining the point of intersections of the sides a and ¢ to that of 
b and d, may be found in terms of the sides, 


fF 


Let FG@ be the third diagonal, and denote the lengths of 
AC, BD, FG by 2, y, z respectively. We have 


a? = a?+ b?—2abcos B 


and x= c+ d?—2cd cos D, 
Likel \e tat 08 tr 
nonce Si (a He) gear 
hence a = (ac + bd) (ad + bc)/(ab + cd) ...0.....00: (26), 


and similarly it may be shewn that 
y’ = (ac + bd) (ab + cd)/(ad + be). 
We have also 


Fa=ApD 0D dar 


sin (A +D)~ ycos D+a cos A’ 
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and similarly FR= aD ead ' 
Zz COS 


FA FB FB-FA a 


h |] ae ee 
eels da by by—dx by—da 
a*bda 
hence FA.FB=7 ea — 
it may be shewn in a similar manner that 
Bacay 
GC.GB= (CHEE 


Now the square on FG is equal to the sum of the squares of the 
tangents from / and @ to the circle (see McDowell’s Geometry, 
p. 92), hence we have 
pe ay ehh geet 
1 by = day (ay = cary 
Now from the values found above, for 2* and y?, we have 
oe Ye by — dn ay cn. 

ad+be ab+cd a(h—d*) b(a*—e)’ 

therefore substituting in the expression for 2*, we obtain 


b 
z= (ad + be) (ab + cd) wow at ao 


EXAMPLES. 
(1) Ff the quadrilateral is inscribed in a circle, shew that the radius of the 


Chay 1 {(ab+ced) (ac-+bd) edt bo8 
4 {a5 (s—b) (s—c) (s—d) 


(2) Shew that the distance between the centre of a circle, of radius r, and 
the intersection of the diagonals of an inscribed quadrilateral is 


abcd dat Lbs [(ac+ bd) {ac (b? — d®)? + bd (a? — oy 78. 


(3) Shew that the diagonals of a quadrilateral inscribed in a circle meet at 
(ab + ct) ~ (bd) 1 {SeenON and that th 
2 (ac+ bd) or 2tan (g—8) (@—c) at the 


abcd (ac + bd) 
product of the segments of a diagonal is apa arr bs)" 


an angle cos} 


(4) If 8 is the area of a quadrilateral inscribed in a circle, shew that the 
straight lines joining the middle points of the opposite sides meet at an angle 
z 48 (ad + be) ah 
ia Pee ~d2) (atm o)’ act bd 
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(5) If E, F, G are the intersections of pairs of the diagonals of a quadri- 
lateral inscribed in a circle, shew that the area of the triangle EFG is to that of 
the quadrilateral in the ratio a?b?c?d? : (a? b? ~ c?d?) (ad? ~ b*c?). 

(6) Prove that the area of a quadrilateral in which a circle can be 
inscribed is abcd sin}(A+C); shew also that /ad sing} A=Wbe sin$C. 

(7) With four given straight lines, three distinct quadrilaterals can be 
constructed, each of which is inscribable in a circle; their areas are equal; the 
six diagonals which intersect within the circle are equal in pairs; and vf a, B, y 
be the lengths of these lines, S the common area, and R the radius of the circle, 
shew that R=aBy/48. 

(8) The difference of the areas of the triangles whose bases are the sides 
b, d of a quadrilateral, and whose vertices coincide with the intersection of the 
diagonals, is ¢/4a?c? — (x?+ y?— b? — d?)?, 

(9) If a quadrilateral be such that all rectangles described about it are 
similar, shew that a?+c?=b?+d2, 

(10) A quadrilateral 1s such that one circle can be described about it, and 
2 Vabed 
atb+c+d° 
(11) Jf the diagonals of a quadrilateral intersect in O, shew that 
area AOB, area ABCD=area ABC, area ABD. 


another inscribed in it; shew that the radius of the latter is 


Properties of regular polygons. 


168. Let O be the centre of the circles circumscribed about 
and inscribed in a regular polygon of n sides. Let R, r be the 
radii of the former and the latter circles, and let a be the length 
of a side of the polygon. 
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If AB be a side of the polygon, and D its point of contact 
with the inscribed circle, the angle AOB is 2a/n, and the angle 
AOD is m/n; we have 


a= 2R i ud = a 
sin | 2r tan Pa seeterese (28), 


thus the radii of the circles are determined, when the side a is 
given. The area of the triangle OAB is 


1 Sha 1 
g R’sin —-, or Zar, or mtan =, 


hence the area of the polygon is 
1 we 
5 nh? sin = or nr* tan = i See ede ee (29), 


It should be observed that the problem of inscribing or circum- 
scribing a regular polygon of n sides in, or about a circle, is 
reduced to the determination of the circular fwnctions of the 
angle 7/n. 


169. EXAMPLES. 


(1) Circles are described on the sides a,b, c of a triangle as diameters, prove 
that the diameter D of a circle which touches the three externally is such that 


D D ee ye 
ee aah ct N os eed Nae 


If D, EZ, Fare the middle points of the sides of the given triangle, and 0 
is the centre of circle whose diameter is D, we have 
OD=}(D-a), O#=4(D-b), OF=4(D-c): 


also 4a, $b, $c are the sides of the triangle DHF, thus expressing the areas of 
the triangles in the relation AOZF+A0FD+ AODE=A DEF, in terms of 
the sides, we obtain the required relation. 


(2) From a point P, perpendiculars PL, PM, PN are drawn to the sides 

of a triangle ABC; shew that the area of the triangle LMN is 
4 (R?—d?) sin A sin B sin C, 
where d is the distance of P from the centre of the circum-circle. 

Produce OP to meet the circum-circle in P’, and let P’L’, P’M’, P’N' be 
drawn perpendicular to the sides, their feet lie on a straight line called the 
pedal line of P’ with respect to the triangle. The perpendicular from a point 
on the side of a triangle is reckoned as positive or negative according as the 
point is on the same side or the opposite side of that side as the opposite 
angle of the triangle. 
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PL-ODY OF. : 
PL-0D OP 
with similar expressions for PM, PN; now 


2A LYUN=PM. PNsinA+PN. PLsinB+PL. PMsin€ 


We have , hence PL=(R—-d) cos A + R Leib, 


=(-d)?Zsin A cos B cos ors, 2P'M'. P'N'sinA 


+9 (R—d)3P'L' sin A; 


also $2 P’M’. P'N'sin A is the area of the triangle L’M'N’, which is zero, and 


, “yr 'B uk, 
3P'L'sin A= 3a. P'L=53\P BC =7, 4 ABO, 


and sin A cos Bcos C=sin A sin BsinC; 


hence 2A LMN=(R-d)*sin Asin Bsin C+2d (R-d)sin Asin BsinC 
=(f?— qd?) sin A sin Bsin C. 


(3) Jf A, B, C be any three fixed points, and P any point on a circle whose 
centre is O, shew that AP?. ABOC+BP?. ACOA+CP2.A AOB 7s constant 
for all positions of P on the circle. 


Denote the angles BOC, COA, AOB by a, B, y, then a+ 8+y=2r, and let 
the angle POA be 6. We have AP?=O0P?+40A?-204 . OP cos 6, and similar 
expressions for BP?, ('P?, hence the expression above is equal to 


OP?, A ABC+30A*. A BOC-20P3 0A. A BOC. cos 6; 
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the first two terms in this expression are independent of the position of P on 
the circle, and the coefficient of 20P in the last term is 
304. OB. OC {cos sin a+cos (6+) sin 8 +cos (8 — 8) sin y} 
or 40A. OB. OC cos 6 (sin a+sin 8 cos y+cos B sin y) 
which is zero; thus the theorem is proved. 
Particular cases of this theorem are the following: 


(a) PA*sin24+PB?sin2B+PC*sin2C is constant if P lies on the 
circum-circle ; 


(6) PA*sind+PB?*sin B+ PC? sin C is constant if P lies on the 
in-circle. 


(ce) PA*sin 4 cos (B-C) + PB? sin B cos (O— A) + PC* sin C'cos (A — B) 
is constant if P lies on the nine-point circle. 


(4) Shew that the length of the side of the least equilateral triangle that 
can be drawn with its angular points on the sides of a given triangle ABC is 
2A /2 
Var+b?+c24+4 WEIN 
where A is the area of ABC. 
Let DEF be such an equilateral triangle, and let the circle round DEF 


cut BC and AC in H and G respectively; the angles /G:A, FHB are each 60° 
thus FG, FH are in fixed directions; also the angle HFG is 120°-C, 


RS 
od ba ie 


We have, if A’ be denoted by 2, 


FG=xsin A/sin 60°", FH =(e- 2) sin B/sin 60°, 
hence 


HG? =cosec? 60° {a? sin? A +(c—.v)? sin? B — 2x (¢— x) sin A sin B cos (120° — O)}. 
Now the radius of the circle is HG/2 sin (120° — @), hence the circle is least 
when HG@ is least. The least value of a quadratic expression Ax +2ux +», 
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3 * 
in which 2 is positive, is v — e , for \x24+2u0x+v may be written in the form 
2 2 
r o+t) +v =f . We find therefore for the least value of HG sin 60°, 


(csin? B+csin A sin B cos 120°— C)? 
C) 


+9 —— or ora 
{ct sin? B sin? A +sin? B+2sin A sin B cos (120° — 


which is equal to 

csin A sin B sin (120°—C) 

{sin? A + sin? B+ 2 sin A sin B cos (120° — cys’ 
72 c2sin Asin B sin (120°— C) 

sin CVa?+ 82+ 244734 

Now the side of the equilateral triangle is HG sin 60°/sin (120° — C), thus 
2A /2 
Vat+b2+c24+4/3h 
(5) Describe three circles mutually in contact, each of which touches two 

sides of a given triangle. 


the least value of the side is 


A 


M 
B 


Let 1, p2, p3 be the radii of the circles, then MN =2 \/pops, 


hence a=BM+CN+ MN =p, cot $B+ ps cot $C0+2 Vpsp3y 
with similar equations for 6 and c¢. 
Let =p, cot$A, y*=pscot$B, 2= pacot tC, 


we find sin?a=1—tan}Btan}C=a/s, and similarly sin?8=6/s, sin? y=¢/s, 
hence we have the equations 


yt+2?—2yzcosa _ A#+a°-2emcosB _ a?+y?—Qxy cosy 
sin?a sin? B Sr ee | 
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these have been considered in Art. 68, Ex. (12); adopting the first solution 
there found, we have 


az="/s cos(a-a), y=A/scos(c—f), z=As cos (oy), 
where 2c=a+Bt+y, 
hence 
pi=stan$ cos?(c—a), pe=stan}Bcos?(¢—), p3=stan $C cos? (¢ —y) 
are the required radii of the circles. The other solutions give the radii of 


three sets of circles which are such that two in each set touch two sides 
of the triangle produced ; of one such set, the radii are 


stan$Acos?s, stan}Bcos*(s—y), stan4$Ccos?(s—£). 


There are altogether eight sets of circles which satisfy the conditions of 
the problem. 

This solution is founded on that of Lechmiitz given in the Wowvelles 
Annales, Vol. v. A geometrical solution of this problem, which is known as 
“Malfatti’s Problem,” will be found in Casey’s Sequel to Huclid. A history of 
the problem will be found in the Bulletin de l’ Académie Royale de Belgique : 
for 1874, by M. Simons, 


EXAMPLES ON CHAPTER XII. 


1. If 6 be the angle between the diagonals of a parallelogram whose sides 


2ab sin 
a, b are inclined at an angle a to each other, shew that tan 6= ane 


2. If a, B, y be the distances, from the angular points of a triangle, to 
the points of contact of the inscribed circle with the sides, shew that 


3. The area of a regular inscribed polygon is to that of the circumscribed 
polygon, of the same number of sides, as 3: 4; find the number of sides. 


4. From each angle of a parallelogram a line is drawn making the same 
angle, towards the same parts, with an adjacent side, taken always in the 
same order; shew that these lines will form another parallelogram similar to 
the original one, if a?~b2=2abcos B, where a, b are the sides, and B is an 
angle of the parallelogram. 


5. The straight lines which bisect the angles A, C of a triangle meet the 
circumference of the circum-circle in the points a, y; shew that the straight 
line ay is divided by CB, BA into three parts which are in the ratio 


sin? 4A: 2sin$A sin} Bsin}C: sin? $C. 
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6. If Ibe the centre of the in-circle of a triangle, Ja, /b, Jc perpendiculars 
on the sides, p;, pz, ps the radii of circles inscribed in the quadrilaterals 


Able, Bela, CaIb, prove that 


7. Prove that the line joining the centres of the circum-circle and the 
sin B~sin C ) 


Pale ; : =f 
in-circle of a triangle makes with BC an angle cot (ss cael al 


8. If, in # triangle, the feet of the perpendiculars from two angles, on the 
opposite sides, be equally distant from the middle points of those sides, shew 
that the other angle is 60°, or 120°, or else the triangle is isosceles. 


9. If ABC be a triangle having a right-angle at C, and AZ, BD drawn 
perpendicularly to AB meet BC, AC produced in E, D respectively, prove 
that tan CHD=tan' BAC, and A ECD=A ACB. 


_ 10, If a point be taken within an equilateral triangle, such that its 
distances from the angular points are proportional to the sides a, 6, ¢ of 
another triangle, shew that the angles between these distances will be 


tr+A, 474+B, $740, 


11. The points of contact of each of the four circles touching the three 
sides of a triangle are joined; prove that, if the area of the triangle thus 
formed from the inscribed circle be subtracted from the sum of the areas of 
those formed from the escribed circles, the remainder will be double of the 
area of the original triangle. 


12. If ABCD is a parallelogram and P is any point within it, prove that 
A APC.cot APC—A BPD. cot BPD is independent of the position of P. 


13. Three circles touching each other externally are all touched by a 
fourth circle including them all. If a, 6, c be the radii of the three internal 
circles, and a, 8, y the distances of their centres from that of the external 
circle respectively, prove that 


By ya, a8\_,,@ B »2 
(F re +5) =4+5, Soba ol 
14. P,Q, R are points in the sides BO, C/A, AB of a triangle, such that 
THE OOo okt : 
oso a = Fpi shew that 4 P24 BQ?+ CR? is least, when P, Q, R bisect the 


sides. 


15. On the sides a, 6, ¢ of a triangle are described segments of circles 
external to the triangle, containing angles a, 8, y respectively, where 
a+8+y=r7, and a triangle is formed by joining the centres of these circles ; 
shew that the angles of this triangle are a, f, y. 
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16. Through the middle points of the sides of a triangle, straight lines 
are drawn perpendicular to the bisectors of the opposite angles, and form 
another triangle; prove that its area is a quarter of the rectangle contained 
4 the perimeter of the former triangle and the radius of the circle described 
about it. 


17. P is a point in the plane of a triangle ABC, and LZ, M, MW are the feet 
of the perpendiculars from P on the sides; prove that if /V+NL+LM be 
constant and equal to /, the least value of 


PA?+PB?+ PC? is 12/(sin? A + sin? B+sin? C), 


18. Lines B’C’, C’A’, A’B’ are drawn parallel to the sides BC, CA, AB 
of a triangle, at distances r;, rz, rs respectively; find the area of the triangle 
A’B'O". 

If eight triangles be so formed, the mean of their perimeters is equal to the 
perimeter of the triangle ABC, but the mean of their areas exceeds its area by 


(a? 7742 + b? 792+ 02 7752)/4A. 

19. On the sides of a scalene triangle ABC, as bases, similar isosceles 
triangles are described, either all externally or all internally, and their vertices 
are joined so as to form a new triangle A’B’C’; prove that if A’B‘C’ be equi- 
lateral, the angles at the base of the isosceles triangles are each 30°; and that 
if the triangle A’B’C" be similar to ABC, the angles are each 


4A 


ee 
a: a? +b? + ¢2? 


where A is the area of ABC. 


20. A straight line cuts three concentric circles in A, B, C, and passes at 
a distance p from their centre; shew that the area of the triangle formed by 
BC.CA.AB 
2p ; 
21. If W is the centre of the nine-point circle of a triangle ABC, and 
D, E, F are the middle points of the sides, prove that 
BC cos NDC+CA cos NEA+ AB cos VFB=0. 


the tangents at A, B, Cis 


22. On the side BA of a triangle is measured BD equal to AC; BC and 
AD are bisected in H and F; Z and F are joined ; shew that the radius of 


the circle round BEF is }BCcosec 4 A. 

93. If A’, B’, C’ be any points on the sides of the triangle ABC, prove 
that AB’. BC’. OA'+B'C.C'A. A B=48. A A'BIC’, 

24. If a, y, 2 denote the distances of the centre of the in-circle of a 


triangle from the angular points, shew that 
atat+dtyt+cA+(atb+o)2arytz?=2 (brctytz? + ca? 223+ a2b?x*y?), 


25. D, E, F are the points where the bisectors of the angles of the 
triangle ABC meet the opposite sides; if , y, 2 are the perpendiculars 
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drawn from A, B, C, respectively, to the opposite sides of DEF, p,, P2, Ps 

those drawn from A, B, C, respectively, to the opposite sides of ABC, prove 

that: 2 2 2 

Cee a ie ; : : ] 

at x tee 11+8singAsin$Bsin $C. 

26. Shew that the distances of the orthocentre of a triangle from the 
angular points are the roots of the equation 


3—2(R+r) 224 (r?—-4R? +s?) e—2R {s? — (r+2R)}=0. 


27. If each side of a triangle bears to the perimeter a ratio less than 
2:5, a triangle can be formed, having its sides equal to the radii of the 
escribed circles. 


28. ABC isa triangle inscribed in a circle, and from D, the middle point 
of BC, a line is drawn at right angles to BC, meeting the circumference in # 
and F; AF, AF are joined. If triangles be described in the same way by® 
bisecting AB, AC, shew that the areas of the three triangles thus formed are 


Ma sin (B—C):sin (C— A): sin (A-—B). 


29. Three circles, whose radii are a, 6, c, touch each other externally ; 
prove that the radii of the two circles which can be drawn to touch the three 


are abe 


(be-+ca+ab)+2Vabe(a+b+c) 


30. ABC is a triangle; on its sides equilateral triangles A’BC, BCA, 
C’AB are described without the triangle; prove that (1) AA’, BB’, CC’ meet 
in a point O, (2) 0A’=0B+ 00, 

V3 


(3) A A'B'C’=5A ABC +—- (BC? + CA? + AB), 

31. A’, B’ are the middle points of the sides a, 6 of a triangle; D, E are 
the feet of the perpendiculars from A, B on the opposite sides; A’D, B’E are 
bisected in P, Q; prove that PQ=}/a?+ 0? — 2ab cos 30. 


32, The perpendiculars from the angular points of an acute-angled 
triangle meet in P, and PA, PB, PC are taken for sides of a new triangle. 
Find the condition that this is possible, and if it is, and a, 8, y are the angles 
of the new triangle, prove that 


cosa , cosB | cosy 


1+ 
cosA  cosB cosC 


=}sec A sec Bsec C, 


33. Two points A, B are taken within a circle of radius r, whose centre 
is C. Prove that the diameters of the circles which can be drawn through 
A and B to touch the given circle are the roots of the equation 


x? (2c? — a? b? sin? C) — Qarc? (r?— ab cos C) +c? (r# — 2r? ab cos C+a?b?)=0, 


where the symbols refer to the parts of the triangle ABO. 
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34. If a triangle be cut out in paper, and doubled over so that the crease 
passes through the centre of the circumscribed circle and one of the angles A, 
shew that the area of the doubled portion is 


$0? sin? C’cos C cosec (20 — B) sec(C'— B), where C>B. 


35. From the feet of the perpendiculars from the angular points A, B,C 
of a triangle, on the opposite sides, perpendiculars are drawn to the adjacent 
sides; shew that the feet of these six perpendiculars lie on a circle whose 


radius is R (cos? A cos? B cos? C'+sin? A sin? B sin? C)}, 


36. Prove that if P be a point from which tangents to the three escribed 
circles of the triangle ABC are equal, the distance of P from the side BC 


will be 
$(b+c)sec$4sin$B sin $C. 


37. If «x, y, 2 be the sides of the squares inscribed in the triangle ABC, 

énPthe Hides" BO) C4ae\AB shew thay 44 bodeat gd ds 
CRP TIF 3 BO ID 

38. AA’, BB’, CC’ are the perpendiculars from A, B, C on the opposite 
sides of the triangle ABC; 0,, O03, 03 are the orthocentres of the triangles 
AB’C’, BC’A', CA'B’. Prove (1) that the triangles 0,0,03, A’B’C’ are 
equal, and (2) that 27,2,?=R, R,R,, where R,, Ry, R, are the radii of the 
circles 0,A’03, O3B’0O,, 0,C’O., and 1; is the radius of the circle inscribed in 
A’B'C’, and R, of the circle about A’B’C’. 


39. If 2, y, z are the distances of the centres of the escribed circles of a 
triangle, from the centre of the in-circle, and d is the diameter of the circum- 


circle, shew that 
ayztd (2 +y?+ 2) =4d8, 

40. The lines joining the centre of the in-circle of a triangle, to the 
angular points, meet that circle in A,, B,, C,; prove that the area of the 
triangle A,B,C, is $r2(cos $A +cos$B+cos $C). 


41. If each side of a triangle be increased by the same small quantity 2, 
shew that the area is increased by Rx (cos A + cos B+cos C), nearly. 


42. AA’, BB’, CC’ are diameters of a circle, D, H, F are the feet of the 
perpendiculars from A’, B’, 0’ on BOC, OA, AB respectively ; prove that AD, 
BE, OF meet in a point, and that the areas ABC, DEF are in the ratio 


1:2cos A cos Bcos C, 


43. If ID, IE, IF are drawn from the in-centre J of a triangle, perpen- 
dicular to the sides, find the radii of the circles inscribed in JAF, IFBD, 


IDCE; if they are denoted by pi, ps, ps respectively, shew that 
r —2p1) (7 — 2pz) (7 — 2ps)=7° — 41 paps- 
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44. Shew that the radii of the circle which touches externally each of 
three given ‘circles, of radii a, 6, ¢ which touch each other externally, is 
given by 

Robe (b+e+R) +N Rea (e+a+ Rk) +V Rab (a+b+R)=Vabe(at+bte). 


45. Perpendiculars 44,, BB,, CC, to the plane of a triangle ABC are 
erected at its angular points, and their respective lengths are a, b,c; shew 
that if A and 4, be the areas of ABC and A,B,C;, then 

A,t- At=} (a? (w—y) (7-2) +B°(y—2) (y—2) + (e— 2) (¢—y)} 
=} (ay? (@- y) (w-2) +b? (y—2) (y— 2) +07 (2-2) (2@—y)}- 


46. Three circles are described, each touching two sides of a triangle, and 
also the inscribed circle. Shew that the area of the triangle having their 
centres for angular points bears to the area of the given triangle the ratio 

4sin}Asin$Bsin}C(sin}4+sin}B+sin}$C) 
: cos$A cos$Bcos$C(cos$A+c0s$B+cos $C). 

47. If the lines bisecting the angles of a triangle meet the opposite sides 
in D, E, F, prove that the area of the triangle DEF is 

2r?2 cos $A cos $B cos $C/cos $ (B—C) cos 4 (C— A) cos$(A—B), 
and that 
(a+b)?(a+c)PHF?+(b+c)*(b+a)? FD? + (c+ a)?(c+b)? DE2=16A2R(11R +27), 
where A is the area of ABC. 


48. 0 is the centre of the circum-circle of a triangle, K is the ortho- 
centre, and OX meets the circle in P and P’, and the pedal lines of P and P’ 
in Q@ and Q’; prove that OQ. 0Q’=2R? cos A cos B cos C. 


49. WV is the centre of the nine-point circle of a triangle; D, EZ are the 
middle points of CB and CA; prove that the area of the quadrilateral VDCH 
is $p?(sin2A +sin2B+2sin2C), where p is the radius of the nine-point circle. 


50. A triangle is formed by joining the centres of the escribed circles, a 
third from this, and so on; shew that the sides of the nth triangle are 
n—A 38r+A WG eae ae al A alt 


A 
a cosec = cosec aa : 


2 ga COBEC 95 


and similar expressions, 


51. If is the centre of the nine-pvint circle of ABC, and AV meets BC 
in D, shew that 
DN: DA ::cos(B—C): 4sin Bsin C, 


and that the area of BVC is 42? sin A cos (B- C). 
52. Shew that the radius of the circle which touches the three circles 


DCH, EAF, FBD, where D, E, F are the feet of the perpendiculars from 
A, B, C on the opposite sides, is 


2R sin A sin Bsin Ccos A cos B cos C(sin A +s8in B+ sin C) 
sin? A sin? B sin? C— 3 sin? A cos? A +2 cos A cos Bcos CS sin Bsin CO’ 
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53 If from any point O, perpendiculars OD, OL, OF are drawn to the 
sides BU, CA, AB of a triangle, prove that cot dDU'+cot BEA + cot CFB=0. 


54. If b, c, B are given, and there are two triangles with these given 
parts, shew that their inscribed circles touch, if 
ce? (cos? B+2 cos B—3)+2be (1 —cos B) +b2=0. 


5. If t,, t2, ts be the lengths of the tangents drawn from the centres of 
the escribed one of a triangle to oe nine-point circle, shew that 


t,3 ty? —ty | tf—ty? | ts? 0,2 
ere ea =r+7R, and ° aaa AL 
rT) 72 rs, pie 1—T3 "3-1 


=2r+11R. 


56. Prove that the sum of the squares of the distances of the centre of 
the nine-point circle of a triangle, from the angular points, is 


R? (42+2 cos A cos B cos C). 


57. Four similar triangles are described about a given circle, and their 
areas are A, Aj, Ae, 43, shew that 


2 
(a) an angle of the triangles is 2 cot~? (S4) ’ 
Ao Ag 
(6) ab=a,t+ab +.,3, 
(c) the radius of the circle is (AA, AoAs)*. 


58. Through the angles A, B, C of a triangle, straight lines are drawn 
making angles 6, ¢, W with the opposite sides of the triangle, in the same 
sense. Prove that the diameter of the circle circumscribing the triangle 
formed by these lines is 
sin (24 +—wW) cos 6+sin (2B+y— 6) cos P+ sin (20+6— p) cosy 

sin(A+$-—wW)sin(B+yp — 4) sin (C+6—- >) 


59. The sides of a triangle subtend angles a, 8, y at a point 0; prove that 
(1) costa+cos}$8+cos }y=4 cos} (8+) cos } (y+a) cos} (a+), 
be sin (a— A) : 
bc sin asin (a— A)+ca sin B sin (B— B)+ab sin y sin (y—C) 


R. 


(2) OA= 


60. If d,, dz, d; be the distances of any point in the plane of an equi- 
lateral triangle whose side is a, from the angular points, prove that 
de? dg? + da? dy? + dy? dy? + a? (dy? + dy? + ds?) =at+ dyt+ dot + dst. 
Hence shew that the sum of two equilateral triangles, each of which has 
its vertices at three given distances from a fixed point, is equal to the sum of 
the equilateral triangles described on the distances. 


61. If P be any point within a triangle ABC, and 0,, 02, Oz are the 
circum-centres of the triangles BPC, CPA, APB respectively, then if p be 
the circum-radius of 0,0,03, shew that 

4p sin @sin d sin P=a sin 6+ysin $+zsin y, 
where 2, y, z are the lengths PA, PB, PC, and 6, , p are the angles BPC, 
CPA, APB. 
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62. If a, b,c be the radii of three circles touching each other externally 

and 71, 7, be the i of the two circles that can be drawn to touch these 
i 2 
three, shew that = +2 det J + 2 +=. 
abe 

63. If the bisectors of the angles B, C, of a triangle, meet the opposite 
sides in E, F, prove that HF makes with BC an angle 
(6—c) sin A 


Bag FESS cos C+(a+c) cos B* 


64. If Ibe the centre of the circle inscribed in 4 BC, J, that of the circle 
inscribed in JBC, J, that of the circle inscribed in J, BC, and so on; shew 
that as n indefinitely increases, J,J,., divides BC in the ratio of the 
measures of the angles C and B. 


65. Points D, #, F are taken on the sides BC, CA, AB of a triangle, and 
through D, #, F are drawn straight lines B’C’, C’A’, A’B’, equally inclined to 
BC, CA, AB respectively, so as to form a triangle A’B’C’ similar to ABC. 

Prove that the radius of the circumscribed circle of A’B’C’ is 


(EF cos a+FD cos 8+ DE cos y)/4 sin A sin B sin C, 


where a, 8, y are the inclinations of 44’, BB’, CC’ to BC, CA, AB re- 
spectively. 


66. If P be a point on the circum-circle whose pedal line passes through 
the centroid, and if the line joining P to the orthocentre cuts the pedal line 
at right angles, prove that 


PA?+ PB*+ PC?=4R? (1-2 cos A cos Bcos C),. 


67. D is a point in the side BC of a triangle; if the circles inscribed in 
the triangles ABD, ACD touch AD in the same point, prove that D is the 


point of contact of the in-circle of ABC with BC; but if the radii of the 
circles be equal, then 


CD: BD :: cosec D+cosec C': cosec D+ cosec B. 


68. From a point within a circle of radius 7, three radii vectores of 
lengths 7, 72, 73 are drawn to the circle, and the angle contained by any 
pair is 27/3; shew that 


37? (rears rar +172)? = (72 +773 +73?) (738+ 7371 +71?) (M2 +71 72 +79%), 
and that the distance of the point from which the radii are drawn, from the 
centre of the circle, is d, where 


(7? — dl?) (rors trary +0112) = 7273 (ry +7e+79). 


69. Circles are inscribed in the triangles D, 2, F,, D, Ey, Fo, D; Es F's, 
where D,, #,, F; are the points of contact of the circle escribed to the side 
BC; shew that if p;, pz, pz be the radii of these circles 


Levy 


—:—:—=l-tan}A:1- 
meres an t tan ¢B:1—tan}@, 
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70. Ina triangle ABC, A’, B', C’ are the centres of the circles described 
each touching two sides and the inscribed circle; shew that the area of the 
triangle A’B’C’ is 

tan $ (7 — A) tan } (w—B) tan} (w—-C) 
{cosec ¢ (mw — A) cosec } (2 — B) cosec } (wm — C)+4} 13. 


71. The three tangents to the in-circle of a triangle which are parallel to 
the sides are drawn ; shew that the radii of the circles inscribed in the three 
triangles so cut off from the corners are given by the equation 


8°23 — rs? x? — pr? (a? + 6? + 0? — Qbe — 2ea — ab) x—1r5=0, 


72. The perpendiculars from the angular points of a triangle on the 
straight line joining the orthocentre and the centre of the in-circle are p, g, 7; 
prove that psin A qsin B rsin C 


sec B—secC secO—secA sec A—sec B’ 


a cunvention being made as to the signs of p, q, r. 


73. A point is taken within an equilateral triangle, and its distances 
from the angular points are a, 8, y. The internal bisectors of the angles 
between (8, y), (y, 2), (a, 8) meet the corresponding sides of the triangle in 
P, Q, R respectively ; shew that the area of PQR is to that of the equilateral 
triangle in the ratio 


2aBy : (8+y) (y +a) (a+). 


74, If, m, n are the distances of any point in the plane of a triangle 
ABO, from its angular points, and d@ the distance from the circum-centre, 
prove that 

P sin 2A +m? sin 2B+7n? sin 20=4 (R?+d?) sin A sin B sin C. 


75. If G is the centroid of a triangle, shew that 
cot GAB+cot GBC+ cot GCA =3 cot o=cot ABG+ cot BCG +cot CAG, 
and cot AGB+cot BGC+ cot CGA +cot o=0, 
where cot a=cot A+cot B+cot C. 
Also if K be the symmedian point, that is a point in the triangle, such 
that the angles KAC, GAB are equal, and two similar relations, then 
cot AKB+cot BKC +cot CKA+4 cot o+ 3 tan o=0, 


76. Each of three circles, within the area of a triangle, touches the other 
two, touching also two sides of the triangle; if a be the distance between the 
points of contact of one of the sides, and 8, y be like distances on the other 
two sides, prove that the area of the triangle of which the centres of the 


circles are angular points is } (B2y2+y2a? + a2A2). 
77. If a, b, c,d be the perpendiculars from the angles of a quadrilateral 
upon the diagonals d,, d,, shew that the sine of the angle between the 


a 
diagonals is equal to (ero o=o} . 
1% 
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78. If ABCD be a quadrilateral, prove, in any manner, that the line 
joining the intersection of the bisectors of the angles A and C with the 
intersection of the angles B and D makes with AD an angle equal to 

sin 4 —sin D+sin(4 +8) 
(1+cos A+cos D+cos (A +8B)) ° 


tan! 


79. ABCDE is a plane pentagon; having given that the areas of the 
triangles HAB, ABC, BCD, CDE, DEA are equal to a, b, ¢, d, e respectively, 
shew that the area A of the polygon may be found from the equation 


A?-(a+b+c+d+e) A+(ab+be+cd+de+ea)=0. 


80. Shew that if a quadrilateral whose sides, taken in order, are a, b, c, d 
be such that a circle can be inscribed in it, the circle is the greatest when the 
quadrilateral can be inscribed in a circle, and that then the square on the 

abed 


radius of the inscribed circle is CERIUNT Ty 


81. A polygon of 2n sides, n of which are equal to a, and xn to 3, is 
inscribed in a circle; shew that the radius of the circle is 
4 
: («+208 cos = + 0) cosec ~. 
2 n n 
82. A quadrilateral whose sides are a, 6, c, d can be inscribed in a circle; 


its external angles are bisected ; prove that the diagonals of the quadrilateral 
formed by these bisecting lines are at right angles, and that the area of this 


cart A Se ee CC i as 
2 (a+e) (b+d) V(s—a) (8—b) (s—c) (8—d)’ 
where Gaat bleed: 


83. A quadrilateral ABCD is inscribed in a circle, and ZY is its third 
diagonal, which is opposite to the vertex 4; prove that if the perpendiculars 
from A on BC, CD meet the circles described on AD, AB respectively as 
diameters, in P, then PQ sin D= HF (sin? A —sin? D). 


84. The power of two circles with regard to one another, is defined to be 
the excess of the square of the distance between their centres, over the sum 
of the squares of the radii. Prove that for a triangle 4 BC, the power of the 
inscribed circle, and that escribed circle which is opposite A, is $ {a?+(b—c)%, 
and hence verify that if the escribed circle touches an escribed circle, the 
triangle must be isosceles. 


85. The sides, taken in order, of a pentagon circumscribed to a circle 
are a, b, c, d, e; prove that its area is a root of the equation 


aA — xs {¢ Ba? (b+e—c—d) —}5a3+4 acc} 
+(s-—a—e) (s—b—d) (s—e—c) (8 -d-a) (s—c—b) 8=0, 
where 2s is the sum of the sides, 
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86. If a, b, c,d be the distances of any point on the circumference of a 
circle of radius 7, from four consecutive angular points of an inscribed regular 
polygon, find the relation between a, 6, c, and d, and prove that 


(ab — cd) (be — ad) (ca — bd) 


2 ee ee ee ee eee 
"~~ (a+b—c-d) (6+e—a—d) ct+a—b—d) (a+bte+a)’ 


87. The perimeter and area of a convex pentagon ABCDE, inscribed in a 
circle, are 2s and S, and the sum of the angles at Hand B, at A and (, 
are denoted by a, 8,...... ; shew that 


s? (sin 2a+...... +sin 2e)+ 2S (sin a+......+sin «)?=0, 


88. ABCD is a convex quadrilateral of which the sides touch one circle, 
while the vertices lie on another; tangents are drawn to the circumscribed 
circle at A, B, C, D so as to form another convéx quadrilateral; prove that 
the area of the latter is 

272 (so — 2abed) (abed)3 c 
(o — bed) (¢ —cda) (« — dab) (o — abe)’ 
where ¢ is the radius of the circle ABCD, 28=a+6+c+d, and 


Yo = bed +-cda+dab-+ abe, 


CHAPTER XIII. 
COMPLEX NUMBERS. 


170. In works on Algebra, numbers of the form a + ty, called 
complex numbers, are considered, and the application to them of 
the ordinary laws of algebraical operations is justified. We shall, 
in this Chapter, consider the mode in which such complex numbers 
may be geometrically represented, and in which the results of 
additions and multiplications of such numbers may be exhibited. 
It will appear that circular functions present themselves naturally 
in this connection, and indeed that such functions must be intro- 
duced in order to give conciseness to the results of the multiplication 
and division of complex numbers. 


The geometrical representation of a complex number. 


171. A positive or negative real number @ is represented 
geometrically by laying off on a fixed infinite straight line A’OA, 
a length OM =|2|, to scale, measured from any specified point O 
in one direction or the other, according as @ is positive or negative ; 
we may then consider that the number is represented either by 
the position of the point M, or by the straight line OM. In order 
to represent a purely imaginary number iy, take a fixed straight 
line B’OB, in any fixed plane containing A'OA, perpendicular to 
the latter line, then measure from O a length ON =|y|, in the 
direction OB or OB’, according as y is positive or negative, then 
we shall consider that the imaginary number ty is represented by 
the point NV, or also by the straight line ON. A circle of radius 
unity cuts A’A and B’B in the points which represent the 
numbers +1, +74 respectively. In order to represent the 
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complex number # + vy, complete the rectangle OMPN, then we 
shall consider that the point P, or also the straight line OP, re- 
presents «+z2y. We thus suppose that the result of the addition 
of the two numbers # and zy is represented geometrically by the 
diagonal of the parallelogram of which the two straight lines OM, 


B’ 


ON, which represent x and iy respectively, are sides. In the 
figure, P, represents a number a,+7y, in which both a, and y% 
are positive, P, a number #,+7y, in which 2, is negative and y, is 
positive, and P, a nuinber 2, + 72y; in which 2; is positive and y, is 
negative. A’OA is called the real axis, and B’OB the imaginary 
axis. 


172. Let r denote the absolute length of OP, and @ the angle 
which OP makes with O.A. measured counter-clockwise from OA, 
then 

gz=rcos0, y=rsing, and z=xe£+iy=7r(cos?+7sin 8), 


where r=Ve+y, O=tan g ’ 


The essentially positive number r= Va? +y? is called the modulus, 
and the angle @ is called the argument of the complex number 
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a+ty. A straight line OP measured in any direction from O in 
the plane is thus capable in virtue of its two qualities of absolute 
length, and of direction, of completely representing a complex 
number. The number «+7y may also be represented by any 
straight line in the plane, drawn parallel to OP, and of equal 
length, since such a straight line represents both the modulus 
and the argument of #+v1y. 


173. Suppose a pdint P to describe a circle with centre O, 
and any radius 7, commencing from A’ and moving in the counter- 
clockwise direction, then the modulus of the complex number 
represented by P remains constant and equal to r, whilst the 
argument increases algebraically continually from —7. We may 
suppose the point P to make any number of complete revolutions 
in the circle, then at every passage through any fixed position P,, 
the number # + zy has the same value, or an addition of a multiple 


of 27 to the argument leaves 2 +7%y unaltered. In other words, a 


variable x+ty=r(cos 6+7sin 8), 


considered as a function of its modulus r and its argument @, is 
periodic with respect to the argument. 

For any number 2+ 7y, that value of @ which lies between 
the values —a and 7 may be called the principal value of the 
argument; and we shal] in general, in speaking of the argument 
of such a number, mean the principal value. 

It should be observed that the principal value of the argument 


@ is not necessarily the principal value of tan y, as defined in 


Art. 88; for a given number «+7y, both cos @ and sin @ have 
given values, therefore @ has only one value between —a and 7. 


In this sense, the argument of a positive real number is 0, that of a 
positive imaginary number is $7, and of a negative imaginary number — $n. 
The principal value of the argument of a negative real number is, as defined 
above, ambiguous, being either m or —m; we shall however consider it to be z. 
The conjugate numbers #+7y, «—7%y have the same modulus, but their argu- 
ments are 6 and —@ The modulus of #+7y is frequently denoted by 
mod. (w+zy), or also by | 7-+7y|. 


174. It is of fundamental importance to observe that whilst a 
real variable # can, whilst increasing continuously from a, to a, 
only pass through one set of values, this is not the case with a 
complex variable «+7y. There are an infinite number of ways in 
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which such a variable may change continuously from 2, + wy, to 
La+ UY>, even supposing that both w and y continually increase, for 
the continuous increase of « from 2, to % is entirely independent 
of the increase of y from y, to y,._ This is essentially involved in 
the fact that two distinct unities are implied in a complex number, 
and is represented geometrically by the fact that two points P, and 
P, in the diagram may be joined in an infinite number of ways, 
the representative point moving along any arbitrary curve joining 
P, and P,. If a real variable is to increase from 2, to 2, always 
remaining real, the representative point is restricted to remain 
in the @ axis; if the variable is not restricted to have its inter- 
mediate values real, the representative point may describe any 
arbitrary curve drawn joining the two points on the @ axis. 

We may express this point by saying that a purely real ora 
purely imaginary number is essentially one-dimensional, whereas 
a complex number is two-dimensional, and requires a two-dimen- 
sional space for its geometrical representation. 

The method of representing complex numbers geometrically was given 
by Argand in a tract published in 1806, but an earlier attempt at their 
representation had been made by Kiihn in 1750. The theory founded on 


this method of representation was developed by Cauchy, Gauss, Riemann, 
and others, and forms the foundation of the modern theory of functions. 


The addition of complex numbers. 


175. Suppose two complex numbers a, + ty,, + ty, are re- 
presented by the points P, Q; complete the parallelogram OPRQ, 
then the projection of OR on either axis is the sum of the pro- 
jections of OP, PR, or of OP, OQ, on that axis; hence the point 
R represents the sum (2, + 4) +1(y; +42) of the two given complex 
numbers. We see therefore that the sum of two complex numbers 
is obtained geometrically by adding the straight lines, which 
represent those numbers, according to the parallelogram law. We 
have supposed that equal and parallel straight lines of the same 
length, and in the same direction, represent the same number, 
thus PR drawn from P parallel and equal to OQ represents 
y+ 1y,. We may therefore express the rule of addition thus: 
draw from O the straight line OP to represent 2,+1y,, and then 
from P draw PR to represent «+ 7y,, join OR, then OR, or the 
point R, represents the sum (a, + 2) +4 (yi + Ys). 
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176. The mode of extension of the rule for addition, to any 
set of numbers, is now obvious. 

Draw OP, in the second figure on page 228 to represent 2, + MW, 
then from P, draw P,P, to represent a, + ty2, from P, draw P,P, 
to represent 2,+72y;, and so on; then join OP,; the sum of the 
m numbers 2,+14, 22+, ... Ln +tyn is represented by the 
straight line OP,, or by the point Pp. 

Since the length OP, cannot be greater than the sum of the lengths 


OP,, P,Po, ... Pa-1Pn, it follows that the modulus of the sum of a set of 
complex numbers is less than, or equal to, the sum of their moduli. 


177. In order to subtract 2,+ iy, from 2,+7y,, a line PR, 
must be drawn from P to represent —(#, + %y2), this will be equal 
to PR, and in the opposite direction ; then the difference is repre- 
sented by OR,, or by the point £,. 


P 


The multiplication of complea numbers. 


178. The product of the two numbers 
yy, Bet tY_ 18 (aye, — YY.) + 1(L,Yo+ Lr); 
and if we replace the expressions by 
r, (cos 0, +7 8in A), 1 (cos @+7sin 62), 
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their product may be written rr, {cos (0, + 6,) + 7sin (A, + A.)} 5 
this expression shews that the modulus of a product is equal to the 
product of the moduli, and the argument of the product is equal to 
the sum of the arguments of the two numbers. 


It should however be observed that if 6,, 6, are the principal values of the 
arguments of 2,+7y,, 2,+7%y,, then 6,+6, is not necessarily the principal 
value of the argument of the product. 


We can now obtain a geometrical construction for the product 
of two numbers; let A, P, Q represent the three numbers +1, 
%+ 41, T+ %Yy,; join AP, on OQ describe a triangle QOR similar 


to AOP, and so that the angle QOR is equal to +6,, then 
ROA =6,+0,, and also OR: 0Q::0P:0A; hence the length of 
OR is equal to the product of the lengths of OP and OQ; it 
follows that the point R represents the product (a, + ty,) (+ ty2). 
If we now introduce a third factor a, + tys=1, (cos 0, +7 sin 6,), 
we have 
(® + 1Y,) (2 + tyo) (a + tYs) 
= TyP2", {cos (8, + ,) +-7 sin (4, + 4,)} {cos 0, +4 sin 6} 
= Ty721's {cos (8, + 0, + O5) +i sin (A, + O,+ 4s)}, 


and we obtain, in a similar manner, the product of four or more 
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complex numbers. In the case of n such numbers, we obtain the 
formula 
(@, + 11) (@2 + ty) «++ (@n + Yn) 

=1{7q.+- Tn {COS (A, + A+... + On) +78in (0, + 0, +... + On)} ...(1). 
Or the modulus of the product of any set of complex numbers is 
the product of their moduli, and the argument of their product is 
the sum of their arguments. The product may be obtained geo- 
metrically by a repeated application of the construction we have 
given for the product of two numbers. 


Division of one complex number by another. 
179. The quotient (x, + 7y,) (#, + ty.) is equal to 


1 t i eae 
= {ay + YrY2—t(XY2—2Y:)} or “ {cos (0, — 6.) +7sin (0, — @,)}; 
2 2 


thus the modulus of the quotient is the quotient of the moduli, 
and the argument of the quotient is the difference of the argu- 
ments of the two numbers. 

To construct the quotient geometrically, join the point Q 


IL 
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(a+ iy) to the point A (+1), and draw a triangle ORP similar to 
the triangle OAQ, the angle ROP being measured equal to — 4; 
then the angle ROA is 6,—6,, and OR =OP/OQ, therefore the 
point & represents the quotient. 


The powers of complex numbers. 


180. If in equation (1), we put all the factors on the left- 

hand side of the equation equal to «+7y, we obtain the formula 
(a +7y)" =r" (cos nO + sin n6) ; 

thus the modulus of the nth power of a complex number is the 
nth power of the modulus, and the argument is n times that of the 
given number. The number n here denotes any positive integer. 

To construct such a power geometrically, let P, (w+ ty) be 
joined to A(+1); on OP, draw the triangle OP,P, similar to 
OAP,, on OP, draw OP,P,; similar to the same triangle, 
and so on; then the lengths of OP,, OP;,...OPn are 7,7°, ... 7, 
respectively, and the angles P,O.A, P,OA, ... P,OA are 6, 26,... 8, 
respectively, therefore the points P,, P,,....P, represent the 
numbers (#+2y), (w+ ty), ... (@ + zy)”. 

In the particular case r =1, we have 

(cos 6+7sin 6)" =cos nO + isin nO, 

and if Q, represents cos @+7sin 6, then the points Q,, Q.,...Qn, 
which represent the different powers of cos 8+ 7sin @, are all on 
the circle of radius unity, and so that the arc between any two 
consecutive points of the series subtends an angle @ at the 
centre O. 


181. In accordance with the theory of indices, supposing n to 
1 


be a positive integer, the expression (# + vy)” denotes a number 
of which the nth power is #+zty. Now since the nth power 
of the modulus of a number is the modulus of its nth power, 
and since the modulus of any number is real and positive, the 


I 
modulus of («+ 1y)" is %/r, where {Yr is the real positive nth root 


1 
of r. Suppose that {/r (cos $ +7sin ¢) isa value of (a + zy)”, then 
we have 

r(cos¢ +7 sin $)” =r (cos 6 + isin 6), 
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or cosnd +7sinnp=cos A+ isin@; therefore cos nd =cos 6, and 
sin nd =sin 6, or nd = 6 + Yer, where s is any positive or negative 
integer including zero; hence a value of 


(a+ iy) 


C22 Ai inv 20 


is AAT Joos 
since the nth power of this expression is equal to #+¢y. The 
1 


above reasoning shews that every value of (« + ty)" must be of this 
form. 
If we give s the values 0, 1, 2,...n—1, the expression 


642 Pee, 
ae seine 


has a different value for each of these values of s, for in order that 
it may have equal values for two values s,, s, of s, we must have 


6+ 23,7 6 + 2s.ar . O+2507 . 042s 
cos ———— = cos , and sin ———— = sin ———.,, 
n n n n 


, Or 3,—%=nk, 


whence 9 + 28,9 = 2kr= eet 


n 
where k is some positive or negative integer; this cannot be the 
case if s, and s, are both less than n, and unequal, therefore the 


values are all different. 
If we give s other values not lying between 0 and n—1, we 
1 


shall obtain no more values of (cos @ +7sin 6)", for if s, be such a 
value of s, it is always possible to find a number s, lying between 
0 and n—1, such that s,—s, is a multiple of n, and therefore 
the value of the expression for s = s, is the Soe as for s=8,. 


We see then that all the values of (a+ iy are given by the 
series of n numbers 


7 +isin 


: O+ O42 
Yr (cos$ + isin), + (cos eee ~ 

~ .. 042(n—-1 
vr og 22OMDE  j8t BOD 


where 7/r is real and positive. 


182. If 0 be the principal value of the argument of « + ty, that 
is, that value of the argument which lies between —7 and 7, we 
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may regard v r (cos = ae 7sin °) as the principal value of (a + iy)". 


We may consider 


(Cle a et eae de 642r .. 06+29r O+47r .. 044 
cos—+728SIN—, Cos +281n —- > cos - +—2S1n 
n n n n n 


as the principal values of the nth roots of 
cos 0+isin @, cos(8+27)+7sin (@+27), cos (6+47)+7sin (0447) 


1 
respectively. The different values of («+iy)" are then the 
principal values of the corresponding expression in r and 6 when 
n different values of the argument @ are taken, the principal value 

1 


of (w+iy)" being considered as that expression in which @ has 
its principal value. 

The two values of a?, where a@ is a positive real quantity, are 
/a(cos0+7sin0) and ,/a (cos 7+7sin ), that is /a and —./a, where ./a is 
the positive square root of a, The values of (-a)}, in which case 6=7, 
are Ja(cos$r+isin$m), Ja(cos §r+isin3m), or iga, —iVa. The 
principal value of a3 is /a, and of (-a)t is t/a. 


183. The nth roots of unity are obtained from the expressions 
in Art. 181 by putting r =1, 6=0; they are therefore 


ii en ae ie Reais; 
n a “ - 
Ph Bee cos PI DT gi 2(O= 1) 
i n 


27, Gate 
If we denote by the root cos —-+ asin =~, the whole of the 


roots are given by the series 1, w, w%, ... ”—. 
Since 


O042rq0  . . 642re 
cos a +2zs1n 


( Ge uae e) ( 2rar 3g) 

= {cos —+2 sin — cos" +38 ; 
n n 

1 

it follows that, if 1/ax + iy y denote the principal value of («+ iy)”, 

then all the values are given by the series 


Yatiy, oVatiy, oVatiy, 0" Vet iy. 
EXAMPLES, 


(1) Find all the values of (—1)* and of (-1)3, 
(2) Find the values of (1+ —1)*. 
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184. We shall now shew how to represent, geometrically the 
nth roots of a complex number; the method will give an 
intuitive proof of the existence of n different values of the nth 
root. Without any loss of generality we may take the modulus 
to be unity, so that we have to represent the values of 


1 
(cos 8 +7 sin 6)". 

Let a point P describe the circle of radius unity starting 
from A, at which @=0, then in any position of P for which the 
angle POA described by OP is 0, the point P represents the 
expression cos@+7sin@. Let another point p start from A at 
the same time as P, and let its angular velocity be always equal 
to 1/n of that of P, so that the angle pOA is always equal 


 diercop Cas 
to @/n, then p represents cos~ +1sIn >. When P reaches any 


position P, for the first time, let p be at p,, then the angle 
P,OA is n times the angle p,0A, therefore P, represents the nth 
power of the number represented by p,, or conversely p, repre- 
sents an nth root of cos 6,+7sin 0,. Now let P move round the 
circle until it again reaches P,, so that it has described the angle 
6,+ 27, then p will be at p,, where p,0A is equal to (0; ze 2m)/n; 
if P proceeds to make another complete revolution, when it again 
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reaches the position P,, p will be at p,;, where p,VA = (0, + 4cr)/n, 

and so on. The points p,, Ps, .+- Pn are the angular points of a 

regular polygon of n sides inscribed in the circle. When P makes 

more than n complete revolutions round O, the point p will again 

reach the positions p,, p,,..... Each of the points p,, po, ... Pn repre- 
1 


sents a value of (cos@,+isin%,)", since the nth power of the 
expressions represented by any one of these points is the expression 
represented by the point P. The point p, represents the value 


for the smallest argument 6. We have thus obtained the 
1 
n values of (cos 6, + 7sin 6,)", and we see that these values are the 


: Puce 2, 
different values of cos fo +7sin Jobe ae when s=0,1,2,... 


n—1. 


185. To obtain graphically the nth roots of any number 
a+ ty, we must be able (1) to divide an angle into n equal parts, 
and (2) to inscribe a regular polygon of n sides in a circle, and (3) 
in order to construct the modulus, we must be able to construct a 
straight line whose length is the nth root of the length of a given 
line. In order to obtain all the nth roots of unity, it is only 
necessary to solve the second of these geometrical problems, since 
in this case the angle to be divided into n parts is zero. The 
problem of inscribing a regular polygon of n sides in a given circle 
is therefore equivalent to that of obtaining the numerical values 
of the roots of the equation z*—1=0. This geometrical problem 
can be solved by a method involving the construction only of 
straight lines and circles in the following cases: 


(1) When n is a power of 2; for example n = 4, 8, 16, 32. 


(2) When n is a prime number of the form 2%+1; for 
example, when n = 8, 5,17, 257. This was proved by Gauss in his 
Disquisitiones arithmeticae. 


(3) When n is the product of different prime numbers of 

the form 2+ 1, and of any power of 2; for example, when n= 15, 
85, 255. 

The proof of Gauss’ theorem would lead us too far into the 

theory of numbers; we have however considered the special case 


n=17 in Art. 85, Ex. (4), where sinz/17 is found in a form 
involving radicals. 
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De Moivre's theorem. 


186. For all real values of m, cos m@ +i sin mé is a value of 
(cos 8 +1 sin 0)”. 

This theorem, known as De Moivre’s theorem, has been proved 
in Arts. 180 and 181, in the two cases m=n,and m=1/n, where 
m is a positive integer. To complete the proof, we have to consider 
the cases when m= p/q, a positive fraction, when m is a positive 
irrational number, and lastly when m is any negative real number. 


v2 i 
It is clear that (cos 8+7sin 0)? = (cos p@ + isin p@)9, and one value 
of this is cos +7sin e. Therefore the theorem holds when m 
is a positive rational number. 


p 
It should be remarked that all the values of (cos 6 +7 sin 6)% 
are given by the expression 


os PP + 2s7r) nts sin 2? ae 


where s=0, 1, 2,...¢—1, when p/q is a rational fraction in its 
lowest terms. 

When m is not a rational number, it can always be defined in 
an indefinite number of ways as the limit of a convergent sequence 
of rational numbers m, m2, ... m,,-.... Such a convergent sequence 
is characterized by the property that, if e be an arbitrarily chosen 
rational number, as small as we please, s can always be so deter- 
mined that m, differs arithmetically from each of the subsequent 
numbers 17541, Ms42,-.. by less than e. If r is any positive real 
number, the principal value of 7™ is defined as the limit of the 
convergent sequence 7”, 77,...7™,,.., when each of the numbers 
is real and positive, 7”* having its principal value. It is known? 
that this sequence is convergent, and that it has a limit which is 
independent of the particular sequence of rational numbers em- 
ployed to define the irrational number m. 

If z denotes the complex number 7 (cos 6+7sin 6), a value of 
z”, when m is an irrational number, is defined as the limit of the 
sequence of numbers r™ (cos 9 +7 sin 4)™, r™ (cos @+7sin 6)", ... 

1 For a proof of this, see the author’s Theory of functions of a real variable, 


p. 44. In Chapter 1 of that work, a full discussion of the theory of irrational 
numbers is given. 
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r™s(cos@+7sin 6), ..., where r™ has its principal value, 
and corresponding values for all values of s are assigned to 
(cos9+7sin 6), In accordance with this definition, one value 
of z™ is the limit of the sequence r™ (cos m,6@+7sinm, 6), 
r™ (cos m,O + 7 8in m9), ... 7™ (cos mA +7sin m4), .... Since 
r™ converges to r™, and cosm,@+7%sinm,@ converges to 
cosm@ +7sin m6, on account of the fact that cos m0, sinm@ are 
continuous functions of m, we see that one value of z” is 
r™(cosm@+isinm@); and one value of (cos@+7sin 6)” is 
cosm6+i2sinm@. Thus De Moivre’s theorem is established for 
a positive irrational index. 
The general values of (cos 8+ 7 sin 0)™ are 


cos m (@ + 2s7r) + 7sin m (6 + 2s7r), 


where s denotes any positive or negative integer. Since m (s, — 8) 
can never be an integer when m is irrational, we see that 
(cos9+7sin 6)" has an indefinitely great set of values. 

It can be shewn that the definition of z™, in accordance with 
which its values are those of r™ {cos m (0 + 2s7r) + 7 sin m (0 + 2szr)} 
is such that the laws of indices applicable to real indices still hold 
for irrational indices. 

In case m has a negative rational or irrational value — k, we 
have (cos 6 +7sin 0)" =1/(cos @+7sin 0)‘; and one value of this 
is always 1/(cos k@ +7sin k6), or cosk@—1isink@, which is equal 
to cosm@+isinm@. Thus De Moivre’s theorem holds for any 
negative index. 


187. The theorem 
(cos 6, +7 sin @,) (cos 8, +7 sin 6.) ... (cos 0, +7 sin 6n) 
= cos (A, + 6.+ ... + On) +7sin (0, + 0, + ...+ On), 


used in the proof of De Moivre’s theorem, affords a proof of the 
theorems (28), (29), (80) of Art. 49. We may write the left-hand 
side of this identity in the form 


cos 0, cos 8, ... cos On (1 +7 tan 6,) (1+ 7 tan @,)...(1+7 tan 6); 


hence equating the real and imaginary parts on both sides of the 
identity, we have 


cos (0, + A. ++. + On) = cos 8, COS A, «42 COS On (1 — ty + ty —--s); 
sin (0, + 0, +... + On) = cos 6, cos O,... COS On (t, — ty + ts —..-), 
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where ¢, denotes the sum of the products of the n tangents taken s 
at a time. 

The theorems (39), (40), (43), of Art. 51, are obtained at once 
from the theorem cos nO +7sin n@ = (cos 6 + isin 0)", by expanding 
the right-hand side of the equation by the Binomial theorem, and 


equating the real and imaginary parts on both sides of the 
equation. 


When x is a positive integer, we have (cos 6+7sin 6)"=cos nO +/sin n6, 
and therefore also (cos 6-7 sin 6)"=cos n§—7sin nO; thence we obtain the 
formulae 

cos nO =4 (cos 6+7 sin 6)"+4 (cos d—7sin 6)", 
ésin nd =4 (cos 6+7sin 6)"— 4 (cos 6—7sin 6)". 
The first of these equations is really an éxpression of the fact mentioned in 
Art. 51, that 1+2xcos +2? cos 26+...+a"cosn@+... is a recurring series of 
which 1—2z¢ cos 6+? is the scale of relation. Denoting cos 26 by u,, we have 
Un—2 COS 8. Un_y+Un—2g=0; to solve this equation assume, as usual in such 
cases, u,=Ak", then we obtain for & the quadratic k*—2k cos 6+1=0, of 
which the roots are k=cos 6+7sin 6, hence 
U,=A (cos 6+7 sin 6)"+B (cos é—7sin 6)" 
is the complete solution of the equation for w,. Putting n=1, and n=2, we 
find A= B=, and thus obtain the expression given above for cos”. The 
expression for sinn@ may be found in a similar manner. 


Factorization. 


188. We are now in a position to resolve a*—(a+7b) into 
n factors linear with respect to x The expression vanishes if x is 


1 
equal to any one of the values of (a+ b)”; if q, q2,--- Yn denote 
the n values of this expression, we shall have 

a” — (a+b) = (a —G)(@—) -»» (4@— Gr); 
for since a” —(a+ib) vanishes when a—g,=0, ©—q, must be a 
factor without remainder; thus we obtain n different factors and 


there can obviously be no more. Put a=rcos0,b=rsin 6, then 
the expression for «* —(a + ib) in factors becomes ° 


e=n-1 FEE OR a ta emrs aan (ee aE) 
Il {z —p (cos +7s1n A fr 
S| 


s=0 nr 
where p=Ur=(a?+b?)™. 
From this result several of the factorizations already obtained in 
Chap. vil may be deduced. 
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(1) Let a=1, b=0, we then obtain 


s=n-1 sar sor 
SiS (@— cos == — isin = 5 
a n n 
2s7r 2(n—8)7_ 9 
n n 


and since 
this gives us, if n is odd, 


sabe ah : 2 oauate 
a*—l=(r—-1) II (2+ 008 == —1 sin =r) (2—cos — +7 sin =a) 


s=1 


=}(n-1) 
(1) all (2 — 2000s =" + 1) 
s=1 


s=} (n-2) 9 

and a 21 ile 1) eet) tl (2*— 20 cos = +1), 
s=1 

if n is even. 


(2) Let a=—1, b=0, then we obtain the formulae 


- 3) 
a+1=(2+1) ear (2-20 cos +2) + 1), (n odd), 


=}(n-2) c 
a"+ 1 = II a — 2x cos Beles a 1), (n even). 
8=0 ; 


(3) a#”—2x"cosA+1 
= (x — cos 8—« sin 8) (a — cos 8 +7sin 8) 


s=n- 


O642s7 .. 042s O642s7 .. 04280 
II (2 cos - —7sin " ) (2-008 ) 


ie 


+27s1n 


8=n- 
= II ‘(2 — 20 00s 
s=0 


9 
0 + 2S7r aN 1) : 
n 
or writing «/y for x, and multiplying both sides by y™, we have 
=n 2 
x” — 2a"y" cos 0 + y™ ii ig (2- 2ay cos ae +: v) ‘ 
s= 


(4) From the last result we have 


s=n-1 
a+a"7—2cosd= II (x + 2-2 c0s 
s=0 


6+ =) 
n 
Put gw=cosd+ising, then a ?=cos$- ising, 
and x=cosndt+isinnd, 2 ”™=cosnd—isinnd 
therefore, changing 6 into n@, 
cos np — cos nO = 2 TT feos ¢ — cos (8 + =) . 


s=0 
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Properties of the circle. 


189. Certain well-known properties of the circle may be ob- 
tained by means of the factorization formulae of the last Article. 
Let A, A, As... A, be a regular polygon of n sides inscribed in a circle 
of radius a, and let P be any point in the plane of the circle, its 
distance from O, the centre of the circle, being denoted by c. Let 
the angle POA, be denoted by 6, then the angles POA,, POA,, ... 
are 0+ 27/n, 0+ 4r/n,... respectively. Then 


oe oe 2Qrar 
PALSPAA PAS PAS =" IW 4a?—2accos (0+ eae 
=0 n 
hence we have the theorem y 


PA;?.PA?.PA?.... PA,?= a" — 2ac" cos nO +0, 
which is known as De Movvre’s property of the circle. 
In the case when P is on the circumference, the theorem 


becomes PA PA, «FA, co PAn= 20" sini nO, 
In the case when FP is on the radius 0A,, we have 6=0, and 
the theorem becomes 
PATE Ay Lay Oo 
Again if P lies on the bisector of the angle A,OA,, we have 
9=7/n, and the theorem becomes 
DAVE PAG ri An =i. 
The last two cases are known as Cotes’ properties of the circle. 


190. EXAMPLES. 


(1) Express x™-1/(1+x") in partial fractions, m being an integer less 
than n. 
If a be a root of the equation 2*+1=0, the partial fraction corresponding 
-1 man 
to the factor #—a is = _s or . . ; taking the two fractions cor- 
—-a 


ma*-1° g-a’ 
Qr+1 oa 21 
= aw +7sin 


responding to the conjugate values of a, cos a, together, 


we obtain the fraction 


2r+1 
2x cos aes: (n—m) m —2 cos = 


n—-m+1)r 
1 ( ) 
us r+l 


x? — 2x cos Zieh 
n 
m—1 m 
cos (2r +1) ao 17 —Z COS (2r+1) T ; 


or Fo a oe? 
Yr+1 
L a? —22 cos fos r+ 
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1)* F 
if n is odd, we have the additional fraction S ae hence when » is odd 
—l m 
gmk (= 1)-m +2 2 r=H(n— 9) COS (2r-+1)™ a m—x cos (2r-+1)— 7. 
fa n (a+1) ‘ 28-20 008 1 +1 


and when z is even 
m—1 m 
- 008 (27-++1) —— m—x cos (2r+1)— 0 


a? — 2x cos ae am+1 
n 
(2) Express x™—1/(x"—1) in partial fractions, m being less than n. 
(3) Prove that 
Qrr 
_,  =~acos|6+— 
" x?— axa cos (8+ eat 


n (a"-1—a*®e"-1c0s n8) . 
x — 22" a" cosn6 +a™ 
factors, and the fraction corresponding to each factor can then be determined 
as in Ex. (1). 


(4) Prove that 


x™—a®™cosn4 1 = 
x2 2x"ancosnd+a" nx) yo 


The denominator of the fraction is resolved into 


( nsimnd 1 - ede 1 : 
2) sin@ “cosnO—cosnd yao ¢030—cos(h+2rm/n)’ 
(b n? sin nd sin np 1 = er sin (p+ 2rm/n) 
) sin 0 *(cosn6—cosnp)? ~—_ y=9 {cos O—cos (P+ 2rn/n)}?* 


The expression on the left-hand side in (a) is an algebraical function of 
cos 9, and can therefore be resolved into partial fractions, as in Ex. (1); the 
equation (b) is obtained by differentiating both sides of (a) with respect to ¢, 
or what amounts to the same thing, by changing ¢ into ¢+A/ and equating 
the coefficients of A, on both sides of the equation, 

(5) Shew that if 

cos 8+cosp+cosw=0, and sind+singd+sin y=0, 
then cos 38 +cos 3p+ cos 3 —3 cos (06+ 6+) =0, 
and sin 36 +sin 3p + sin 8 — 3 sin (64+ 6+ W)=0. 

This is an example of the general method of deducing trigonometrical 
theorems from algebraical ones, by substituting complex values for the 
letters. If a+b+c=0, we have a§+b3+c3-3abe=0; let a=cos 6+isin 0, 
b=cos $+isin ¢, c=cos~+isin y, then we have given that if 

(cos 6+ cos @+cos y) +7 (sin 6+sin p+ sin y)=0, 
(cos 30+ cos 3 + cos 3y) +7 (sin 36 +sin 3f+ sin 3) 
—3 {cos (6+ P+) +isin (6+P+yW)}=0; 


equating to zero the real and imaginary parts separately in each equation, 
the theorem follows, 
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EXAMPLES ON CHAPTER XIIL 


1+sing+7coso\" ae 
1. Prove that (press) =cos (fun — nd) +7sin (}nw —nd), 
2. Evaluate 
{cos 6 — cos +7 (sin 6—sin p)}* + {cos 6 — cos @ — (sin @ —sin $)}*. 
3. Prove that 


1+2)"-—(1—2)* 
Wad UE « = 2) =A (2*+tant2) (22+ tant =) seeees (22+tont™), 
n 


where r=4(n—1) or $n—1, and A is 1 orn, according as 7 is odd or even. 
4, Prove that 


4sin $ (8—y) sin} (y—a) sin } (a—8) 3 sin (pat+gB8+ry) 
=sin {(n+1) a—}(8+y)} sin } (B—y) + o., 
where = denotes the sum taken for all positive integral values of p, g, ¢ 
(including zero), such that p+g+r=n. 


5. If p is a positive integer and a, B, y... are the roots of the equation 
x?=1, and n is any numerical quantity greater than unity, shew that the 


Lie eel m / = 
only real value of a*+("+y"+... is tan — on 


n/ 
6. If (L42)"=pot pid +p2d*+...000y 
prove that Po— Pat Pam veeee =23" cos }nm, 
Pi— Psat ps — «+0. =93* sin inn. 


7. If 21, 2,...%n be the corresponding roots selected from the conjugate 
pairs of roots of the equation 2" — 2x2" cos n6+1=0, and if 


F(@ <3 % cos (0+) ; 
prove that : “ 
Flas) Fler) ree fag)= (an)? | £45 (ar tart +ap} [ 


8. If a, B, y, 8, be any five angles such that the sum of their cosines 
and also the sum of their sines is zero, shew that 


3 cos 4a=$ (3 cos 2a)*—4 (3 sin 2a)’, 
sin 4a=3 sin 2a. 2 cos 2a. 
9. If t,, t),...t, be the sum of the products of the » quantities tan z, 
tan 2z, tan 2?z, ...... tan 2-12, taken 1, 2, 3, ... m together, prove that 
1—tett,—t+... = 2" sin x cos (2"—1) x cosec 2”z, 
t)—t3+t5— ... =2" sin x sin (2”—1) x cosec 2" x. 
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10. If cos(8—+y)+cos (y—a)+cos (a—8)= — : , shew that 
COs Na+ cos NB + COS ny 
is equal to zero unless ” is a multiple of 3, and if n is a multiple of 3, it is 
equal to 3cos4n(a+8+y). 
11. Prove that the values of x which satisfy the equation 


eet a oa 1) ma (n- Jie Ei ie, = 1)" ee x"=0 


(4r+1) 2 
An 
12. Prove that 


are c=tan , where 7 is any integer. 


aE rr} sin?racos*™~Sraq _ (2n+1)# 
2 NS yo" — a+ tan!ra © (14+ayt1—(1—a)t1? 
T 
where a= F741" 
13. If ,P, denotes the sum of the products taken s together of the 
quantities 
tan? 7/(2n+1), tan?2nr/(2n+1), ...... tan? n7/(2n +1), 


the quantity tan? 77/(2n +1) being omitted, and if 

A,=(—1)~! sin? re/(2n +1). cos**-3 rr/(2n +1), 
prove that 24,.,P,=0, the summation extending to all values of 7 from 1 to 
n, and s having any value from 1 to m 


14. A regular polygon of x sides is inscribed in a circle, and from any 
point on the circumference chords are drawn to the angular points; if these 
chords are denoted by ¢, cg, ... C, (beginning with the chord drawn to the 
nearest angular point and taking the rest in order), prove that the quantity 
C1 Co + C903 +... +Cn—10,+C,C, is independent of the position of the point from 
which the chords are drawn. 


15. If A, Ag... Aony1 are the angular points of a regular polygon in- 
scribed in a circle, and 0 is any point on the circumference between A, and 
Aon+1, prove that the sum of the lengths 041, OAs, ... OAon41 is equal to 
the sum of OAs, OAg, ... OAon. 


16. If 1, p2,... py are the distances of a point P in the plane of a regular 
polygon from the vertices, prove that 
n 1 n yn — ain 
1p Pa’ Irma" cos nd-+a™? 
where a is the radius of the circle round the polygon, r is the distance of P 
from QO, and @ the angle OP makes with the radius to any vertex of the 
polygon. 
17. Straight lines whose lengths are successively proportional to 1, 2,3..., 
form a rectilineal figure whose exterior angles are each equal to 2n/n; if a 


polygon be formed by joining the extremities of the first and last lines, shew 
that its area is 


n(n+1)(2n+1) 
24 


Tv 16 2 
cot — + — cot * cosec? = ‘ 
n mn n n 
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18. The regular polygon A,A.A3... dom has 2m sides; shew that the 
product of the perpendiculars from the centre of the circumscribed circle on 
A, Ag, 41 Ay, ... Ai Am is ($a)™-1Vm. 


19. Shew that if A; A,... Ao,, B, By... By, be two concentric and similarly 
situated regular polygons of 2n sides, then 


PA, OE Ass. oP Agar 2D LBs 60a EBay 
PAT Ag one Aon ae, BSED ie Das : 


where P is anywhere on the concentric circle whose radius is a mean propor- 
tional between the radii of the circles circumscribing the polygons. 


20. A point O is taken within a circle of radius a, at a distance b from 
the centre, and points P;, Ps, ... P, are taken on the circumference so that 
P, Pz, P2P3, ... P,P; subtend equal angles at 0; prove that 


OP, + OP2+...+ OP, =(a? — 6?) (OP,-14+ QPo-1+...+0P,~}). 
21. Prove that if n is a positive integer 


: 6 n—1 
cos né=1+2n sin § cos ee ) 92 


n(n—1)(m—2) 55. 48 3(O-+m) 
ghee eres oar sin 5 08 aan “isese 


san) 2(0+7) 
oie ALE 
sin 3 cos 5} 


22. Shew that the number m of distinct regular polygons of n sides which 
can be inscribed in a given circle of radius 7 is equal to half the number of 
integers less than n and prime to it. vio 

Shew also that the product of their sides is equal to 7™ Vn|Vn—2m, or 
r™, according as is, or is not, the power of a prime number. 


CHAPTER XIV. 
THE THEORY OF INFINITE SERIES. 


191. WE shall, in this Chapter, give some propositions con- 
cerning the convergence of infinite series in which the terms are 
real or complex numbers, or variables. Anything like a complete 
account of the theory of such series would be beyond the limits of 
this work; we shall therefore confine ourselves to what is absolutely 
necessary for the purpose of discussing the nature and properties of 
trigonometrical series. 


The convergence of real series. 


192. Let ay, de, ds, ... Qn, --. be a sequence of real numbers 

formed according to any prescribed law, and let 

Sp =, + A, + Ag+... + An. 
If S, has a definite finite limit S, when n is indefinitely increased, 
the infinite series a, + a,+d3+... 1s said to be convergent, and S 
is said to be its limiting sum, or simply its sum. 

We shall, in this Chapter, use the notation ZS, to denote the 
limit of S, when n is indefinitely increased, whenever that limit 
exists. 

The condition that ZS,=S is that, corresponding to each 
arbitrarily chosen positive number e¢, as small as we please, a 
value n, of n can be determined such that the arithmetical value 
of S—S,, is less than e, for every value of n which is 27,. 

When the series a, + a@,+a@,+...+a,+... converges to S, the 
serleS @n4+An42+... 18 convergent, and its limiting sum is S—S,, 
which may be denoted by Rn. The number R, is called the 
remainder of the convergent series a,+@.+...+@,+..., after 
n terms, and the remainders R,, R,, ... Ry, ... form a sequence 
of numbers such that ZR,=0. It should be observed that it is 
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only on the assumption of the convergence of the series that the 
remainders R, have any meaning. 

The number a@n4, tOnyot...+Anim may be denoted by Ram; 
and the numbers Fin,1, Rn,s, Rn,s, ... are called the partial re- 
mainders of the series after n terms. It will be observed that 
these partial remainders Rn m exist as definite numbers for all 
values of n and m, whether the given series is convergent or not. 

The limiting sum of a convergent series a, + d+... Qn +s. 18 


frequently denoted by Sa, 
n 


193. A series a,+a,+a;+...+Gn+... may be such that the 
numbers S, have no definite limit as n is increased indefinitely. 
The following cases may arise: 


(1) It may happen that, corresponding to each arbitrarily 
chosen positive number k, as great as we please, a value nz of n 
can be determined such that all the numbers Shy Sra Ses Sn,-+m es 
are of the same sign, and are all numerically greater than &. In 
this case S, increases indefinitely with n, either in the positive or 
in the negative direction; the series is then said to be divergent. 
The fact of the divergence is then sometimes denoted by LS, =, 


or LS, = — 0. as the case may be. 


(2) If, as in the last case, S, increases arithmetically in- 
definitely with n, but however great n, may be chosen there are 
both positive and negative numbers among Sy, Snti, ++» Snytms <-> 
the series may be said to oscillate between indefinite limits of 
indeterminancy. It is however, in this case, usually spoken of as 
divergent, and its behaviour may be denoted by LS,=+ 0. 


(3) It may happen that, although S, has no definite limit as 
n is indefinitely increased, it is possible to select a sequence of 
increasing values of n, say m, Nz, ... Np, --. 80 that S, converges to 
a definite limit provided n is restricted to have only the values in 
this sequence. 

In this case the series is said to be an oscillating series; but 
oscillating series are sometimes spoken of as divergent. An 
oscillating series in which S, is for every value of m numerically 
less than some fixed positive number is said to oscillate between 
finite limits of indeterminancy. 

It is easily seen that if the terms of a series have all the same 
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sign, the series is divergent in accordance with case (1), unless it 
is convergent. 
The series 1+24+3+...42+..., 1/141/2+..0+1/n+... 


are both divergent, since in each case S, increases indefinitely with x, and is 
of fixed sign. 
The series 1-2+3-4+45-... oscillates between indefinite limits of in- 


determinancy. For S,=—43n, when 2 is even, and S,=4(n+1), when x is 
odd; thus S, increases in numerical value indefinitely as increases, and 
IS,= +0. 


The series 1+-1—2+1+1-—2+4+1+4+1-—24+... oscillates between finite limits 
of indeterminancy. S$; has the value 1, 2, or 0 according as n is of the form 
8r+1, 3r+2, or 37. 

The series sina+sin2a+...+sinna+..., where a has any fixed value 
which is neither zero nor a multiple of 7, oscillates between finite limits 
of indeterminancy. In this case 7 

f 


@tija f sin 6 osec 5 = cos = — cos eae oe 
> 2 Cc | 2 a ARSE 


It is thus seen that S, does not converge to a definite limit, since cos (xn+4)a 
has no definite limit when 7 is Sah increased ; but S, is numerically 


S,=sin 


Lil 
ei a 


less than, or equal to, : ( +cos 5) cosec 5 , for every value of n. 


193”. The necessary and sufficient condition for the convergence 
of the series a,+a,+...+ a+... is that, corresponding to each 
arbitrarily chosen positive number n, as small as we please, a value 
n, of n can be determined, such that all the partial remainders 
after n, terms are arithmetically less than n 


To shew that the condition is necessary, let us assume that 
the series is convergent, so that S exists. A value MN, of n can 
then be determined, such that 


S-S,,, S—Srins S—Sh, oe S—Sr+m eee 


are all arithmetically less than $7. This is an expression of the 
fact that ZS,=S, when arbitrary values of 7 are taken into 
account, 

Now 


An, 1+ An, +2 a teiCon © Gn, +m = (S— S,,) =(S— Sn, +m) ; 
and it then follows that, since S— Sry» S— Sry tm are both 


numerically less than $9, dp,41+ Un +2 + +» +Gn,+m 18 numerically 
less than 7; and this holds for all the values 1, 2, 3, ... of m. 
Next, to shew that the condition is sufficient, we have recourse 
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to a principle known as the General Principle of Convergence’, in 
accordance with which a sequence of numbers Sj, S;,... Sn, ... has 
a definite limit, provided that, corresponding to each arbitrarily 
chosen positive number 7, a value n, of n can be determined such 
that all the numbers 
Srytt—Sny> Snyte— Sings o++ Snip — Shays oe 

are arithmetically less than . To see the sufficiency of the 
condition we have then only to observe that Sh tm — Sn, is equal 
to the partial remainder Ry,m, OF Ant + On, tat oe + On tm: 

If we take m=1, the condition includes that an,, may be 
made arbitrarily small by taking a large enough value of n; it 
follows that a necessary condition of convergence of the series is 
that La,=0. This condition is however not by itself sufficient. 

The rapidity of the convergence of a convergent series may be 
measured by the least value of n corresponding to a given value 
of e, which is such that all the partial remainders Ry,m are 
arithmetically less than e; that is by the number of terms which 
it is necessary to take in order that the partial remainders may be 
all numerically less than some assigned number. 

In the case of the geometrical series 1+x%+.2?... which converges to the 
value 1/(1—.), when x is numerically less than unity, we see that 
an (1— x") 

ae: 


and supposing z to be positive, this will be less than e for all values of m, 


Ani t+. FAn+m= 


if a <e; in this case a suitable value of 7 is the integer next greater than 


log e+ log (1-2) 
log x : 
of convergence of the series diminishes as # increases; when x approaches 
unity ” increases indefinitely; thus the convergence of the series becomes 
indefinitely slow. When 2=1, the series is, of course, divergent. 


The value of » increases as # increases, thus the rapidity 


194. Let us next consider the case of a convergent series 
a,+Q)+...+a,+..- in which there are an indefinite number of 
positive terms and also an indefinite number of negative terms. 
Denoting by |a,| the numerical value of adn, so that |a,| is equal 
tO dn or to —a,, according as a» is positive or negative, let us 
consider the series 

[a,|+|a2|+las|+...+]an]+.... 
In case this last series is convergent the original convergent 


1 See the author’s work On the theory of functions of a real variable, p. 36, 
where this fundamental principle is discussed. 
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series is said to be absolutely convergent, whereas, if the series 
= |a,| is divergent, the series Zap is said to be semi-convergent, or 
conditionally convergent, or accidentally convergent. 

The series 1-2- 2-24+3-2+4... is absolutely convergent, since the series 
1-242-243-2+.,.. is convergent; but the series 1~!—2-143-1-.., is only 
conditionally convergent, as the series 1~!1+2~-1+371!+.,.. is divergent. 

A series a1—@2+a3—..., in which the terms are of alternate signs, is 
always convergent (either absolutely or conditionally) if each term is 
numerically greater than the next following, provided also Za,=0. For 

(—1)" Rn, m=(4n41— On+2) + (An43— Fn gr) H+ =An41 — (Ong 2—In43) — oy 
hence (—1)" Ry, m is positive and less than or equal to a,41. It follows that 
n may be chosen so great that | 2», m|<e, for all values of m, however small e 
may be chosen; and thus the series is convergent. 

195. In a conditionally convergent series the order of the 
terms cannot in general be deranged without altering the sum. 
Let S, be the sum of the first p positive terms, and S’, the sum of 
the first g negative terms with their signs changed, then if the 
series be re-arranged so that the sequence of the positive terms 
is unaltered, and also that of the negative terms, but so that of 
the first p+gq terms, p are positive and q are negative, the sum of 
the series so re-arranged is the limit of S,—S’,, when p and q are 
indefinitely increased. Now the two series S,, S’z each consists of 
positive terms, hence the limits of S, and of S’q are each either 
finite and definite or else infinite; by hypothesis they are not 
both finite and definite, as the given series is not absolutely con- 
vergent, hence one at least of the limits S,, S’q is intinite; if both 
are infinite the value of Z(S,—8’,) will depend on the two 
sequences of values of p and gq. If one only of the limits S,, 8’, 
is infinite, L(S,—S’j) is infinite and the original series was not 
convergent, If in the original order a,—a,+a;... of the series 
the signs are alternately positive and negative, p and q become 
indefinitely great in a ratio of equality, but if, for example, we 
write the series a@,+ @;—@,+4;+4,—@+..., p and gq become 
indefinitely great in the ratio 2:1, and the limits of Sg — S'g, 
and S,— 8S’, when q is indefinitely increased, are in general not 
equal. 


As an example, consider the semi-convergent series 1-34+}—}+ 
denote its sum by S, then 


. 
see y 


ce Hl 1 1 1 
a ——— = —___- — __ 
medley n-2 i) 
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Let S’ denote the sum of the series 1+4—}4+141-14... in which the 
order of terms in the series S has been altered, we have 


we 1 1 1 
Set 12 
wy (ata aa) 
ees 
4n—2 4n/ 


n 1 1 
Gag ce 55) =} Sm 


when n becomes indefinitely great, we have therefore S’=$S8. This example 
was given by Dirichlet, who first pointed out that the sum of a semi-con- 
vergent series depends on the order of the terms, 


n 
hence San — Sine? ( 


196. Riemann has shewn that the terms in a semi-convergent 
series may be so re-arranged that the limiting sum of the new 
series may have any given value a. 

Suppose a is positive; take first p positive terms, p being such 
that S,.<a and S, >a; then take q negative terms, g being so 
chosen that S, — S’p, >a, and S, —S’,< a; next take p’ positive 
terms such that Spi9-,—S’g< a, and S,4,,—S’, >a, then q’ negative 
terms such that Spip—S’gi¢<a, and Spi~—S’qi¢-1 >a, and so 
on. Proceeding in this way, we obtain a series such that its sum 
differs from a by less than its last term, hence when we make the 
number of terms indefinitely great its sum will converge to a. 

It can also be shewn that the terms may be so re-arranged 
that the new series diverges, or that it oscillates. 


The convergence of complex serves. 


197. Suppose 2,, 2, 2, ... 2n, -.. to be a sequence of complex 
numbers; thus z, denotes z+ tyn, where 2, and yp are real 
numbers. Let 
Sy 21t Sat oot ln, SnH=Xy that eee ttn, Sn=HYit Yat oo + Yn; 
thus S,, = 8, + 18'n. 

If S, has a definite limit S, itself a complex or real number, 
when n is indefinitely increased, the infinite series 

By t+ 2qt wee tn tw 
is said to be convergent, and S is called its limiting sum, or 
simply its sum. 

The condition that S= LS, is that |S —S,| converges to zero 
as n is indefinitely increased ; thus if 

S — Sn = pn (cos 6, + 78in On), 
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we must have Lp,=0. If S=s+ 1s’, when s and s’ are real, we 
have s — Sn =n C08 On, 8’ — n= pn Sin On; it then follows that, if 
Lpn=9, we also have L(s—s,)=0, D(s’—s'n)=0, or Sn, 58'n 
converge to s and s’ respectively. It thus appears that in order 
that the series z, + 2,+2;+... may be convergent, it is necessary 
that the two series 7, + %+2%;+..., Y+Y.+Ys3+--. Should both 
be convergent. Conversely if these latter series are convergent, 
the series of complex numbers is also convergent, for 
|(s + ts’) — (Sn + t8'n) | S|s—S8n|+|s’—s'n|; 

if now Ls,=s, Ls',=s', we can choose a value n, of n so large 
that |s—s,|<te, |s’—s'n|<4e, provided n2Zn,. It follows that 
| (s +18’) —(Snt ts'n)| Ss, if mZn,; and since e is arbitrary we 
therefore have L (s, + ts’) =s + 1s’, and thus the series of complex 
numbers is convergent. In case the limiting value of either 
of the sums 2a, Sy is not finite, or in case either of these series 
oscillates, the series }z is not convergent. 

Suppose 2, =1n (cos @, +7sin @,), then we shall shew that the 
series }z is convergent provided the series r, in which each term 
r, is the modulus of the corresponding term 2,, is convergent. 
The given sertes =r, (cos 6, + 7 sin 6,) is convergent provided each 
of the series 27, cos 6,, 27, sin @, is convergent; now each of the 
numbers 7,cos @,, T,sin 8, lies between the numbers +7; also 
the number Syim— Sp is for either of the series Zr cos 0, Sr sin 6 
numerically less than the corresponding partial remainder for 
the series =r. If then the latter series is convergent, so is each of 
the former ones; hence the series 2z, is convergent. 

The converse is not necessarily true ; thus the series 


=rn (cos Oy +7 sin On) 


may be convergent, whilst =r, is divergent. 

If the series 27, formed by the sum of the moduli is convergent, 
then the series 27, (cos 0,+7sin @,) is said to be absolutely con- 
vergent. 


For example, the series of which the general term is n~2 (cos 26 +7sin 6) 
is absolutely convergent, since the series 3n~? converges, whereas the con- 
vergent series of which the general term is n-! (cos nO +7sin 6), (27>6>0), 
is not absolutely convergent, since the series 27~! is divergent, 
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Continuous functions. 


198. Suppose f(z) to be a function of the complex variable 
z=a2+1y, which has a single finite value for every value of z which 
lies within any given limits; this function will then have a single 
value for every point in the diagram, which lies within a certain 
area; this area may be any finite portion of the plane of repre- 
sentation of z, or the whole of that plane. 

Such a function is said to be continuous at the point z=%, 
f a positive number n can always be found such that the modulus of 
f(z) —£(z,) ts less than an assigned positive number e, taken as small 
as we please, for all values of z which are such that the modulus of 
z— 2, 18 less than n. For each value of ¢ a value of n must exist. 

A function which satisfies this condition at every point within 
any given area, is said to be continuous in that area. The boundary 
of the area may, or may not, be included. 


Uniform convergence. 


199. Let f,(z) be a function of z or # + ty, which is continuous 
in any area; then if the series 


Sil2) +falZ) +o + fn(2) +» 


is convergent, we may denote its limiting sum by F(z). Suppose 


A(z) + faz) + +fn(2), 
where n is any fixed number, is equal to S,(z), then the limiting 
sum of fasi(z) +fn+42(Z) +. is called the remainder after n terms, 
and may be denoted by Rn(z); we have therefore 
F(z)=S,(z) + f(z). 

Now suppose that, corresponding to any given positive number ¢, 
however small, a value of n, independent of z, can be found, such 
that for all values of z represented by points lying in any given 
area, the modulus of R,»(z) is less than e, where m is equal to or 
greater than n, the series is said to converge uniformly for all values 
of z represented by points in that area. The integer n will depend 
in value upon e. 

If as z approaches indefinitely near any fixed value % in the 
area, in order that the moduli of all the remainders Ry(z) may be 
less than ¢, it is necessary to suppose n to increase indefinitely, 
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then in the neighbourhood of the point z,, the series does not con- 
verge uniformly and is said: to converge infinitely slowly. A 
point z, for which e can be so chosen that this happens is said 
to be a point in the neighbourhood of which the convergence 
is non-uniform, or sometimes simply a point of non-uniform con- 
vergence in case the series converges at that point itself. For any 
space including such a point it is impossible to assign any fixed 
value of n, such that for all values of z within that space, the 
moduli of R,, are less than the sufficiently small positive number 
e; and thus the series does not converge uniformly throughout 
that space. When z is equal to z,, the series may be either 
convergent or divergent. 

We may state the matter as follows: 

Suppose that as z approaches some fixed value z, a positive 
number e can be assigned such that the number of terms n of the 
series f,(z)+f2(z) +... which must be taken, in order that mod. 
Rm(z) <<, where m is equal to or greater than n, depends on the 
modulus of z—4z, in such a way that nm continually increases as 
mod. (z— 2) diminishes, and becomes indefinitely great when mod. 
(z—4,) becomes indefinitely small, the series is said to converge 
non-uniformly in the neighbourhood of 2. 

In the neighbourhood of such a point, the rate of convergence 
of the series varies infinitely rapidly, and when mod. (z—2z,) is 
diminished indefinitely, the series converges indefinitely slowly. 

It should be observed that a convergent numerical series 
cannot converge infinitely slowly; thus when z is equal to 2,, the 
convergence of the series f,(2,)+f2(z)+..., if it is convergent, is 
not indefinitely slow; it is only when z is a variable such that 
mod, (z— 2,) is indefinitely diminished, that the series 


Ail) +fo(z) + -.- 


converges infinitely slowly. It is consequently more exact to speak 
of the non-uniform convergence of a series in the neighbourhood of 
a point, than at the point itself. The number of terms that must 
be taken in order that the modulus of the remainder R,(z) may be 
less than the sufficiently small number e, increases as z approaches 
the value z,, becomes indefinitely great when mod. (z — z,) becomes 
continually smaller, and then, if the series is convergent at the 
point z,, suddenly changes to a finite value; this number n is 
therefore itself discontinuous in the neighbourhood of such a point. 
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If in any area A we have, at every point of the area, 


At?) |S a; |fi(2)| = aa, -.- | fale) | Za,,..-, 


where a, 2,...n,.-. are fixed positive numbers such that the 
series a,+,+...+4,+... is convergent, then the series 
A) +fi(2) +... 


is uniformly convergent in the area A. This theorem affords a 
test of uniform convergence which is of great value in application 
to particular cases; it is known as Weierstrass’s test. To prove it, 
we observe that, if « be an arbitrarily chosen positive number, ne 
may be so chosen that dn4;+ Gnio+--- +Qn4m 18, for every value of 
m, less than e, where n 2m. The modulus of 


| Fnti(Z) +Sn42(2) + «+» +f n+m(2) | 
is, for every value of z, not greater than dn4;+ Any. +... + @nim; 
and is therefore less than e. Since this holds for every value of m, 
we see that the complex series is convergent, and that for every 
value of z, | R,(z)|<e, provided nZme, Therefore the series 
converges uniformly in A. 

By some writers, a series is defined to be uniformly convergent in a 
given area, when a number m can be found such that for all values of z, the 
modulus of the remainder #, is less than «. The definition given in the text 
is more stringent than the one here mentioned ; it is possible to construct 
series which converge uniformly according to the latter but not according to 
the former definition. 


200. If the functions f(z), f,(z),... are continuous for all 
values of z represented by points lying in a given area A, then 
the function F(z) which represents the sum of a convergent series 
>f(z), is a continuous function for all values of z represented by 
points lying in the area A, provided the series Xf(z) converges 
uniformly in the whole area A. 

For we have F'(z)=S,+ Ry, n being such that for all values 
of z to be considered, the modulus of R, is less than e; let z 
receive an increment 8z, and let 5F(z), 6S,, dR, be the corre- 
sponding increments of F(z), Sn, and Ry. Then,since by supposition 
the moduli of R, and R,+6R, are both less than e, the modulus 
of &R, is less than 2e. Also since S, is a continuous function 
of z,if the modulus of 8z be small enough, the modulus of 88S, is 
less than e; hence, provided mod. 6z is less than a certain value, 
the modulus of &S,+6R, or of 8F(z) is less than 36¢, since the 
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modulus of 5S, +R, is not greater than the sum of the moduli of 
8S, and 8R,. Now 3e can be made as small as we please, there- 
fore mod. 5F(z) can be made as small as we please by making 
mod. 8z small enough; that is to say the function F(z) is continuous. 


It will be observed that for this proof, the less stringent definition ot 
uniform convergence, given in the note to Art. 199, is sufficient. 


201. For a value z, of z, for which the series converges non- 
uniformly in the neighbourhood, the sum of the series is not 
necessarily continuous; in this case the reasoning of the last 
Article fails. The limiting value of the function f,(z), when z= 4, 


is fn(2), but it does not follow that > { fn(Z) —fn()} converges to 
1 


zero as z converges to z,. We may denote the sum S { f(2)-f(a)} 
1 


by F(n,z—2,), a function of n, and of z—z,; now the limiting 
value of F(n, z— 2,) when z is first made equal to z,, and then n is 
afterwards made infinite, is zero; but if n is first made infinite, 
and afterwards z — z, is made zero, the limiting value of F(n, z— z,) 
is not necessarily zero. 


As an example of this phenomenon, Stokes considers the real series 
1+5z 4. UEH2) n?+a(4—2)n+1—2 
2(1+.2) n(m+1) {(n—1)2+1} (nv+1) 
when 2=0, this series becomes 
1 
tases ar 1 
Now the general term is 
1 22 


Fees 


n(n+l) * (n—1)e+]}(neFl)’ 
1 2 1 2 
Me {i+ @onen}- fata} 
therefore the sum of the series as 3, whatever value different from zero 7 may 
1 


have; the sum of the series rs +z gt. is however unity, and thus the 
sum of the series is discontinuous in the neighbourhood of the value of «=O. 


1 2 i ‘ 
The remainder after n terms is at + em putting this equal to e, we 
find 
n= {e+2—e€(24+1)+V {e(a+1)— (7+ 2)}?— dex (e — 3)}/2ex, 
which increases indefinitely as x becomes indefinitely small; thus the series 


converges infinitely slowly when w is infinitely small; this is the reason of the 
discontinuity in the sum of the series. 


THE THEORY OF INFINITE SERIES 257 


The discovery of the distinction between uniform and non-uniform con- 
vergence of series has usually been attributed to Seddel, who published his 
“Note tiber eine Eigenschaft der Reihen welche discontinuirliche Functionen 
darstellen” in the Transactions of the Bavarian Academy for 1848; the 
theory had, however, been previously published by Stokes, in a paper “On 
the Critical Values of the sums of Periodic Serics!,” read on Dec. 6, 1847, 
before the Cambridge Philosophical Society. Although the theory is in some 
respects stated more fully by Seidel than by Stokes, the latter must be 
considered to have the priority in the discovery of the true cause of dis- 
continuity in the functions represented by infinite series?» The distinction 
between uniform and non-uniform convergence has played a very important 
part in the modern developments of the subject. 

The matter is summed up by Seidel in the following theorem :—Having 
given a convergent series, of which the single terms are continuous functions 
of a variable z, and which represents a discontinuous function of z; one must 
be able, in the immediate neighbourhood of a point where the function is 
discontinuous, to assign values of z for which the series converges with any 
arbitrary degree of slowness. 


The geometrical series. 


202. Consider the geometrical series 1+2+4+2°+...4 27, 
where z=2+2y=7r(cos@+7sin@). We have for the sum of this 
series the value 

iz ee 1—7"(cosnO+7sin n6) | 
1-z l—r(cos@+7sin@) ’ 


put 1—rcos6=pcos¢, rsinéd=psin ¢, 
then p=+V1—-2rcos6+r, 


the sum then becomes 
; (cos g +7sin d) — = Joos (nO + h) +2 sin (nd + 6} : 


and when n is made indefinitely great, the modulus of the second 

term in this sum becomes indefinitely small, if r< 1; but ifr >1, 

it becomes infinite. Thus the infinite series 
14+2+2?+...42"7+... 

converges if the modulus of z is less than unity, and its sum is 


then 
1 ay. l—rcos0+7%.rsin8 
CN eS 2 em ep racy. cam 


If the modulus of z is greater than unity, the series is divergent ; 


1 See Stokes’ Collected Works, Vol. 1. 
2 On the history of this discovery see Reiff’s Geschichte der wunendlichen 
Reihen. 
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and if mod. z is unity it is also not convergent, since the sums of 
the two series > cos n6, = sin nO, which have been found in Art. 74, 
do not approach a definite value when n is indefinitely great. 

We have, by equating the real and imaginary parts of the 
series and the sum, 


1—rcos@ 
1-—2rcos6+7r 

rsin 6 
1—2rcos0+?r 


=1l+rcos0+7r*cos20+...+ 7" cosnO +..., 


=rsinO+r°sin20+...+7"sinnO+...3 


these series hold for all values of r lying between + 1, excluding 
r=1 and r=—1, for which the series are not convergent. To see 
that this is the case, we need only write —z for z in the original 
series. 

The geometrical series is uniformly convergent for all values of 
z of which the modulus is £ 1 —7, where 7 is any fixed positive 
number, arbitrarily small. For the remainder after the first n 


terms is 


es and the modulus of this less than ca, the 


series will then be such that for all values of z of which the 
modulus is $1—7, | R,(z)|< e¢, -if 


(l-—») log n + loge 

” log(1—7) © 
Hence, since it is possible to choose n so that for all values of z of 
which the moduli are =1—y7, the remainders after n terms are 
less than e, and since this clearly holds for all greater values of n, 
the series converges uniformly for all such values. 

It has thus been shewn that the geometrical series is uniformly 
convergent in the area bounded by any circle concentric with and 
interior to the circle of radius unity with the centre at the origin. 


<e, or if n> 


Series of ascending integral powers. 


203. We shall now consider the general power-series 
Ay + 12+ AQ27+ 00. Fane +..., 


where dp, @, @, ... are complex numbers independent of the com- 
plex variable z. Let 7 denote the modulus of z, and 4%, a, a, ... 
the moduli of a), @,,@.,..... The series of moduli is 


Oy + Or + Ag??+ 0. + Ant + ...5 
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when this series is convergent the series in powers of z is absolutely 
convergent. If the series of moduli converges for any value of r 
1t 18 convergent for all smaller values of r; and if it is divergent 
for any value of r it is also divergent for all greater values of r. 
As regards this series % + 47+ 4,7? +..., three cases may arise. 


(1) The series may converge for some values of x different 
from zero, and diverge for other values ; there then exists a positive 
number p such that the series converges when r< p, and diverges 
when r>p. When r= p the series may either converge or diverge, 
as the case may be. 


(2) The series may converge for all values of r; it is con- 
venient to express this by p=oo. 


(3) The series may diverge for all values of r except r=0; 
this may be expressed by p = 0. 


In order to determine the number p in any given case, we consider 
1 
the values of a,”. It may happen that, as n is indefinitely in- 
1 
creased, a,,” converges to a definite limit A; in that case, if e be an 
1 


arbitrarily chosen positive number, as small as we please, a,” lies 
between A +e and A —e for all values of m with the exception of 
a finite number of such values. More generally, it may happen 


that a positive number A exists, such that, for all values of n 
iz 


except a finite set, a,” <A +e,and such that for an infinite number 
1 


of values of n, a,” lies between A +¢ and A —e. Ineither case, the 
number p is equal to 1/A. To see this it will be sufficient to 
prove that the series converges if r< 1/A, and that it diverges if 
r>1/A. For all values of a except a finite set an7<(A+e)"r", 
where ¢ may be arbitrarily chosen; if r has a value < 1/A, we can 
choose ¢ so that (A+e)r<1. All the terms of the series, except 
a finite set of them, are then less than the corresponding terms of 
the geometric series of which the common ratio (A +e)” is less 
than unity; consequently the series is convergent. Ifr>1/A, we 
can choose e so that (A—«)r>1, and thus a,r">(A —e)"r" >], 
for an infinite number of values of n; the series is consequently 
divergent. 
1 
If a,” converges to the limit zero, as n is indefinitely increased, 
the series converges for every value of r. For, in that case, 


260 THE THEORY OF INFINITE SERIES 


a,r™ < e"”™, where e may be so chosen that er <1; and this holds 
for every value of n except a finite set of such values. Each term 
of the series, with the exception of a finite number, is then less 
than the corresponding term of a convergent geometric series; 
consequently the series is convergent. In this case p= 00. 

1 


If a,” has indefinitely great values, that is, if no number exists 
1 


which is greater than all the numbers a,”, the series diverges for 
all values of r except r=0. In this case p=0. For, if r have 
any given value except zero, there are an infinite number of terms 
of the series each of which is greater than unity, and thus the 
series is divergent. 


204. In the last Article 1t has been shewn that a number p 
exists, which may however be zero, or may have the improper 
value oo, which is such that the series @ + ar +4,7%+... is con- 
vergent for each value of 7 which is < p, and is divergent for each 
value of 7 that is > p. 

About the point z= 0 as centre, describe a circle of radius p; 
this circle is called the circle of convergence of the series 


At+az+az+4+..., 


and its radius is called the radius of convergence of the series. 

The radius of convergence may be finite, or zero, or infinite. 

It will be shewn that the series a, + a,z+a.2?+... is absolutely 
convergent for any point z in the interior of the circle of con- 
vergence, and that it is divergent for any point z exterior to that 
circle. No quite general statement can be made as regards the 
convergence of the series for a point on the circumference of the 
circle of convergence. 

That the series is absolutely convergent if mod. z<p follows 
from the fact that the series of moduli is then convergent. That 
the series is divergent if mod. z has a value r > p is seen from the 
fact that the necessary condition of convergence L|a,2"|=0 is not 
satisfied. For |anz"|=(r/p)"onp"; and for an infinite number of 
values of n, ap” > (1 — pe)”; hence if e be so chosen that 


r(j-«)>1, 


we see that | a,2"|> 1, for an infinite number of values of n. 
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205. It will next be shewn that the series a) +0,2+ d)2?+... 
converges uniformly in any circle of which the radius is less than 
the radius of convergence, and of which z= 0 is the centre. Suppose 
p—k to be the radius of this circle, and let p, be a fixed number 
between p and p—k; let p—k=p,—h. The modulus of the 
limiting sum of @,2" + @n4,2"1+... does not exceed the limiting 
sum of the series 

Ane” + Ong 7? + oy 

or Gp pr” (r/p.)” + Op 41 pi") (r/p,)" “irene 

Now the numbers a, p,”, Q4:9,"+1,... are all less than some fixed 
number K, since the series is convergent when r= ,; thus the 
sum of the series is less than K {(r/p,)"+ (r/p,)"" +...}, or than 
K (r/p;)"(1 — r/p,)~; and this is less than K(1—h/p,)"p,/h. If € 
be an arbitrarily chosen positive number, a value n, of n can be 
determined such that K (1—h/p,)"p,/h<e, for n2n,. Hence the 
modulus of the remainder R,(z) of the series a, +a,z+a,2?+... 
is less than e, for n2n,, and for all values of z such that 
mod. z S p—k; therefore the convergence of the series is uniform 
in the circle of radius p—k. This is true however small the number 
k(>0) may be taken to be, but it would be incorrect to assert 
that the convergence is necessarily uniform in the circle of 
convergence, 

Denoting by F(z) the sum of the series a) +a,2+ 027+... for 
values of z of which the moduli are less than the radius of con- 
vergence, it follows from Art. 200 that F(z) is a continuous 
function of z, for all points lying in the interior of the circle of 
convergence. If the radius of convergence is infinite, F(z) is 
continuous for all finite points in the plane 


The series l+z+2+2+..., 
ty ase es 
1 +7 te Py oR 3 + aoe 
have the radius of convergence unity; their sum-functions are continuous 
functions of z in the interior of the circle of radius unity. 
, ip ee ae 

The series Ete opi nto 
has the radius of convergence infinite ; the sum-function is continuous for all 
fiuite values of z, 

The series TL !242!22+... 4212" + o00 


has the radius of convergence zero. 


962 THE THEORY OF INFINITE SERIES 


206. The convergence of the series on the circle of conver- 
gence itself has not yet been considered; we may without loss of 
generality take the radius of convergence to be unity. 

It can be shewn that the series a) + a@,2 + @)2?+..., when the 
coefficients are real, converges for points on the circle of conver- 
gence, with the exception of the point z=1, if the coefficients are 
all positive, and with the exception of the point z= — 1, when the 
coefficients are alternately positive and negative, provided in 
both cases the coefficients a), a,, d2,... are in descending order of 
absolute magnitude, and provided the limit of a,, when n is 
indefinitely increased, is zero. 


Let Sn = Ay +, 2 + Ag22* + 00. + Ane" 
and suppose the coefficients all positive, then 
Sn(1 — 2) = dy — An 2" — 2 {(p— Gy) + (Gh — Aa) Z + (y— As) 2° ++... 
+ (dys — Gy) 2°7} 5 
now the series 
(@y — a,) + (@; — Ag) + (Ay — 3) +... 


is convergent (see Art, 194, note), therefore the two series 
(a) — a,) + (a, — a.) cos 8 + (a, — a3) cos 20 + ..., 
(a) — a) + (a, — ay) sin 6 + (a, — a3) sin 26 + ... 


are also convergent, since the cosines and sines all lie between 
+1, thus the series 


(Ay — &) + (Gy — Ay) 2 + (Ay — Az) 27 + oe. 


is convergent when mod. z=1; since |a,_,2"| has the limit 
zero when is infinite, we see that ZS,(1—2) is finite when 
mod. z=1; hence unless z=1, ZS, is finite. 

If the coefficients in the series are of alternate signs, change 
z into —z, then this case is reduced to the last. 

Whether the series is convergent when z= 1, or in the case of 
coefficients of alternate signs, when z=—1, has not been determined, 
and depends upon the particular series. The series may be only 
semi-convergent on the circle of convergence. 

If the coefficients of the series are complex, we can divide the 
series into two, in one of which the coefficients are real and in 
the other imaginary; the two series can then be considered 
separately. 
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; 2 28 
The series pene 
tit 5tet. 


is convergent when mod. z=1, except when z=1. Thus the two series 


1 lye 
= 5 cos no, 7 sin n@ are both convergent, except that the first is divergent 


when @ is zero or an even multiple of 7. 


207. Suppose F(x) is the continuous function of « which is 
represented as the sum of the series a) + a,” + 0,4? +..., with real 
coefficients, which converges for real values of «, less than unity. 
Let us assume that the series diverges when «>1, but that the 
series @ + a+ a,+..., corresponding to «=1, is convergent. 

It will then be shewn that the sum of the series a, +a, +Q.+... 
is the limit of F(#) when increases from values less than unity 
to unity as its limit. Thus the continuous function F'(«) defined 
for e=1 by F(1)= ee (a) continues to represent the sum of 

a= 


the series when e=1. This theorem was given by Abel’. 

Let sy = @) +A, +A,+...+4n} 8% =a. In virtue ofa theorem 

which will be proved in Art. 209, since the two series 

Apt AL+ Au? +...+ 0,2" +4+..., 

l+taota?t+...ta"+... 

are both absolutely convergent when «<1, their product, formed 
by multiplication, 

So tS, 0+ 8.07 + ...4+8)0"+... 
is convergent, and its limiting sum is F(#)/(1—.), the product of 
the limiting sums of the two series. Denoting Ls, by s, the number 
nm can be chosen such that Sy, Sn41,Sn42,--- all lie between s+ and 
s — ¢, where ¢ is an arbitrarily chosen positive number. 

The limiting sum of 8,2" + ,4,0"+1+ ..., for such a value of n, 
lies between (s+e)a"/(l—a) and (s—e) a"/(1—a). Therefore 
F(a) lies between 

(8 + €) a" + (1—2) (3 +5,0 + «6. + Sn 2") 
and (s—€) a" +(1—2) (8) + 5,04... + 8n12"”). 

It follows that | F(x) —s| is less than 

e+|s|(1—a") +(1—2)(|%|+[s] +--+] sal) 

The number n having been fixed, corresponding to e, we can 
choose a value of «, say 2,, such that | F(x) —s| is numerically less 
than 2c, for 1 >a# 2 a,, since 1 —a and 1— 2” may be taken as small 


1 See Crelle’s Journal, Vol. t 
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as we please by properly choosing 2. Since 2e is an arbitrarily 
small number, it follows that s is the limit of F(a) for «=1. 

If a», a,, @, ... are complex numbers, we may divide the series 
into two parts, one real and the other imaginary, and the theorem 
applies to each part separately ; hence it holds for the whole series. 

Next let F(z) be the continuous function which represents, 
when mod. z< 1, the sum of the series a, +a,2+,27+ ..., where 
z is the complex number r(cos@+7sin@). The series may be 
divided into the two parts 

AQ +a,7r cos 8+ a,r* cos 20+... 

t(a,7rsin 6+a,7° sin 26+ ...), 
and the theorem holds for each of these two series. Therefore if 
the series a) + a2 + a,2°+... isconvergent when z= cos 6+7sin 8, 
its sum is the limit for r=1, of F(z), the value of @ being kept 
constant. The function represented by the series is then con- 
tinuous at the point on the circle of convergence with the values 
on the radius of the circle of convergence through the point. 

In order that the necessity for the investigation in this Article may be 
seen, we remark that a similar theorem would not hold for the series obtained 


by altering the order of the terms in the series aj+a,v+aox"+..,. For 
example, consider the two real series 

v—faor+hai—dot+... and «+t23-1a*+1a%+1ha7-fat+...; 
as long as x <1, the series are absolutely convergent, and they have the same 
sum ; when however «=1, the sums of the series are not equal, as has been 
shewn in Art. 195. The sum of the first series is continuous up to the value 
x=1, of x, but that of the second is not so. 


208. There cannot be two distinct series of powers of z, 
Ap + hS+ a.27+..., 
by + 0,2 + byz?+ ..., 
which both converge to the same value F(z) for all points in a 


circle of radius k(>0). For since they converge to the same 
value for z=0, we must have ay=; and thus the series 


Az+a,2+..., bhz+b,2°+... converge to the same value when 
mod.z<k. This is impossible unless the two series 
Qtazta;z+..., b+b,2+6,2?+... 


are both convergent and have the same limiting sums for 
<mod.z=k. The radii of convergence of these two series are 
each 2 k, and their sum-functions are both continuous within their 
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circles of convergence. Since their sum-functions are identical for 
each value of z except z=0, in the circle of radius &, it follows 
from the continuity of those functions that they are identical when 
z=0; therefore a,=6,. By proceeding in this manner, it can be 
shewn that all the corresponding coefficients in the two series are 
equal, and thus that the series are identical. 


Convergence of the product of two series, 


209. Let S, S’ denote the limiting sums of two absolutely 
convergent series 
Dy + Ag + Ag+ ooo FOn + rey 
b +b, + bs +... +0n + 05 
then it can be shewn that the series 
A, by + (a,b, + Gyb,) + 2. + (1 On + gba $ oe +Anb) +... 
obtained by multiplying together the given series is convergent, 
and that its limiting sum is SS’ 

Denote by s, the sum of n terms of the product series, and let 
a, B be the moduli of a and b respectively. Since the series S, S’ 
are absolutely convergent, the series of moduli are convergent; 
denote their sums by 2, 2’, and let 

oa 0,8, + (Bo + % 81) +... +(%Bn + Brat --. + OnBi). 

We have SyrSn! — Sp, = Aedg + Agdn_y +... + Ondn; 

hence mod. (8,Sn’ — Sn) S a2 Bn+ % Brat... +4nBre 
en 1S a 

Now on < =n2n’ < Gon, because oon contains more terms than the 
product S,=n', whereas on contains fewer; hence the limit of on, 
when n is indefinitely increased, is finite, and therefore since the 
limits of on, Fon must be the same, each is equal to 22’; thus the 
limit of mod. (S;Sp’ — 8p) is zero, or s= SS’. 

More generally it can be shewn that it is sufficient for the 
validity of the theorem that the convergence of one only of the 
series d,+@,+..., 0, +b,+... should be absolute, that of the other 
being conditional. In case the two series are both only conditionally 
convergent, the product series a,b, + (a,b, + a,b) +... 18 not neces- 
sarily convergent, but it can be shewn that in case it be convergent, 
its sum is the product of the sums of the two given series’. 


1 For proofs of these results, see the author’s Theory of functions of a real 
variable, pp. 500, 501. 
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The convergence of double series. 


210. Let us consider a doubie sequence of positive real 
numbers @,,, 


1,15 G05 % 35 eee 1,8, aica 
O15 Q2,2) Qo35 eee Q2,8» ece 
O15 Ay 25 were eeeee Ay, 8» 


ee 


Let us assume that the numbers in each row when added 
together have a definite limiting sum; and let 8, &, ... 8, ... 
denote the values of this limiting sum for the first, second, ... rth 
rows. Let it be further assumed that the series s, +5,+...+58,+... 
is convergent, and has S for its limiting sum. It will be shewn 
that the series @,,,+0,,+..-+%, s+... obtained by adding the 
numbers in any one column is convergent, and that if its limiting 
sum be denoted by 3, the series 3;+2,+3,;+... is convergent, 
and has S for its limiting sum. 

That a,5+ %,,+...+%,.+... 18 convergent follows from the 
fact that each term is less than the corresponding term of the 
convergent series s,+8,+...+8,+.... An integer p may be so 
chosen that the r numbers 


udey n=p n=p 


S 
—- = Anji, 22 2 Ania, eee Ep > Gnyr 
n=1 n=1 n=1 


are all less than e/r. Therefore 2,+3,+...+3%, is less than 
€+8,+8,+...+8,, or than e+; and since this holds for every 
value of r, the series 2,+%,+... is convergent and its limiting 
sum is = S, since ¢ is arbitrarily small. Also the integer g may 
be so chosen that the r numbers 


*— n=q n=q 
§— 24 Gn, &— = Aan, ++ Sp an 
n=1 n=1 n=1 


are all less than e/r. 

Therefore the limiting sum of the series 3,+2,+... is greater 
than s,+ s,+...+8,—e; and as this holds for each value of r, the 
limiting sum is 2S—e, Since e is arbitrarily small, the limiting 
sum of the series 3, + %,+... is 2S; and it has been shewn to be 
=; consequently it is equal to S. 

When the positive numbers a,, are such that each of the 
series @,,+,,.+... converges to a number s,, and so that the 
series s,+8,+... is convergent, the numbers a, are said to be 
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terms of a convergent double series of positive numbers and S is 
said to be its sum. In accordance with the theorem proved, the 
limiting sum of the series is the same whether the summation be 


taken first with respect to s and then with respect to r, or in the 
converse order. Thus 


SS dees S a,.= 8. 

If the numbers @,,, are no longer restricted to be of one sign, 
then if the numbers |a,,,| are the terms of a convergent double 
series, the numbers @,,, are said to be the terms of an absolutely 
convergent double series. 

If the double series, of which the terms are @,,, is absolutely 
convergent, then 


For let a,,,=8;,s — Yr,s, Where yr,s=0 when a,,,1s positive, and 
B,,2=0 when a, is negative. The series may be regarded as the 
difference of two series of which the terms are the positive 
numbers £,;,, and y;,s. Since the series of which £,,,+ r,s 18 the 
general term is convergent, the two series of which £,,., y,. are 
the general terms are both convergent, and their sums may be 
taken in either order; it follows that the sum of the series of 
which a,,, is the general term may be taken in either order 
without affecting the result of summation. 


OMe @ 
The theorem Sy he ga ae Oe 


is also valid when the numbers a,,, are complex, in case the serics 
of moduli | a,,,| is absolutely convergent. For if @,,=*Yr,5+ 1;,s, 
the series of which 9, 5;,, are the general terms are both 
absolutely convergent, whence the result follows. 

The general theorem may also be stated as follows: 

If a, +a,+a;+... be a convergent series of real or complex 
numbers, and if each term a, be expressed as the limiting sum of 
an absolutely convergent series 


ar + 0 ch Qy,3 + wisith 2, 


then the given series may be replaced by the series 


Ty + mt My,a+ oon 
p= 


3 
1 $48 
Kh 
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without altering its limiting sum, provided the series 
8,4 8,+8;+... 
is convergent, where S, denotes the limiting sum of 
| ara] +] tno { +] Ore] +--+ 

An important case of this theorem, of which we shall afterwards 
make use, is the following : 

If ay +a,z2+a,2°+... be a convergent series of which the 
limiting sum is F'(y,z), and if a), a), d2,... are the limiting sums 
of the absolutely convergent series 

bo,o ar boy a bo, oy te bo, sy° T+ ve 

b,, ot by, 1y¥ +b, oy + by, s+ oe 

bs, ot doy + bo,074° + bs, sy? +... 
then, if the series aoa PERI! |z|*+... is convergent, where 
A, denotes the sum of the series |b,.|/+|6,.y|+ | b.9?|+-.-, 
the series 

(Bo,0 + 81,02 + B92? + «-) + (Do. +0112 + O12? +...) Y 
+ (bo. + by 22 +d, 27+ sth + erry 

which is obtained by substituting for a), a,, a,,... in the given 
series, and arranging the terms as a series in powers of y, is 
convergent, and its limiting sum is /’(y, z) the same as that of the 
original series. 


The Binomial theorem. 


211. A very important case of series in ascending integral 
powers of a variable is the series 
m(m—1) oe m (m — 1)(m— 2) 2) 

2! ag 

In the particular case in which m is a positive integer, the 
series is finite, and its sum is (1 +z)”, the ordinary proof of this 
being applicable to a complex value of z. 

We shall suppose z to be a complex number, but shall confine 
ourselves to the case in which m is real. In this case On/An41 1s 


1l+mz+ 


equal to ut, the limiting value of which is unity; the radius 


of convergence of the series is therefore unity. The series con- 
verges absolutely at any point 2 interior to the circle of radius 


THE THEORY OF INFINITE SERIES 269 


unity, and uniformly in any circle of radius less than unity. 
Denoting the limiting sum of the series by f(m), and applying 
the theorem of Art. 209, we find for points within the circle of 


convergence f (mm) xf (m.) =f (m, + m,), 
and thence f(7m) f(ms) ... (mq) =f (my + my +... + Ma). 
First suppose m to be a positive fraction p/q in its lowest 
terms, then putting m,=m,=...=m,=p/q, we have 
[f(p/a)? =F(p), 
therefore f(p/q) is a qth root of f(p), that is of (1+z)". Let 
1+rcos @=7, cos d, rsin 6=r,sin ¢, then 
(1 + 2)? = 17,” (cos pp +7 sin pd), 
and the values of the gth roots of this are 
p 
rs {00s P+ Dom 4 jin PO +20} 


where s has the values 0, 1, 2,...¢—1. We have 


r= +V14+2rcos 047%, 
and we may suppose ¢ to be that value of tan ene Og which 
1+rcosé 
is acute (positive or negative); such a value exists, for cos ¢ is 


positive for all points within the circle of convergence. We see 
then that f(p/q) is a value of W/7r? {eos ph oo ph +e, 


and s must always have the same value, since we know that 
f(p/q@ is a continuous function for all points within the circle of 
convergence. 

To find the value of s, put ¢=0, then /(p/q) is real, and must 
therefore be equal to a real value of 


+7sin 


2S) Asst: a 
“/r,? cos — +1sIn—y7, 
vee q q 
and therefore s = 0, or s=4q in ease q is even; if r 1s sufficiently 
small, f ) is certainly positive; hence s cannot be equal to $4 


and must therefore be zero. 
We have thus proved that the sum of the series, when m 1s a 
positive rational number p/q, is the principal value of (1 +z)”, 


that is 4 
(1 + 2r cos 6 + 77)?74 (cos S +7sin =), 
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where the expression (1 + 2r cos 6 -+ 7°)?” has its real positive value, 
and ¢ is the numerically smallest value of tan™ lo where 


z=r(cos@+7sin 6). 

Next let m be a positive irrational number ; we consider it to 
be defined as the limit of a sequence m, mz, ... m,,... of positive 
rational numbers. It will then be shewn that f(m) is the limit of 
the sequence f(m), f(m.), ... f(m,), ..., or f(m)=Lf(m,). We 
have, for any point z in the interior of the circle of convergence, 

r ae 1 
Lat aa 
y My (my — 1)... (m,—n + 2) 
(n—1)! 
where | &,(z)| is less than the limiting sum of the convergent 
series 
ET Ses Nee a, 


n! 


S(m,) =1+m,2+ 


ae ar Ry, (2), 


N(N+1)...(V +n) 

(n+1)! © 
where N is a positive number greater than all the numbers 
M,, Mo, +». My, .... For all sufficiently great values of n, we have 
|R,(z)|<e, for all the numbers m,, where e is an arbitrarily 
chosen positive number, It is clear that the limit of the sum of 
the finite series 


are pide eee 


my (my — 1) my (m,— 1)... (m,—n + 2) 
pS ae eel 


1+ m,z + — >" f+... n— 
talc 2! atthe (n—1)! ‘ 
as mi, converges to m, is 
m (m—1) m(m—1)...(m—n+2) 
LCE gp, hat facili sae 


and this is therefore the limit of f(m,)— Ry (z). In accordance 
with the definition of an irrational power given in Art. 186, the 
limit of the principal value of (1+z)" is (1+z)™ Since 
|Rn(z)|<e, for all the numbers m, my, ... mp, ..., L|Ry (z)|, 
which must have a definite value, is S e. 

It follows that 


m (m— 1) 


' m(m—1)...(m—n+2 
ered ak aie igo Np 


(n—1)! 
differs from the principal value of (1+ 2)" by a number of which 
the modulus is not greater than ¢, for all sufficiently large values 


1+mz + 


nmi 
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of n; therefore the convergence of the Binomial series to the 


principal value of (1+z)™ has been established for the case of a 
positive irrational number. 


Lastly, let m be a negative number —m,. We have then 
F(m)f (m) = f(0)= 1. Hence f(m)=1/f(m), or f(m) is the 
reciprocal of the principal value of (1+ z)™, or is the principal 
value of (1+2z)™. 


We may state the complete result as follows - 
The sum of the series 


1+ mz+— 2 +o. eS ee 
! n! 
for all values of 2 of which the modulus. is less than unity is the 
principal value of (1+ 2)”, which ts 


(1 + 2r cos 6 + r*)8™ (cos mp + isin mg), 


when m ts any real number, x being the modulus and @ the 


argument of z, and > being that value of tan _rsin@ 


1+rcos@ which 


lies between +47 


This result was obtained by Cauchy, and will be found in his 
Analyse Algébrique. 


212. It now remains for us to consider the case when 
mod. z=1. 
Denoting the terms of the series 


Ot ay eatiaatl) Git 2) 
3} i 


Et ae aon 


by dQ, @%, dz, ..., we have An4:/dn =(m—n)/(n+1); when n>m 
this ratio is negative, therefore the terms of the series are alter- 
nately positive and negative, after a fixed term; the series is, 
by Art. 194, convergent if the terms diminish in absolute magni- 
tude and become ultimately indefinitely small. This will be the 
case ifn—m< n+l, that is,ifm >—1; thus the series is a semi- 
convergent one, if m> —1, whereas if m<-—1l, it is divergent, 
since the absolute magnitudes of the terms increase indefinitely. * 
From the proposition in Art. 206, it follows that the series 
l+mz+ Cee 2+... converges when mod. z=1, provided 
m>-—1,andz+-1, 


* See Page 383 
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When z=-—1, all the terms of the series are, after a certain 
term, of the same sign; applying the known test 


In (1 + Qn/aQn4) > 1, 
the series will be convergent if 
In {1—(n—m-—1)/n}>1, or if m>0. 
According to the theorem in Art. 207, whenever the series 


, nek 
depres eee ae 


converges on the circle of convergence, its sum is the value of 
(1 + 2r cos 6 + 7°)" (cos mp + isin md) 
at the point. We may state the complete result as follows: 


The series 


-1 =I) eee - 
1+mz Boe he tee rites . = acim ae asa 
converges when mod. z=1,1f m is positive, for all values of 2; also 
if m is between 0 and —1, for all values of z except z=—1, in 


which case the argument of z is m. The series diverges when 
m=—1, and when m<—1. For all values of z for which the 
series converges, its sum is (2+2 cos 6)'™ (cos 4m +i sin 4m), 
where 0 has a value between +7. 


The Binomial Theorem has been considered generally, for complex values 
of m, by Abel, in a memoir published in Cre/le’s Jowrnal, Vol. t 


The circular functions of multiple angles. 


213. An important application of the Binomial Theorem in 
its generalized form, is the expansion of (cos @ +7 sin 6)”, of which, 
by De Moivre’s Theorem, the principal value is cos m@ +¢ sin m0, 
if 6 lies between +7. Writing (cos@+7sin 6)” in the form 
cos” 8(1+7tan 0)”, we have 


cos mO +7sin md = cos™6 {1 - ace tan? 6 + ut 
+i {mtang "=m —2) tan® 0 + at 


provided the series is convergent; this condition will be satisfied 
if 6 lies between the limits + 47, whatever be the value of m, 
and also when 06=+ 47, provided m>—1, 
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(1) Suppose m positive, then we have 
_ m(m—1) 


cos m0 = cos” 8 i a1 tan? 
eat = = 
SSC REICH Tae es 
sin m6 = cos™@ {mm Ga ea ame) tan? @ + - rc (2), 


for all values of m, provided @ lies between + 42, and they hold 
for 6=+47. These results are an extension of those obtained 
in Art. 51, for the case of m a positive integer, in which case 
there is no convergence condition. 


(2) Suppose m negative, then changing m into — m we have 


cos mf cos™@ = 1 — Bee tan?6 
+ Ae tae ae Oe) Pay Omen 
sin m6 cos” 6 =m tan @ — DAES ENS, tam?6+...... (4), 


3 


which hold for all positive values of m, provided @ lies between 
+4. These results hold for 0= +47, only if m lies between 1 
and 0. 


214. The formulae (1) and (2) of the last Article have, in the 
case when m is a positive integer, been applied in Chapter vii to 
obtain expressions for cos m¢, sin md, in series of ascending powers 
of sing. We proceed now to find similar expressions, when m 
is not a positive integer. | 

We have proved that, when m is an even positive integer, 


ae m? (m? — 2?) . 
cos mp = 1 — - sin? d + eT a aint 
- eee Sin’ + ose  seeeee(5), 
and that, when m is an odd positive integer, 
; 2—]?) . 
sin mpd =m sin d — M2 sint $ 
ei 8) Fae 6a aes (6). 


5 | 


274 THE THEORY OF INFINITE SERIES 


These series were obtained from the expressions for cos mq, 
sin md, in powers of cos ¢ and sin ¢, by substituting for powers 
of cos¢, powers of 1—sin?¢, expanding each of these by the 
Binomial Theorem for a positive integral index, and arranging 
the result in powers of sing. The same series will be obtained 
when m is any positive integer, not limited as to evenness or 
oddness, provided cos ¢ is positive, which will be the case if ¢ 
lies between +47; the powers of 1—sin’¢ will no longer 
necessarily be integral, but the Binomial Theorem is still applicable 
since all the series will be convergent. Since all the series of 
powers of sin? are absolutely convergent, and since the original 
‘expression for cos md, sin mf each contains only a finite number 
of terms, by Art. 210, we may arrange the result of the expansions 
in a series of powers of sin?¢. Thus we see that if m is any 
positive integer, each of the series (5), (6) holds, provided ¢ lies 
between + 477; the first series does not consist of a finite number 
of terms unless m be even, and the second not unless m be odd. 

Let f(m) denote the limiting sum of the series 

2 

1+m(isin g) + (isin go +™—™) (sin gy + .0., 
where the series on the right-hand side is obtained by adding the 
series (5) to the series (6) multiplied by 7. When m is a positive 
integer, we have f(m)=cosmp+isinmd, if @ lies between 
+47. Now when m and m, are positive integers, we have 


F(m) xf (mr) = (cos mo + 7 sin m, ) (cos mp +7 sin my) 
= COS (Mm, + mM.) P + 78iN (mM, + Mm) 
=f (m, +m). 


The product of the two series f(m,), f(m:) will be of the same 
form, whatever mm, m, may be; thus, employing the theorem of 
Art. 209, we conclude that the equation 


F (mm) x f (m2) =f (am + m2) 
holds for all values of m, and m,, since the series are absolutely 
convergent. We have consequently 


F(m) f (my)... f (Mg) =f (mM + My + oe + M2); 


let m,=m,... = mq= p/q, where p and q are positive integers, we 


get then 
{1 (P/M)? =F (Pp), 


THE THEORY OF INFINITE SERIES 275 


é ag 
hence f(p/q) is a value of { f(p)}%, and is therefore of the form 


os (iia +7 sin Badal 

q 92 
where s is some integer. Now when ¢=0, we have f(p/q)=1 
hence since the sum f(p/q) varies continuously as ¢ increases 
from —47 to +437, we must have s=0, if ¢ lies between these 
limits; hence in that case 


tT (p/)) = cos DS +4 sine 


Next let m be a positive irrational number defined as the 
limit of a sequence of irrational numbers m,, m2, ... m,,.... We 
have then 


J (m,) =1+m, (isin ¢) +t aC sin f)? + oo 


ye e—-l eee e—2 -—3 we 
« ost =p BBN (isin gy 


m,?(m,? — 2”)... (m2—2r—2 

ret (mn? 9) nt = 319 (4 sin )* + R, 
where || is less than the modulus of the limiting sum of the 
convergent series 
N(N?+12)...(N?4+2r—1|") ep ora 
(2r +1)! ee) 


2 2 2 2 
ree) Sy: + 2r| ) | sind | 7424 

N denoting a positive number which is greater than all the 
numbers m;, m, .... For each fixed value of ¢, 7 may be so 
chosen that |R|<e, where e is an arbitrarily chosen positive 
number, for all the values m, m.,... of ms. 

The limit of f(m,) or cosms@ +18in m, ¢, as $ 1s indefinitely 
increased, is cosm@+isinmd@. It then follows that 


1 +m (isin g) +25 (isin $)* + 
EM 28D sin gy 


a mt (n= 29) os (oP — Pr 2) (¢ sin p)” 


differs from cos m +7 sin md by a number of which the modulus 
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does not exceed e. Since ¢ is arbitrary, it has thus been shewn 
that for each value of ¢ between +47, the infinite series con- 
verges to cosmd +7sin mg. 

Lastly let m be a negative rational or irrational number —™. 


Since f(m) x f(m)=f(0) =1, we have 
f (m)=1/(cos mp +7 sin m ¢) = cos mp +7 sin md. 
We have shewn thus that the two series 


a 2 2 oa Pe 
cos mp =1— 5" sin'g + ce = HD avin (5), 
sin mg = msin $— "= *) sins g 
m (m* — 1?) (m? — 3?) 
+ BI sin" = 5 a: us ewitueted 6) 


hold for all values of @ lying between + 47, whatever real number 
m may be. 

The series (5), (6) converge absolutely when $= +47. For, 
denoting by a, the absolute value of the general term of the first 
series, we have 


<n Qr-+ 1) (r+ 2). 1 m3\-1 
y+ (27)? mi? =(1+5, Fort za) (1 ‘ =) : 
therefore Lr (= ae 1) = 8. 

Cy4y 2 


and thus in accordance with a known test, the series is con- 
vergent. The series (6) may in a similar manner be shewn to 
converge. In accordance with Abel’s theorem in Art. 207, the 
series (5) and (6) converge to the values cos} mz, + sin 4 mz, when 
g=+hr. 


A similar oe Pak will shew that the two series 


cos mp/cos p = 1— “ai sin’ p 

, f=) 2) aint decrees eee ean). 
sin moos ¢ =m sing —™O" =?) ins g 

‘ ae Pe ee ee (8), 


hold for all real values of m, provided ¢ lies between + 47. 
The series (7), (8) are not valid when ¢ = + $7. 
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The series (7) terminates only when m is an odd integer, and 
(8) only when m is an even integer. 


215. Ifwe take the series for cos mp+7 sin md, from (5) and (6), 
and put z=7sin ¢, we have, since (cos ¢ +7sin ¢)™=(/1 +24 zy, 
the expansion 
m (m? — 1?) m? (m3 — 2? 
yada ete ids aes Ve 
m (m? — 1?) ... (m? — 2s —3 2s —3|?) 

(2s—1)! 
4 2 (m= 2?) ... (m? — Is — eae 
(2)! 
In a similar manner we have from (7) and (8) 


pees ese ele 9 (3 2 92 
(J1+24+2)"J/1+2=1 + mz + a Os 


(TH eye A ne cane 


gs 


+ 


get tes 


m (m2 — 22)... (m?— 2s — 2? 
(2s—1)! 
(m? — 12) (m2 — 8®) ... (m?— 2s — 1?) 
(2s)! 

It can be shewn that these expansions hold for all real values 
of m, provided the modulus of z is less than unity. By some 
writers, these expansions are investigated directly, and then the 
series (5), (6), (7), (8) are deduced. It is however not easy to 
investigate these series by elementary methods, except when the 
modulus of z//1+ 2 is less than unity; we should, with that 
restriction, obtain the series for cos md, sin mq, only when ¢ lies 
between +417, which is the same restriction that applies to the 
series (1) and (2). However, by employing the principle of con- 
tinuity, it is seen that the above expansions are valid in the 
region |z|<1 of convergence of the series. 


gs 


an Pt epee 


216. If in the series (5) and (6), we change @¢ into 4a — q, we 
obtain the following series which hold for values of ¢ between 0 


and 7, 
2 (m2? — 22 
cos m (5 jet — cost 4 cost —... (9), 


2 
sinm (5 - ) =m cos g — 008° 6 + «..(10). 


We can now find series which express cos m@, sin md, when ¢ 
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has any value. If 6=ra7 + do, where ¢, lies between +47, and 
r is an integer, we have 

cos mp = cos mra cos md, — Sin mr7z sin my ; 
also sin ¢ =(— 1)" sin i pou we have, if ¢ lies between (r + 4) x, 


cos mp = cos mr (1-5 —5,5 “sin? ot. 
, aeeeg Ie 
—sin(m —1) ra ft sin d — mine) sin’ d + at Ff EL). 
Similarly 
sin md = sin mrm (1-7 -s - sin? pt.. 
2 
+ cos (m—1) rr i. sng —Mt=39 : ait + Sy peal keh 


From (9) and (10), we obtain 2 a similar manner 
cosmp=cosm(2r+1)5 5 {1-5 -> “cos? p+. 4 


m (m? — 1?) 


+ cos(m —1)(2r+1) 54m cos  — Soot mat cos’ h + ot (13), 


m (m? — 1?) 


2| 
sin mf=sin m(2r+1)5 a 31 CoS” i+. M 
: 


+ sin (m—1)(2r+1)3 {meosg—™" ——) cost $ + sf (14), 


where ¢ lies between ra and (r+ 1) 7. 


217. Series of some interest may be derived from (5) and (6), 
(7) and (8), by giving m particular values, Let ¢=47, we have 
then, writing 2 for m, in (5) and (6), 

2 
cos tra = 1-4 PF) Se rela: 


saa i?) Palas) 


Again letting m= 22, $= eS in (5) and (8), we have 
ewe al) x? (x? — 1*) (a? — a i 


sin 47a = x — 


cos tra = 1 — a1 ry Bi fe GED), 
sin Jno = t3 fe 20), SE) + (18). 


1 The formulae (11), (12), (13), (14) were given by D. F. Gregory in the 
Cambridge Mathematical Journal, Vol. tv. 

* The series in this Article were obtained by Shellbach, see Crelle’s Journal, 
Vol. xnvi1.; they have also been discussed by Glaisher in the Messenger of Mathe- 
matics, Vols. 11. and vit. Series equivalent to (15) and (16) are given by M. David 
in the Bulletin de la Soc. Math. de France, Vol. x1. 
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Various series may be found for powers of m, by expanding cos4$rz, 
sin}ma,... in powers of «x, and equating the coefficients of the powers of «x 
to those picked out from the above series; for example from (16) we have, 
by equating the coefficients of 23, 


nly fut Ty pea I tage ey 
3 °9T 5" ra ogee wae if pa) te 


Expansion of the circular measure of an angle in powers 
of its sine. 


218. If in the expansions (5) and (6), for cos md, sin md, in 
powers of sing, we arrange the series as series of ascending 
powers of m, as we are, by Art. 210, entitled to do, since the 
series 


a 


1+ 2 sin’ g + sint'd+.. 


m het -+- 1?) 
3! 
are convergent, we may equate the coefficients of the various 
powers of m, to the corresponding coefficients in the expansions 
of cosmd, sin md, in powers of ¢; we thus obtain from (6) 
1 sin’? 1.38 in? 
os co) 4 in’ d a 


m sin d + sin’ + ... 


.(2r —1) sin”) 


BD as 
ovscQl 
© 224 G02. orb Lb (19), 
ard from (5) 
2sinthd 2.4sin°'d 
p= sin? ot+5 5) +35 3 see 
eer) m2 
pe caps 2 ee Wale e420); 


DilOnee (ataok) kets 
these hold for values of @ between +47, or when¢=+47. We 
may also write them 


a 1.3a° 
sinto=at sete get sition (19), 
2 at 2. 42° 
(sin 2) =a"+ 5. 3+3-5 ae pe. (20), 


where sin-'a, in either equation, is the positive or negative acute 


angle whose sine is equal to z. 
The series (19) was discovered by Newton; the method of 


proof is that of Cauchy. 
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219. By'changing x into «+h in the series (20), and equating 
the coefficients of h on both sides of the equation, which process 
is equivalent to a differentiation with respect to z, and may be 
justified by employing the theorems of Arts. 210 and 208, we 
obtain the series 


er ee Hea 1 4 


or putting sin ¢ for 2, 
¢/sin ¢ cos 6 = 1+ ; sin’ d + =e sin! d + -00 esee+(22), 
or writing 2 = 8, 
— O/sind=1 +5 (1—cos #) +5 at — cos 0)? + oes 
which may be written 


@ cosec O= 145 E vers 0 + =— She vers? 6+. ...(23). 


3 a, 5 
Again, in (22), put tan d= ¥, and we obtain the series 
4 y ate Beunn? fuer 
= ott gr tsa cores (24). 


Expression of powers of sines and cosines in sines and cosines 
of multiple angles. 


220. We shall now shew how expressions of the form 
cos"@sin"@ may be conveniently expressed in cosines or sines 
of multiples of @. We shall in the first instance confine our- 
selves to the case of positive integral values of m and n. Let 
z=cos6+7sin @, then z2-?=cos@—‘sin@, hence 2cos9@=z+271, 
2isin 9 =z—27, and 

(2 cos @)™ (22 sin 6)" = (2 + 2-1)" (z — 24)"; 
if we expand the expression in z, in powers of z and z~, we can 
arrange the result in a series of terms of one of the two forms 
k(2" +27), k(2"—27*), where & is a multiplier depending on m, n, 
and r; now 2”"=cosr?+7¢sin70, and 2*=cosr@—isin rd, by 
De Moivre’s Theorem, hence 


k(2" +277) =2k cos 70, 2k (27 — 2-7) = Qik sin vO, 


thus we have the required expression for cos”@ sin” @ in a series of 
cosines or sines of multiples of 0. 
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EXAMPLE, 


Express sin’ 6 cos®6 in series of multiples of 6. 

We have (2isin 6)> (2. cos 6)°= (2 — 2-1)8 (2 +271)6 = (2? — 2-2)5 (24271) 
which is equal to (z!°— 528+ 102?- 102-24 52z-6— 2-10) (242-1), 
or 211 +29 — 52? — 525+ 1023+ 10z— 102-1 — 102-3 + 52-5 452-7 — 2-9 2-11, 
which is equal to 27 (sin 114 +-sin 99 —5 sin 76 — 5 sin 56 + 10 sin 36 + 10sin 6), 


therefore sin®d cos*@ is equal to x (sin 110+sin 96 —5 sin 76 —5 sin 56 
+10 sin 36+10sin 6). 
This process may also be arranged thus, writing c for cos 6, s for sin 0, 
(2c)8=1464154+20415+4 64 1, 

(273) (2c)8=14+5+4+ 9+ 5- 5-— 9- 5-1], 

(2is)?(2c)8=14+4+ 4— 4-10— 44+ 44 441, 

(2is)3 (2c)8=14+34+ O- 8— 6+ 6+ 8— 0-3-1, 

(2is)# (2c)0=14+2- 3— 8+ 2412+ 2— 8-34+241, 

(218) (2c)8=141— 5— 5+10+10-10-104+545-1-1; 
here the powers of z are omitted on the right-hand side, and a figure in any 
line is obtained by subtracting from the figure just above it the one that 


precedes the latter. 
This very convenient mode of carrying out the numerical calculation is 


given by De Morgan in his Double Algebra and Trigonometry. 


221. We can obtain formulae for (2cos @)™ and (2sin 6)", 
when m is a positive integer, in cosines or sines of multiples of @, 
by the method we have employed in the last Article. We have 

ae la 
(2 cos 6)" = (2+ 27)™=2™ + mz" + eal OA Re sh ez 


hence i" 
2-1 cos" = cos mO +m cos (m — 2) + ae cos(m—4)0+..., 


where the last term is 
! 
2(4m)!(4m)! — (4m—1)!(4m4+I1)! 
according as m is even or odd. 
From 


6, 


m(m—1 a. 
(isin 0)™=(2—271)"=2"— me" + ce gm4— ,..4(—-1)"2-™, 
we obtain similarly 

27-1 (— 1)? sin” 0 = cos m0 — m cos (m — 2) 0 


eu = m! 
+ MAD cos (m4) 0-1)" sey 


when ™ is even, 
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eee 
or 2"1(—1) 2 sin”@ =sin m6 —msin(m — 2) 6 
m(m—1). ts m! 
oN La A Bae 
es dS en ari 
when m is odd. 
These formulae have already been obtained in Chapter vil. 


222. We shall next consider the expansions of cos™@, sin™@ 
in cosines and sines of multiples of @, when m is any real number 
greater than —1. We have from Art. 212, 


2™ (+ cos 4)” cos m (4 — krr) 


Bue 1) 0 A ee 


=1+mcos¢+ s2p+ cos 3¢ +..., 


2™ (+ cos $p)™sin m (4¢6 — kr) 


mina) n3dot..., 


where ¢ lies between (2k —1)m and (2k+1)7. Multiplying the 
first series by cosa, and the second by sina, and adding, we get 


poe a 


=m sin d + 


2 (+ cos $p)™ cos (a — 4m + mkrr) = cos a + m cos (a— ) 
(m—1)(m—2 

a oes hee (a—2¢)+ fe ech ge 3h)+..., 
where ¢ lies between (2k — 1) and (2k+1)7. Let 6=26, then 
corresponding to the two cases of & even (= 2s), and k odd (= 2s + 1), 
we have 
2™ cos” 6 cos (a — mO + 2msrr) 
m(m—1) 

2! 


where 6 lies between 2sa7 — 47 and 2s7 +40; and 


= cos a+ mcos (a — 26) + cos (a—40)+..., 


2” (— cos 6)” cos (a — mO + m2s + 17) 
= cos a + m cos (a — 20) alles (a—40)+., 
where 6 lies between 2s + 4a and 2sa + 3a 
In these results, put a= m0, then we have 
2™ cos™ 6 cos 2msar 


= cos m@ + m cos (m — 2) 6+ mM — Dos (m-4)O+4... (25), 
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where @ lies between 2sm — 4a and 2s7 +47; also 
2” (— cos 6)" cos (28 + 1) mar 


= os Oa on cos (mi 2G sme ee) 


Chae cos (m — 4) 8+... (26), 
where @ lies between 2s7 + }ar and 2sm + 32. 

Again, put a= m0 +47, then we have 
2™ cos” @ sin 2msar 


m (m — 1) 


=sin m6 + m sin (m — 2)04—~ a1 
where 6@ lies between 2s — 47 and 2s7 +477; also 
2™ (-- cos 6)” sin (2s +1) mar 

= sin m@ + msin (m—2)0+ 


sin (m — 4) 6+ ... (27), 


m (m— 1) 
2! 
where @ lies between 2sm + $a and 2sa + 8rr. 
Next change @ into 6 — 47, and then put a= m6, we then have 
2™ sin™ 6 cos m (2s + 4) 7 


sin (m — 4) 6+... (28), 


m(m—1) 
2! 
where @ lies between 2s7 and (2s+1)77; also 

2™ (— sin 8)" cos m (2s + 3) 7 


= cos m@ — mcos(m— 2) 0+ cos (m — 4) @—... (29), 


(m — 


m (m= 1) cos (m — 4) 8 —... (80), 


= cos m@ — mcos(m—2)0+ i 


where @ lies between (2s + 1) 7 and (2s + 2) 7. 

Lastly, put a= m@ + 37, and change @ into 6 — $7, we have then 
2” sin” 6 sin m (2s + 4) + 
aie) Anna Oa ae 
where @ lies between 2s7 and (2s +1) 7; also 
(— 2 sin 0)™ sin m (2s + 3) 7 


= sin m0 — msin (m— 2) 0 + 


m (m— 


iI6) 
577 Sin (m — 4) 6 —... (32), 


=sin m@ —msin (m — 2) 0+ 


where @ lies between (2s + 1) 7 and (2s + 2) 7. 

These series are convergent for all values of 6, if m is positive. 
If m lies between 0 and —1, the extreme values of 0, 2sm + 47 or 
2sm, (2s +1) must be excluded, as the series cease to be conver- 
gent for those values of 6. 

The eight formulae of this Article were given by Abel, in his memoir 


on the Binomial Theorem, and appear to have been overlooked by subsequent 
writers. 


CHAPTER XV. 
THE EXPONENTIAL FUNCTION. LOGARITHMS. 


The exponential series. 


223. LET us consider the infinite series 


1424 5454.. +5 oy 


the limiting sum of which we shall denote by £(z), where z is a 
complex number «+7y. Ifr is the modulus of z, the series 
1 " 
tr+aite. 

is convergent for all values of r, since the ratio of the (n+1)th 
term to the nth is r/n, which diminishes continually as n increases ; 
consequently the original series is absolutely convergent for all 
values of z. This series is called the exponential series, and is 
uniformly convergent in any circle with centre at z=0. 


224. If we multiply together the two exponential series corre- 
sponding to z, and 2, the term of the mth degree in z, and z, is 
2," z-1 zg, z,"-2 oe Zz 


LD Di t!t (m—9)12!* tml 
which is equal to * (at 2" by the Binomial Theorem for a 


positive integral idee We have therefore for the product of the 
two series, the series 


1+(2,4+ %) ++ Gee 


(2, + 2)™ ts 


Ne elit 
m! 


eee 


which converges to #(z,+ * Now by the theorem in Art. 209, 
since the exponential series are both absolutely convergent, the 
product of their sums is equal to the sum of the product series as 
above formed, therefore 


Ei(2,) x E (2) = Ei Ze -P 2.) ccwarstdaseaavves (1). 
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From this fundamental equation we deduce at once 
E(a) x E (2)... x E(é_) = E (a, + 29 +... + 29) 
and thence UAE (A CT ti eee ee (2), 


where n is any positive integer’. 


225. Ifin the equation (2), we put z=1, we have 
E(n) = {E(1)}", 
where #'(1) denotes the limiting sum of the series 


L+-1 +ytgten 
It will later on be shewn that the number Z(1) is an irrational 
number 2°718281828459...; it is usually denoted by e. We have 
therefore when n is a positive integer, E (n) =e". 

Again in (2), let z=p/q, where p and q are prime to one 
another, and let n=g, we have then {#(p/q)}?=£(p), hence 
E(p/q) must be a qth root of H(p) or e?; since E(p/q) is real 
and positive, it follows that H(p/q) is the real positive value 
of %/e?, which we call the principal value of ¢?/. 

The exponential series is a particular case of the power series con- 
sidered in Arts. 203—208. Its radius of convergence is infinite, 
and consequently the series converges uniformly in any fixed circle 
with its centre at the point z=0. Moreover, in accordance with 
the theorem proved in Art. 200, the function H(z) is continuous 
at any point z. If x be any given irrational positive real number, it 
can be defined as the limit of a sequence 2, %, ... %m,... of positive 
rational numbers. In accordance with the definition in Art. 186, 
the principal value of e* is the limit of e*m when the integer m 
is indefinitely increased; it is known that this limit exists and 
has a value independent of the particular sequence of rational 
numbers employed to define the given irrational number «. Since 
E(z) is a continuous function, it follows that H(z) is the limit of 
E (am) when m is indefinitely increased. Hence since e*m= (2m), 
for every value of m, it follows that e*= (x), when e* has its 
principal value. , 

Next if # be any negative real number, since 

E(«)E(-«)=E (0) =1, 


we have E(w) = 1/e-* = e*, where e*, e~® have their principal values. 


This investigation is due to Cauchy, see his Analyse Algébrique, 
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We have thus proved that for any real number x, the sum of 
2 
the limiting sum of the series 1+x+ — +... is the principal value 


of e%, where e is defined by E(1)=e. This is the exponential 


theorem for a real exponent. 


226. We shall now shew that whatever complex number z is, 
the number F(z), the limiting sum of the exponential series in 
powers of z, is equal to the limiting value of (1 +2/m)™, where m 
has positive integral values, when m is indefinitely increased. We 


have 

(1-+2/m)" 

= z .m(m—1) 2 FmLANi Sok ke (m—s+l1) 2 
lie ae og ae ee s! ms 


=1+2+4(1- *\ 5 mt (1-2) (1-)...(1- =") 44... 
2! m m m/s! 


Now if a, b, c,... be any positive real numbers, less than unity, 


we have 
(1-—a)(1—b) >1-—(a+)) 
(1 —a)(1—b) 1-—c)>(1-—a—b)(1-¢) 
>1l-(a+b+4+c) 


Hence 
(l—a)(1—b)(1—c).. , <1, and >1-(a+b+c+H...), 
say =1-0(a+b+c+...), 
where @ is some number between 0 and 1. Hence we have 


1 2, sw) i 2 Ss 
S(s+l1 
| =1-4,. 255%), 
where 9, is some number between 0 and 1. 
We have now 
(1+2/m)"™ = ltetat.., +5 7 += “+R, 
where & denotes 
tt vA 2 28 gm-2 
mi! +4,.5+ Os. 55+ aoe + O54 Gt cot Om—1 Gy By 2)! I. 
The sum of the series in the bracket has a modulus less than the 


lzP 


limiting sum of the convergent series 1 + Hi cd + 21 +...; and when 
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m is indefinitely increased, z*/2m converges to zero. Therefore the 
limiting value of (1+ z/m)™, when m ts indefinitely increased, is the 
Junction E(z). The number e is the limiting value of (1 +1 [my™. 


227. The theorem proved in the last Article gives us the 
means of finding the value of H(z), where z=a+iy, a complex 
number. We have 


A x + 1y\™ 
B(e+iy)=L(1 ra 5 
put 1+.2/m= pcos ¢, y/m=psin d, then 
x+2 as 
(a + ety)" = p™(cos ¢ +7sin d)” = p™ (cos md + sin mg), 
by De Moivre’s theorem. Also 


A pane sia 


d : th re = y 
and ¢ is the principal value of tan ees 


p™ is that of 


The limiting value of 


a\™ y? 4m 
Qa : | i us (@ + =f 
¢ R y 4m 
or 0 {1 + som ave ; 
now suppose that ris a fixed positive number less than /m + a/,/m, 
then the limit of 


j pee acs how a 
* mlm Se 
is between unity and that of 
yim 
{1 + a ; 


or between 1 and e#4”!”"; now r may be made as large as we please, 
subject only to the condition r</m-+ 2/m, hence the limit of 


ba 


is unity, and therefore that of p” is H(«), which is the principal 


value of e%. The limiting value of mtan™ / _ is that of oe 
xr+m L+m 


which is y; hence we have L (1 af erwin = ¢* (cos y + ¢sin y), 
where e* has its principal value; thus 


E(@ + ty) = e* (cos y +7sin y). 
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Expansions of the circular functions, 


228. If in the last result we put a=0, we have 
E (iy) =cos y + tsin y, 
Reh oa tetera" 
hence cosy tisiny=1l+w—-p,—-ta, 


or, equating the real and imaginary parts on both sides of the 
equation, we have 


ec 


2 4 28 
cn y=1l— Ft h- tC Dat B aiteds Son. (3), 
: 3 ast 
siny=y-$+8..4+CW Gat eae cesecs (4), 


the series for cos y and siny expanded in powers of the circular 
measure y; these series have already been obtained in Art. 99. 
We may also write these results in the form 


cos y = 4 {E (ty) + FE (—ty)} 
sin y= z {E (iy) — B (— ty)} 


The exponential values of the circular functions. 


229. If z is a real number, the expression e*, as defined in 
Algebra, is multiple-valued except when z is a positive integer. 
If z is a fraction p/q in its lowest terms, e?% has g values, the gth 
roots of e? ; of these values, that one which is real and positive is 
called the principal value of e?, and is equal to H(z). When z is 
an irrational real number, the principal value of e? is defined, as in 
Art. 186, as the limit of the sequence formed by the principal values 
of e, e%, ... er, ..., Where 2, 2g, ... Zp,... 18 a sequence of rational 
numbers of which z is the limit, We shall in general understand 
e? to have its principal value £ (z). 

When z ts not a real number, no definition of e has as yet been 
given, and rt is so far a meaningless symbol. 

It is convenient however to give by definition a meaning to 
the symbol e? or e*+%, At present we give only a partial defi- 
nition of the meaning we shall attach to e?; we define only what 


may be called its principal value, and shall shortly proceed: to a 
more general definition, 


THE EXPONENTIAL FUNCTION. LOGARI'THMS 289 


The principal value of the function e we define to be the function 
E (z), or', what amounts to the same thing, the linut of (1 Xg Pda es 
when m 1s indefinitely increased through positive integral values. 

It should be observed that this definition of the principal value 
of e*t” is such that the function satisfies the ordinary indicial law 


eritin x etetty> = Etit% 47 (y,+y,) : 


this follows from the theorem (1) of Art. 224. We shall in 
general, when we use the symbol e’, understand it to have its 
principal value #(z) as just defined. 


230. With this understanding as to the meaning of the symbol 
e*v, we have, by Art. 227, 
erty = e* (cos y + 7sin y), 
and putting «=0, e'’=cosy+7sin y. 
The theorem (5) may now be written 
cos y = 4 (ev +e) 


sin y= s (ey Fin ew) 


These are called the exponential values of the cosine and sine. 
The student should bear in mind that these theorems (6) are 
nothing more than a symbolical mode of writing the equations 
(3) and (4) which have also been written as in (5). 

The only advantage of the symbol e” over the symbol H (zy) is that the 
former one reminds us more readily of the law of combination given in 
Art. 224. The theorem (1) is of the same form as that for the multiplication 


of real exponentials ; we therefore find it convenient to introduce exponentials 
with imaginary indices, for which the law of combination shall be that 


expressed by (1). 


230. The function e* being defined as above, for any complex 
value of z, as the limiting sum of the exponential series 


L+24+2/2!4+ 25/38!14+..., 


2 8 . 
we see that @=1+2+ = +... +5 + ik,, where | R,| is not greater 
‘ : p iz due | Zz (ae I 
ser —_—- ates t 
than the sum of the infinite series sti! + (s+ 2)! + 


1 Tho latter form of the definition is that introduced by Schlémilch, see 
Zeitschrift fiir Math. Vol. vt. 
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yee eg oped ede [2P , lee 
follows that | &;| is less t an CEST 1+]z2|+ art gy tets 
+1 
or than con ,e'7!, In case | z|< 1, we see that 
R al? PM il a 
| aly +|z|+|zP+... 
lanes 1 


ie Ba Tri etay 


2 
We have thus shewn that @altzt+sit..4 


i e'2'; and thus | us| converges to zero as |z| does 


Fd 
3! qd Us), 


l2| 
Sit 
so. In particular, by taking s=1, we have the theorem 
e?=1+4+2(1+4,), where |u,|<4|z/e'?!; and thus || converges 
to zero as |z| does so. We may express this result in the form 


7, ey 
jzl=0 4 


where | tw, |< 


: esth_es 
From the last result we have Z i 
h=0 


such that it is equal to its own differential coefficient. 
The function e* may be introduced into Analysis by defining it as that 


=e?, and thus the function ef is 


function « which satisfies the conditions a au for every value of z, and 


w=1 when z=0. If it be assumed that there exists a series ay+a,2+ 0927+... 
which is convergent for every value of z, and such that the derivative series 
a +2a,2+3a32?+... has the same property, both series converge uniformly 
in a circle of any finite radius. Denoting by uw the sum of the first series, 


that of the second series is, in accordance with a known theorem, ae If 


then = =u, we can equate the coefficients of corresponding terms; thus 

Q,=M, 2dy= ay1,...NAy=A__1; and thence we find ag=a)/n!. It follows 
2 n 

that w=ap {1 tet Stet mitts and it is easily seen that this series 


actually satisfies the assumed conditions of uniform convergence. It follows 


that the sum of this series satisfies the condition ot If w=1 when 
z=0, we must have aa=1, In this manner we are led to the serics 
22 2” 
let bet te 


with the investigation of which we have commenced in the text of this 
Chapter. 
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Periodicity of the exponential and circular functions. 


231. We have shewn that H(z) =e* (cos y+ isin y); nowcosy, 
sin y are unaltered if 2k be added to y, & being any positive or 
negative integer, consequently H(z) = HE (z+ 2k); or E(z) is a 
periodic function, of period 2i7. Since e =e?+*i™ the exponential 
e* is periodic, with the imaginary period Qi; also e? =e @+2*), 
or e* as before defined, is a periodic function of z, with a real 
period 27. 

We have thus seen that each of the two functions &, e* is 
singly periodic, the first having an imaginary period 2i7, and the 
latter a real period 27. The student who is acquainted with the 
elements of Elliptic Functions will know that it is possible to 
construct functions which have both a real and an imaginary 
period; such functions are called doubly periodic. 


232. The circular functions cos y, sin y were first introduced 
by means of a geometrical definition, and we have regarded them, in 
the earlier part of this work, as functions of an angular magnitude 
measured in circular measure. We can however drop the idea of 
the angular magnitude, and regard them as functions of a vartable ; 
a value of the variable of course measures the magnitude in 
circular measure of an angle by means of which they were defined. 
The main importance of these functions in Analysis is derived 
from their property of single periodicity; it has been shewn by 
Fourier and others that all functions having a real period can, 
under certain limitations, be represented by means of a series of 
these circular functions. It would however be beyond the scope 
of the present work to enter into this most important branch of 


Analysis. 


Analytical definition of the circular functions. 


233. It is possible to give purely analytical definitions of the 
circular functions, and to deduce from these definitions their 
fundamental analytical properties, so that the calculus of circular 
functions can be placed upon a basis independent of all geometrical 
considerations; these definitions will include the circular functions 
of a complex number. 
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We can define the cosine and sine of z by means of the 


equations 
cosz=4 iE (iz) + EB (—12z)} 


anes a  {B (ie) Seperate aa (7), 
where F(z) denotes the limiting sum of the series 1 + z+ 71 Liss 
In other words, we define cosz as the limiting sum of the 
Vig 


a 
series l-S+ae and sin z as the limiting sum of the series 
2 


t-te .... We may regard this then as the generalized 
definition of the cosine and sine functions, and it includes the case 
of a complex argument, which was not included in the earlier 
geometrical definitions, 

For real values of z, the functions cos z, sin z are in accordance 
with the earlier geometrical definitions, because the series which 
they represent agree with those obtained, in Art. 99, from the 
geometrical definitions. 


8 
By employing the theorem e? = 1+ 2+ = +...4+ tS + R,, where 


ales neta : : 
| R,|< G+! e!?|, proved in Art, 230”, we see by changing z into 
wz and —iz, letting s=2m-+1 and adding the expressions so 
obtained, that 

Ce 


2 
med es 2 “= . +(-1) 


aay - ! at R,.'; 


cee el7l_ In particular, we have cosz=1+ Ry, 


(2m = 


where | R,'| < Hl e'2|, and cosz=1 — 5 et fi,’, where 


[Ry | < Ete, 


where | Ry’ | < 


In case | z|< 1, we have also | R,’|< and 


lzP 
2(1—|2\)’ 
|2|* 
al < grape’ 
Similarly we see that 
gmt 


sin #29 ae +( 
oF Zon mein 


317 Bt + 8m’, 
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' zZ 
where |S,,'| < oye ‘21; and in particular sin z =z + R,’, where 
[Ry < Hee Pell, and sin 7 = 2-5 2 + Ry’, where | 8,’ j< let Fell If 
|z| <1, we have also | S,’|< lef Sy ater 
Lele Gis 6d—jep ts l<5 51(1—|z/)" 


234. From the definitions given in Art. 233, we can now 
esause the fundamental properties of the two functions. We 
ave 
cosz+27sinz= EH (iz), and cos z—isinz = EK (— iz), 
hence cos*z +sin?z = (iz) E(—iz) = E(0)=1. 
Also 
COS (2, + 2) =4 {H (iz, + 2,) + E (— tz, — 229)} 
=4{E (iz) EF (iz) + E (- iz) E(—tz)} 
=} (H (iz,) + E (—iz,)} {E(iz) + B(-iz)} +4 (2 Ga) 
— E(—%z,)} {EF (tz,) — E (— iz,)} 
or cos (2, + 2) = COS 2, COS Z, — SiN 2, Sin 2. 
Similarly sin (2, + 2,) = SIN 2, Cos 2, + COS 2, SiN 29. 


Thus the addition theorems follow from our definition. 


235. Let us now consider the equation #(z)=1. In the first 
place this equation has no real root except z=0; for it is clear 
from the definition of H(z) by means of the exponential series 
that the equation has no positive real root; and it can have no 
negative real root —# since the positive number # would then 
also be a root, as is seen from the relation H(— 2a) # (2) =1. 

Also the equation H(z)=1 can have no complex root a+ 2, 
where |a|>0. For, ifa+78 were a root, so also would be a—7, 
and therefore EH(2a)=H(a+7i8)H (a—78)=1, which is im- 
possible, since 2a cannot be a root. 

It thus appears that, in case the equation #(z)=1 has roots 
other than z=0, they must be purely imaginary. In order to 
shew that the equation has such a root it will be sufficient to shew 
that the equation #(i8)— H(— 18) =0, or sin8=0, has a real 
root other than zero; for, if 8 be such a root, we have 


E (2ig) = {BG8)}*=1, 
and thus 278 would be a root of 7(z) =1. 


294 THE EXPONENTIAL FUNCTION, LOGARITHMS 


It will be shewn that, if f(8) denote the continuous function 
sin 8 
B 


represented as the limiting sum of the series 


2 ry 

fe ali 
then f(Q) is positive for all values of 8 such that 0 = 8 $3, and 
that it is negative when @=4. From this it may be concluded 
that f(8) is zero for one value of 8 between 3 and 4, or for an 
odd number of such values; and in any case that the numerically 
smallest positive root of f(8) = 0 is between 3 and 4, in case the 
equation has more roots than one. 

If B is positive and < 4/20, each term in the series for f(8), 
with the exception of the first, is numerically greater than the 


next following term. We have therefore f(8)>1— Bi es a 


3! eat eyes 
for values of B between 0 and some number greater than 3. 
Denoting 1 — Sea S ; by (8), we find that ¢(3)=17/560, 


which is ae aH a (0)=1; also the derived function 
¢ (8) =—28 (s- aaa =) is negative when £8 is between 

20) ae ol Nahe ae ead 
ee eee 71s >0. Hence 
(8) steadily diminishes from 1 to 17/560 as 8 increases from 
0 to 3; and it follows that #(@) cannot vanish for values of @ 
between 0 and 3. We have also 

= Pe 4° 4§ Bet ligseoG 

f(4<1- +e —9+91<1-I5- Tia < 
and therefore, f im being negative, there exists at least one root 
of f(8) between 3 and 4. 

Denoting the numerically smallest root of £(8)=0 by 7, we 
see that 277 is a root of H(z)=1, and that there is no root of this 
equation with smaller modulus, except z= 0. 

From the present point of view the number 7 is defined as the 
number such that # (277i) =1, and such that no number, different 
from zero, with smaller modulus exists as a root of H(z)=1. If 
k be any integer, positive or negative, H (2k71) = {E(27i)}k=1; 
and hence 2h77 is also a root of the equation H'(z)=1. Also there 
can exist no root 2p7t, where p lies between k and k+1; for in 
that case we should have 


E (Qpri — 2kri) = E (Qpmi) E (—2ki) =1; 


0 and 3, since 
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and 2(p—k) 7, which has a smaller modulus than 272, would be 
a root of H(z)=1, contrary to the supposition that 277 denotes 
the root with smallest modulus. 

It has thus been shewn that all the roots of the equation 
HE (z)=1 are of the form 2k7i, where & is a positive or negative 
integer, and 7 is a definite number which has been shewn above 
to lie between 3 and 4. 

The number 7 being thus introduced into. the analytical 
theory, we have, for any value of z, 

E (2+ 2ri)= E(z) H(2m)=E (z); 
and therefore the function £(z) is a periodic function, with the 
imaginary period 277. 

It follows from the definitions of cos z and sin z that they are 
also periodic, their period being 27; hence cos 27 = cos0=1 and 
sin 27=sin0=0. We have of course not verified the identity of 
m as here defined with the ratio of the circumference of a circle to 
its diameter. This may however be done by considering the case 
of a real angle for which the period of the cosine or sine is 27, 
according to either definition of the number 7. 


236. We have also, (im) x E(w) = EH (Qi) = 1, hence E(t) 
must equal —1, since it cannot equal +1, as i is not a root of 


E(z)=1; also E (—im) = —1, hence we have cos 7=—1, sinw =0. 
Again E (fir) x BE (him) = EL (ir)=-1, 

and Gin) aE (24020 

hence E(hir)=+% and E(—4imr)=Fi, 


therefore cos47=0, and sinfa=+1; to remove the ambiguity, 
we remark that if z is real, sin z is essentially positive between the 
values z=0 and z=7, as has been shewn in Art. 235; therefore 
sinja=+1. Having now obtained the values of the cosine and 
sine of 0, 47, 7, 27, we can, by means of the addition theorems, 
prove all the ordinary properties of the cosine and sine functions. 

The functions tan z, cotz, secz, cosecz will now be defined 
by means of the equations tan z=sin z/cos z, cot z= cos 2/sin 2, 
secz=1/cosz, cosecz=1/sinz, and we can then investigate the 
properties of these functions in the usual way. 

All the properties of the circular functions investigated in Chapters Iv, 
vy, and vit, are deduced from the addition formulae and the property of 
periodicity ; it follows that all the properties which are there proved for real 
arguments hold also for complex arguments, 
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237. A very important case is that in which the number z is 
entirely imaginary, and equal to 7y; we have then 
w—e¥ 


cos iy =4(e%+e7¥), sinty = 5 (eY—e-¥), tanty = errs) ay 


: » oe el — end 
the expressions }(e”+e7¥), 4(&%—- e¥), wyew ore called the 
hyperbolic cosine, sine and tangent of y, and are written cosh y, 
sinh y, tanh y respectively; thus we have 


cosh y = costy, sinh y=—‘sinty, tanh y=—7 tan vy. 


We shall consider these functions in a special Chapter. 


Natural logarithms. 


238. If w=(z) which is a single-valued function of the 
complex variable z, we may define z= H~!(u) to be the logarithm 
of w to the base e; this system of logarithms is called the natural 
system of logarithms. Since #(z) is periodic with respect to z, 
the inverse function #-(z) will be multiple-valued to an infinite 
extent; if log w is one value of z, the general value Logwu will 
be given by Log u=log u+ 2tkz, since H(z) = E(z + 21k), where 
k is any positive or negative integer. In particular, the logarithms 
of a real positive number a will be log a+ 2tkm, where log a 
denotes its ordinary real logarithm. 


239, Let u= (a), w= E(z,), then since 
E(2,) x E(2.) = E(2, + 2) 
the logarithms of the product wu, are the logarithms of F(z, + 2,), 
that is 2, + 2+ 2ik7, or we have 
Log u, + Log us = Log (uyuy) + Qik. 
We may suppose the expression 2ik7 included in Log (twuz), hence 
we may write this equation 
Log w + Log uw, = Log (a2) 

in which the particular value of one of the logarithms is deter- 
mined when those of the other two are given. 


Now let w=p(cos¢+isin f) where p is real, then by the 
result just proved, we have Log u = Log p + Log (cos # +7 sin d), and 
since H(ip)=cos +isin d, i is a value of Log (cos +7sin $), 
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and log p + 2ik: is the general value of Log p, we have therefore 
Log u = log p +7 (f + 2ksr) for the general value of Log u, where 
by logp we mean the real value of Log p. 


If ¢$ ts restricted to be between the values — 1 and mr, we shall 


call logp +i the principal value of Logu and shall denote it by 
logu; we have then the general value Log u given by 


Log u = log u + 2ikz, 


where logu is its principal value, and k is any positive or negative 
integer. 


We may write this result 


Log (x + ty) = 4 log (2 + y’) +7 (tan t + 2ler) svesis (8). 


The principal value of the logarithm of a real negative number 
—« has not been sufficiently defined, since the argument of such 
a quantity may be either 7 or —7; we shall however suppose, for 
convenience, that for its principal value the argument is , so 
that its principal value is log +77, and the general value of 
its logarithm is log «+ (2k +1) 77. 

The general value of the logarithm of a real positive number 
x is given by Log «=log a+ Log 1 =log x + 2ikz, the principal 
value being log 

The principal value of Log? is 47, hence Log 7 = (2k + 4)i7; 
the principal value of Log (— 7) is — $72, hence Log (—1)=(2k— 4) az. 

It is also possible to consider the logarithm of u as a single-valued function 
of the modulus p and the argument @, the latter being supposed to go through 
all values from — © to +0, not being restricted as above to lying between 
and ~—7z; the logarithm of u is then the single-valued function of p and ¢. 
log p+, and every time ¢ increases by 2z, the logarithm increases by 2¢r, 
and the numerical value of the number u becomes the same as before. The 
student who is acquainted with the theory of Riemann’s surfaces will appre- 
ciate the full force of this mode of considering a multiple-valued function as 
converted into a single-valued one. 


The general exponential function. 


240. Ifa be any number, real or complex, the symbol a? may 
be defined to mean E(z Log a), where Log a has any of its infinite 
number of values; when Loga has its principal value loga, we 
shall call E(zloga) the principal value of a’. 
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zZ oa a fad Log Om 


Since E(z Log a) =14+— 


51 “teh 
we have the general exponential cee 
2 2 
ie, ,7loga 8 (Log a)’ pene 
1 2! 
and the principal value of a? is given by 
zloga , 2 z* (log a)? ay 
Slit paeeee oe 


In the case in which @ and z are both real, we have the 


ordinary form of the exponential theorem 
zloga , (log a? 
Tie has es 


which gives the principal value of a*. 


a®=1+ 


241. In the particular case a = e, we have 
Log e = loge + 2ukm =1 + 2ikr, 
and the general meaning of the symbol ¢ is H(zLoge) or 
E(z+ 2ikmz); the principal value of e? is H(z), and this is in 
accordance with the definition of the principal value of e” given in 
Art. 229. se general value of e? is therefore 
E (z)(cos 2karz + 2 sin 2karz). 
We shall still continue to use the symbol ée for its principal value. 


242. The general value of a*, as above defined, is equivalent 
to E{z(logr+76+2:km)}, where a=r(cos0+7isin#)=a+i8, 6 
being between — 7 and 7; writing z=« + vy, we thus have for the 
general value of (a+78)"*¥ the expression 
E {a log r — Oy — 2kry +2 (y log r+ £6 + 2rkx)} 
which is equal to 
erlogr-by-2kny {cos (y log r + #0 + 2rkx) + isin (y log r+ 28 + 2rka)}. 
The principal value of (a + 78)*+ is therefore 
e* og r- Py {cos (y log r+ a0) +7 sin (y logr + x6)}, 
where r=Voi+ 6%, 0@=tanB/a. 
The value of tan8/a, to be taken, is not necessarily its 
principal value as defined in Art. 38. 


If r=1, we have for the principal value of (cos 6+7sin 6)***¥, the function 
£ {iO («+7y)} which may be written cos (v+7y)6+sin (x+72y)6; this is the 
extension of De Moivre’s theorem to the case of a complex index. 
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243. In order that the equation a* x a#= a+ may hold, 
we must suppose that the values of a%, a%, a%i+% are those 
corresponding to the same value of Loga; in that case we have 

a x a= Ez, (log a + 2iks)} x EL {z, (log a + 2ikr)} 
= E{(z, + 2) (log a + Qikm)} 
= aAtzs, 
but this will not hold if we take different values of & in the two 
functions a*, a%, In particular, the equation a* x a =a+t ig 
true of the principal values of the functions, 


244. The expression (a*)* is not necessarily a value of a**, 
but every value of a** is a value of (a”)*, for 
ant = H(z,2, Log a) = BE {z,2, (log a + 2tk)} 
and (a) = E {z, Log a*} = BF {z, (2, Log a + 2ck’xr)} 
= E {z,2, (log a + 2ukm) + 20. k’rz,}, 
hence the values of ai: are only those of (a*:)* in the case k’ = 0. 
If in every case we take the principal values, then the equation 
a7i*s = (a*1)*s holds. 

If we use the symbols a’, e? as equivalent to their principal 
values H(zlog a), H(z), as is usually done in practice, then we 
may, as we have just shewn, perform operations in expressions in 
which these symbols occur, according to the ordinary rules for 
indices, as in common Algebra. 


EXAMPLE. 
If A, B, C, D,... be the angular points of a regulur polygon of n sides, 
inscribed in a circle of radius a and centre O, prove that the sum of the angles 
that AP, BP, CP,... make with OP is tan7} LAS) , where OP=r, and 


a” cos n6 — r” 
the angle AOP=8. 
0 s=n—-1 ; (0+ =) 
We have m—ane"’ = TI {r—ael nly, 
s=0 
hence taking logarithms, 
log (r™ — a* cos nO — ia” sin 78) 


=n—1 
SEs log {n—a.eos (0472) — asin (0+2)}, 


3=0 
and equating the coefficient of ¢ on both sides of the equation, 
‘ Qs3ar 
a” sin n0 s=n-1 @sin Re 
ta gh ae ye TANG 


= se eee Ee 
*cos nd —1 Qs 
Md coo a cos (04° — oF 
to 
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corresponding values of the inverse functions being taken ; the expression on 
the right-hand side is the sum of the angles OP makes with AP, BP,..., 
a* sin n 


hence this sum is tan ~ 1 —————_—_., 
a” cos n6 —1r* 


Logarithms to any base. 


245. If the principal value of a? is equal to wu, then z is called a 
logarithm of wu to the base a, and may be written Log,u. Now the 
principal value of a? is E(z log, a), where log.a is the principal 
logarithm of a to the base e, and if H(zlog.a)=u, we have 
zlog,a = Log, u= log, u + 2ik7, therefore 


Log, u = Log, u/log. a = (log. wu + 2ikr)/log, a. 


The principal value of Log, wu we regard as log, u/log,a, and can 
denote it by log,u; hence the general value is 


Log, u = log, u + 2ik7/log, a, 
a multiple-valued function in which the different values differ by 
multiples of 2im/log,a. In the particular case a=e, the above 


definition accords with that in Art. 238, giving log, u + 2ik7 for 
the general value of Log, wu. 


Generalized logarithms. 


246. We may give the following definition of a logarithm, 
which is more general than that given in the last Article. 

If any value of a? is equal to u, then z is a logarithm of u to the 
base a, and may be written [Log, u] to distinguish it from Log, u 
as used in the last Article. The most general value of a? is 
E(z Log, a), and if this is equal to u, we have 

z Log.a = Log, u, or z (log. a+ 2tk’sr) = log, u + Qikn, 
where & and k’ are integers. Hence the general value of [Log, u] is 
Log, u/Log, a or (log, u + 2ik7)/(log. a + 2th’), which is multiple- 
valued to an infinite extent, in two ways. The logarithms Log, u 
are therefore included as the particular set of values of [Log, w] 


obtained by putting k’=0. We may call [Log, uw] the generalized 
logarithm of u to the base a. 


247. If a=e, we have [Log,u] = (log, u + 2ik7)/(1 4- 2ik’s) 
Nhich is the expression for the generalized logarithm of u to the 
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base e. In the more restricted logarithm Log, u, we have defined 
z to be a value of Log,u when the principal value of é is equal 
to u, but in the generalized logarithm [Log, u], we consider z to 
be a value of [Log, u] when any value of e is equal to w. 

The generalized value of [Log.1] is 2cka/(1 + 2ik’sr), and of 
[Log.(— 1)] is (2k + 1) t/(1 + 2tk’7r). 


The expression (log, w+ 2ckm)/(1+2ikm) may be considered from another 

log u+-2ikr 
point of view. The principal value of {H (1+427k'n)} Lhe is, by the theorem 
(2), E(logu+2ckr) which is equal to u, hence (log w+2ikm)/(14+2ik’mr) may 
be regarded as the logarithm according to the definition in Art. 238, of w to 
the base Z(1+2:k’r) which is the principal value not of e but of et +2", go 
that we have in fact [Logu] equal to the values of Log E(1+2%%'n) % for 


different values of #. Thus we may regard the generalized logarithms to the 


base e, as ordinary logarithms to the base not e but e't®’™, which though 
numerically equal to e, has different arguments according to the value of &. 


248, The question was at one time frequently discussed, whether a 
negative real number can have a real logarithm; thus for example whether 
4 can be regarded as the logarithm of —Ve, the fact being borne in mind 
that e* has the values + Je. The answer to this question depends on the 
definition we take of a logarithm; if we take the ordinary definition in Art. 
238, that z is a logarithm of w when the principal value of e* is equal to wu, 
then a negative real number can never have a real logarithm; but if we 
define a logarithm as in Art. 246, that zis a logarithm of w, when any value 
of e is equal to wu, then a negative real number may have a real logarithm, 
If r be a positive real number, we have 
tees _logr+(2k+1) im _ flog r+2k (2k+1) 17} +72 {((2k+1) r—2k'm log r} 

14+2kir 1+4k272 
and this is real if logr=(2k+1)/2k. If therefore 7 be such that log r is of the 
form (2k+1)/2s’, where & and #’ are integers, a value of [Log (—1)] is real; if 
logr is not of this form, we can always find a number 7, differing as little as 
we please from 7, such that [Log(—7,)] has a real value; for a fraction p/g 
in its lowest terms can always be found which differs by as little as we please 


from logr; let log7’=p/gq, if g be even then [Log (—7’)] has a real value, and 
ER pa aga 
r'=r,, but if g be odd, we have r'=e 28¢ xe 2sq,ande 289 can be made as 
near unity as we please by taking s large enough, or log?’ can be made to differ 
: Qsp+1 2sp+1 
by as little as we please from ee ; therefore a number Soaeaae r 
can be found, which differs as little as we please from logr, such that a 
value of [Log(—71)] is real. We conclude then that although there is not 
for every value of 7, a value of [Log (—7r)] which is real, we can always find a 
number r, such that r,—r is as small as we please, and such that a value of 


(og (—11)] is real. 


? 
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The logarithmic series. 


249. The principal value of (1 + 2)” is # {m log, (1 + 2)}, but, 
by Art. 211, the principal value of (1 + z2)™ is the limiting sum of 
the series 
ae L) a4 - ee. isalieltes 1) 
provided this series is convergent, which is the case if the modulus 
of z is less than unity, and also if it is equal to unity, provided 
m>0; it also converges on the circle of convergence, except at 
the point z=—1, when0>m>-—1. Now it has been shewn in 
Art. 210, that we are entitled to arrange this series in powers of 
m, without altering its sum, provided the series 


|m|(|m|+ 1) 
2! 


a+ eee 


1+ |m||z|+ jzPt+... 


Lice - 
4 [mC | + eas Ly a 
is convergent; and this is the case if | z| <1. 
Since £ {m log, (1 + z)} stands for the sum of the series 


2 9 
1+ mlog, (1 + 2) + Mile ball 


ery 


we are, by Art. 208, entitled to equate the coefficients of powers 
of m in the two series; hence 


log, (1 + 2) =z—$274+ f2-...4(- ryt, Te (9). 


This series, which gives the principal value of Log, (1 + z), is called 
the logarithmic series; it has been proved to hold when mod. 
z<1; also according to Art. 207, the series has still log, (1 +z) 
for its sum, when mod. z=1, provided the series is convergent, 
which is the case unless the argument of z is 7. 


249", Assuming that | z|< 1, the series (9) shews that 
log. (1+ 2) =z—42°+ 428-—...4(- ye at + R,, 


where |R,| cannot exceed the sum of the convergent series 


|z jer | z|e+2 ; Rapes. 
eli perigee and thus | R,|< gar i tlel+lePt--.) or 
tReet 1 


s+11l—|a] 
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We have thus shewn that when jz|<1, 


log.(1+z)=z—42?4... EEG 4- v,), 


8 
SELTS | ree a and thus | », | converges to zero as | z| 


where | v, |< —— 
does so. 

In particular, taking s=1, we have log, (1+ z)=2(1 + »,), where 
| Y | < $ wz obi 


tel: and thus |v,| converges to zero as |z| does so. 


log. (1+z2)—z 
Zz 


This result may be written in the form ZL =0. 


|2|=0 
If m be any positive real number greater than |z|, we have 


Zz ™ 
(a + =) = eMlogetitzim) — e+), where | w,| converges to zero as 


|z/m| does so. Hence if m have assigned to it the values in any 
sequence of positive real numbers which increase indefinitely, we 


™ 
see that the limit of (1+=) is e&. This theorem has been 


proved in Art. 226 only in the particular case in which the 
numbers m are restricted to be positive integers. This restriction 
has here been removed. 


250. Writing z= r(cos 6 +7sin 0), we have 
log. (1+ z) =log, (1 + r cos 6 + asin 8), 
and this is equal to 
4 log. (1 + 2r cos 8 +r’) + 7 tan {rsin 0/(1 +r cos 8)}, 
where the inverse tangent has its principal value; we have then 
the two series 


$ log,(1 + 2r cos 0 + 7°) =r cos 8 — 4r? cos 29 + 473 cos 30 —...(10), 
tan— {r sin 6/(1+7 cos 6)} =r sin @—$7* sin 20 +47° sin3d—...(11), 


where r <1, or where r=1 and 0#+47. 
If we put r= 1, we have 


log, (2 cos 44) = cos 0 — 4 cos 26 + 3 cos 30—... ... (12), 
46 =sin 0—4sin 20+ 4sin39-...... (13), 
where 6 lies between + 7, and cannot equal + 7. 


If in (11) we change 6 into 26, we have the theorem 
log cos 6 = — log 2+cos 26 — 4 cos 46 + } cos 69 —... 
which holds if 6 lies between + $7. 
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Changing @ into 47 —6, we have 
log sin 6= — log 2—cos 26-4 cos 46—4 cos 68—-... 
which holds if 6 lies between 0 and z. 

The series (13) furnishes an example of discontinuity, owing to the series 
becoming indefinitely slowly convergent as @ approaches the value ; when 
=m, the sum of the series is zero, but when @ is less than m by as small 
an amount as we please, the sum of the series is $6. 


Gregory’s serves. 

251. We have log, (cos 9+ isin 0)=70, where @ lies between 

+ 7, hence log, cos 6 + log,(1 +7 tan 6) =10, or 
log, cos 8 +7 (tan @—4 tan’ @ +4 tan’ é...) 
+(4 tan?@— 1 tan‘d+...)=78, 
provided tan 6 lies between + 1, which is the case if @ lies between 
+4, and may equal +427; hence we have, since cos @ is positive, 
log. cos = — 4 tan?0+4 tan‘d—... 

and @=tan@d—jftan?d+4tan®O—... os... (14). 

The latter series is called Gregory’s series, and holds if @ lies 
between +47, both limits being included. 

Change 6 into 47 — @, then we have 

$7 —O0=cot O—Acot?A+1cotsO-.., 
which holds when @ lies between 47 and $7. The general expres- 
sions for any angle @ are 
d=n7r + tand—Atan’é+.., 

or 0=(n+4) mr —cotd+ i cot? -..., 
where in the first series n is an integer such that 0 —nz7 lies 
between +47, and in the second such that @—nz lies between 
fa and 37. 

Gregory's theorem may be also written in the form 

tan? c©=27— 425+ }4a5-..., 

where z lies between +1, and tan“ has its principal value. 


The series for sin~!x in powers of x, obtained in Art. 218, may be deduced 
from Gregory’s series. Let 6=sin~1,z, then we have 

a 
(1-2) 


(Si rego ee oe 
Qr+1 (1—a%s@rti) te 


sin-!yv= 


+4 


Ey x 
aaa hat amt 
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if « is less than unity, the serics obtained by expanding 
1 perth 
Sl Ga aherh 
in powers of « is absolutely convergent, and the series 


|2| |2/§ 
*tq oF (1- a tt — x°)$ 


|2| 


( oe 


+ ..cne 


is convergent if |2|<-——; we are therefore entitled to arrange the series in 


= 
powers of x. We find for the coefficient of (—1)"2*"+1, the expression 
1 fost etter) (2r-+1) (@r-1)... n, 
2r+1 2 Piet Bad tek cee a 2.4.6...2r ? 

the expression in the brackets is the sum of the first r+1 coefficients in the 
expansion of (1—y)2(2"+1) in powers of y, and this is equal to the coefficient 
of y* in (1—y)~1(1—y)$@r+) or (1—y)#@r-D, which is equal to 

(-1y (2r — 1) (2r 3) .e1 

2.4.6...27 

Hence the coefficient of x?"*! in the expansion of sin~!z is 
lyf vad She elves Ce 
Ope ee ACM ore 


therefore 


ae A ae L.8.8...(2r— 1) aret 


1 cert Wats OT Ba epee PL te i 
sin-!y= ars aes ia ase GF eae De el slelsieine 3 


this proof only ee that this series holds for valnes of x between +1/,/2, 
but by employing the fact that the sum of the series is continuous within its 
circle of convergence, it can be shewn to hold if # is between +1. 


The quadrature of the circle. 


251. The famous problem known as that of “squaring the 
circle,” that is, of constructing a square whose area is equal to 
that of a given circle, is equivalent to that of constructing a 
straight line of length equal to that of the circumference of a 
given circle. The construction to be employed in solving the 
problem is a Euclidean one, involving only the construction of 
circles and straight lines, in accordance with a Euclidean system 
of postulates. 

The problem may be stated as that of the construction ot a 
straight line whose length is represented by the number 7, a given 
finite straight line being taken to have the length represented by 
unity. The fact, proved by Lambert, that the number 7 is irra- 
tional, that is not representable in the form p/q, where p and q are 
integers, is not of itself sufficient to establish the impossibility of 
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constructing the line of length , because a certain class of straight 
lines of irrational length is capable of Euclidean construction. 
A step of fundamental importance in this connection was taken 
when Liouville! established the existence of transcendental 
numbers, as distinct from algebraical numbers. An algebraical 
number is one which is a root of an algebraical equation of any 
degree n, with coefficients which are rational numbers; without 
loss of generality these coefficients may be restricted to be all 
integers, positive or negative. A transcendental number is one 
which cannot be a root of any algebraical equation with rational 
(or integral) coefficients. Liouville himself gave examples of 
transcendental numbers, but the first case in which a number, well 
known in Analysis, was shewn to be transcendental, was that of 
the number e, the transcendency of which was established by 
Hermite. Following Hermite, Lindemann? gave a proof that 7 is 
a transcendental number. He proved the more general theorem 
that, if e* = y, the two numbers a and y cannot both be algebraical, 
except in the case 2 =0, y=1. Simplified proofs that e and 
are transcendental numbers were afterwards given* by Hilbert, 
Hurwitz, and Gordan. A modified form of Gordan’s proof will be 
here given. 

The proof that 7 is a transcendental number is equivalent to 
the establishment of the impossibility of squaring the circle by 
means of any geometrical construction in which straight lines and 
circles are alone employed ; or more generally when any algebraical 
curves may be employed. For any such construction amounts to 
the exhibition of 7 as a root of some algebraical equation obtained 
by combination of the cartesian equations of straight lines and 
circles or other algebraical curves. The fascination which the 
problem of “ squaring the circle” has exercised for centuries upon 
many minds is such that Lindemann’s proof of the impossibility of 
the problem under the assumed conditions is a result of great im- 
portance in relation to a problem of historic interest. 


251. To shew that the number e is transcendental, let us 
assume, if possible, that e’satisfies the condition 


A,+A,e+ A,e+ eee + Aye” = 0, 
1 Tiouville’s Journal, Vol. xvr. 1851. 


2 Mathematische Annalen, Vol. xx. 1882, 
8 Tbid. Vol. xutr, 1893, 
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where A,, Az, ... Ay are positive or negative integers, and A, isa 
positive integer. In order to shew that this assumption leads to 
a contradiction, it will be shewn that a number K can be deter- 
mined such that 

KA, =1+f,, KAe=L+f,, KAe=Lh+f,,... KAn=Int+fa; 
where J), 1,,1,,... J, denote positive or negative integers, and 
Si Jz, --- fn denote numbers numerically less than unity, and such 
that fi+ fo+...+ fn is numerically less than unity, and where 
I,+I,+...+Jpis not zero. On multiplying the original equation 
by K, we have the sum of an integer and a number numerically 
less than unity equal to zero, which is impossible. To determine 
the number K, let us consider the expression 


$= Goi - 2) 2-2) B-a)...(n—a)}, 


where p is a prime number greater than n and greater than A). 
We may denote ¢(z), when expanded out in powers of a, by 
Cp—1 LP) + Cy BP + 0004+ Cnpiprv?t?, Denoting by 


DAwD Aa), css Pole), .0. Pere (wr) 


the successive derived functions of ¢ (x), we see that 


$? (0), pP* (0), ... prt? (0) 
are all multiples of p; but ¢?~(0) is not a multiple of p, since 
(n!)? is prime to p. Also, if m denote one of the integers, 
1, 2,3,...n, we see that d(m), $’(m), ... 6?(m) all vanish, and 
fh? (m), p?+!(m), ... p"?+?— (m) are all integers divisible by p. 


r=np+p-1 
Let K, denote PE LID 
r=p-1 
or PY (0) + $? (0) +... + prrte> (0); 


thus KX; is not a multiple of p, since ¢?—1(0) is not divisible by p. 
It will be shewn that the value of Kp, for a sufficiently large value 
of the prime number p, is the required number K. 

Since A, is prime to p, K, A, is not a multiple of p. 

We have 


r=np+p-1 


=A, oe {mt brn (r=) mit be 
mth mrt? 
get topper tf 
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sn mt? 
1*(@+Dr+2)~ 
that of m” {i +m+— sue ie or than m’e™; therefore the limiting 


‘Now the limiting sum oT . is less than 


2! 
sum may be denoted by m’6,e", where 0< 6,<1. Wehave then 
KpAme™ = Am {p (m) + $'(m) + ... + PtP (m)} 
r=npt+p-1 


Ane Sa COs 
r=p-1 


the first term on the right-hand side is a positive or negative 
integer divisible by p, and the second term is numerically less 


r=npt+p-1 
than | A» |e” a |c,|m”, or than 
=p-1 


ve Silane ae .(n + m)}?, 
which cannot exceed 
|Amlen/ {((1+n)(2+n)...(n+n)}?. 


(p—1)! i 

By choosing p ais enough, the number 

{n (n+ 1)(n + 2)...(n + n)}?/(p —1)! 
may be made as small as we please. Let K be the value of K, 
when p is so large that 
ym Ot n)...(nt ml? | Aled | Ase t +] dale 
is less than unity. 

We have then K(A,+ 4,e+ A.e?+...+ Ane”) equal to the 
sum of an integer which is not divisible by p, an integer which is 
divisible by p, and a number numerically less than 1; and this is 
impossible. Since e cannot be a root of an equation 

A,+A,e+...+Ana”=0, 
with integral coefficients, it is a transcendental number. 


251%. If a were a root ofan algebraical equation with integral 
coefficients, ir would also be a root of such an equation. Let us 
assume that <7 is a root of the equation 

C (a — %) (a — a%)...(a —a,) =0, 
with integral coefficients; thus i7 is one of the numbers a, a,... @ 

Since e"=—1, we have (1+e")(1+ e%)...(1+e%)=0; on 

multiplying out-the factors, this is of the form 
A + efi + efs+..,4+ ef =0, 
where A is a positive integer. 
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It will be observed that all the symmetrical functions of 
Ca, Ca,,... Ca, are integers, therefore all those of CB Cha. eCs, 
are integers. We take 


# (2) = oO Omri ((@— 8) (w— 8).-(e— BaP 


where p is a prime number greater than all the numbers, A, n, C, 
C"| BB... Bal. 

Denoting ¢ (x) by cp. #?- + cpa? +... + Cnprp1 x"? *?-1, we see 
that p? (0), pt (0),... p+? (0) are all integral multiples of p, 
and that ¢?7(0) is not a multiple of 5 Also, if m =n, 6(Bm), 


¢ (Bm), --» 6? (Bm) are all zero, and SS 4? (Bm); si; $?+) (Bm), 
m=1 m=1 

oe g?t"P— (B,) are integers divisible by p. 

m=1 


Let 
r=npt+p-1 
Kp= rhe =? (0) 4G” (0) +... + pPtP (0); 
r=p-1 
thus K,A is not a multiple of p. 
r=nptp-1 
Also Ky em = > Cy {Bn “le (dere +...¢7!4+—— 


r=p-1 


But™ rt 
r+1 


Oe is 3 = , 4 4 prptP1 (8. 
aes tices Rie RAG RAG oe (8m) 
“felbm! "3 Cry | Bs |'s 
r=p-1 
where the numbers | 6,’ | all lie between 0 and 1. 
r=np+p-1 ‘ 
& ¢rOy" | Bm" 
r=p-1 
r=np+p-1 


x |¢r|| Bm” 
p-1 


The number 


is numerically less than 


or than 
ER, Cmte (8+ | /)(8+1 B))-(B + 18a)! 
where 8 is the greatest of the numbers | A,|, | f:|,--- | Bn. 


We now choose p so great that 
fel Al + elPal4+ ... + el Fall an ; Cte (B+ |B, |) (B+ | isp ewatd 


is less than unity. 

Taking the value of K, for such a prime p as the value of K, we sce 
that K(A + e®:+¢8 +... + e)is expressible as the sum of a multiple 
of p, an integer not divisible by p, and a number numerically less 
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than unity; it is therefore impossible that it can vanish. It has thus 
been shewn that a cannot be a root of an algebraical equation 
with integral coefficients, and it is therefore a transcendental 
number. 


The approximate quadrature of the circle. 


252. The problem of the quadrature of the circle, which is 
equivalent to the determination of 7, can be solved to any required 
degree of approximation, by taking a sufficient number of terms 
in any one of a large number of series which have been given for 
ma. The simplest series which we can obtain is got by putting 
@=4r, in Gregory’s series ; we have then 

tr=1—-44+4-H4+4... 
which however converges much too slowly to be of any practical 
use for the calculation of 7. 


253. Ifwe use theidentity }7= tan}+tan}, and substitute 
for tan 4, tan} their values from Gregory’s series, we have 
vis 
Tad—h(AP+E () 
+44 +E De 
This is called Euler’s series. 


Another series may be obtained from the same identity by 
substituting for tan 4 and tan 4 their values from the series 


tan“ @ = —— Same a tas ( =) + 
1+ 31+ ° 3.5\1h+a3/ °°" 
which we have obtained in Art. 219. We have then 
Re Pet i OINE 
‘10 +35 (=) + ea 


2 
3 
3 all 2.4/1 
+ip{+ 5-10 tase ag) tf: 


254. Other series obtained in a similar manner have been 
used by various calculators. Clausen? obtained his series from the 
identity dor 6 2tan 4+ tan, using Gregory’s series; Machin’s 
series is obtained from 

lq = Sua S - . 
dor = 4 tan 4 — tan p15; 


1 See a paper ‘On the calculation of x” by Edgar Frisby in the Messenger 
of Math. Vol. 1. 
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Dase used the identity 
im = tan"}+ tan7}+ tan74, 


A more convenient form of Machin’s series was used by Rutherford, 
who used the identity Ja = 4 tan“ 4— tan7 7, + tan7 gs: Hutton? 
gave the series 


orle eat 
=24 
“i ice 10* 3.5107 } 
22 2.4/2.3 
56 114 : 
me? |c aMT OO Ess Sia) aes 


this is obtained from the expansion of # tan— a in powers of Test 
. . ; . . ab 
by putting «= } and # =}, and using Clausen’s identity. 


Euler has given the serics 


PGs fee Dip eRe a ote) 
rat {1 ies con) RCM: eae, 3] 
30336 l 5 ( 144, ) 2.4/ 144 \2 ) 
100000 | * 3 (100000 ee anal ect 
which can be deduced from the identity 

a7 = 20 tan*}+ 8 tan7 3. 
The value of w has been calculated by W. Shanks to. 707 

decimal places’, 


+ 


1 8 08 
1+ 2+ 2+ 2+... 
Lord Brouncker, the first president of the Royal Society. It is obtained by 


transforming Gregory’s series 1-4+4-—4+... according to the usual rule. 


1 1.22.33.4 
3 = 
Stern’ has given the continued fraction $7=1 yeaa rel ees ray 


The continued fraction =} was given in 1658 a.D. by 


An interesting account of the history of the subject of the pasiracace of 
the circle will be found in the article “ Squaring of the Circle” in the Encyclo- 
pedia Britannica, 9th edition. See also an article by Glaisher in the Messenger 
of Mathematics, Vol. 111. “On the quadrature of the circle a.D. 1580-—1630,” 


Trigonometiical rdentities. 


255. It can be shewnas in Art. 190, Ex. (5), that any identical 
algebraical relation f(a, b,c...)=0, between any number of 
quantities a,b, c..., will lead to two corresponding trigonometrical 


1 Phil. Trans. 1776. 
2 See Proc. Royal Soc. Vols. xxi. xxII. 
8 Crelle’s Journal, Vol. x. See also a note by Sylvester, Phil. Mag. 1869, 
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identities. These will be obtained by giving a, b,c... the complex 
values ; 

cosa+tsina, cos8+isin§, cosy+zsiny... 
and reducing the given identity to the form 


$ (4, B, y--.) + (4, By y---)=9, 
whence we obtain the trigonometrical identities 
@ (a, 8, y...)=0, (a, B,y...)=90, 


which will involve the sines and cosines of a, B,y.... 
The work of reduction will usually be shortened by using the 
symbolical forms e, e*... instead of cosa+7sina,cos8+isin£B.... 


EXAMPLE. 


(x—b)(x=0) , (x—o) (x—a) | (x-a)(x-b) 


From the identity (asuiwac) “(bacy(b oa) (ec) aby 
deduce the identity 
sin (8 — 8) sin (6 - y) ok sin (8— y) sin (6 — 2 oi 
sin (a—) sin (a — y) fn 2ke iar (8 —-y) sin (B— sn 210 22) 
sin (8 — oe B) an byes 


sin (y—a) sin (y—8) 
Let cae", a=c"*, b=e"F ee”, then we have 
(a —b) (a —e) _ (8-6) (eRe) _ (ef?-B BO eo t9-B B) (89-7 = aaa 6-y a Zi 
(a—b) (a—e) (ens en (en — et) (2-6 B_ ,-ta-B B) (ei@-7 yon e-t*-7 ~ 


sin (6 — 8) sin (0 —y) 
sin (a — 8) sin (a— 


—aj 


or 


Pe cl (8@—a)+2sin2(6—a)}; 


transforming each fraction in re manner and equating the coefficient of ¢ to 
zero, we obtain the identity to be proved. 


The summation of series. 


256. When the sum of a finite or an infinite series 
Oy + Aye + Aw? +... 
is known, we may deduce the sums S, and S, of the series 
Ay COS & + a,@ Cos (a+ A) + ayv? cos (a + 20) 4..., 
a) Sin a + @x sin (a+ @) + av sin (4 + 20) 4+.... 
For suppose f(x) =a,+av+a27+..., 
then e* f (xe) = S, + 18,, 
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and also ete f (xe) = §, — 48, 
therefore S,= és {eta f (xe) + Ff (xe-*)}, 
and S.= 5; ef (eo) — ei f(weri}, 


the values of S,, S, thus obtained, can now be reduced to a real 
form. 


EXAMPLES, 
(1) Swm the series 
cosa+X cos (a+) +x? cos (a+28) +...+x"~! cos {a+ (n—1) B}. 


We have alt etatt. pat} 


Change x into xe and multiply by ac 3 we have then 
impo 4 ; — 
fa Lane _ ios nel (a+8) 4 92 9t (2+28) +,.. fan-igi(atn—18) 
1—.xe'* 
and similarly we have 
ia 1 la aa 
1—2xe-* 
therefore the sum of the given series is 
1 {e : 1 wre awie, l-—zre — 
2 1—<e'® 1—2xe-*8 
1 62 (1 — are) (1 — ze~) +e- (1 — ane 8) (1 — wet) 
2 (1 —xe"®) (1— xze~*) 
which is equal to 
cos a— 2 cos (a— 8) —2" cos (a+n8)+2"+t! cos (atn—1 1) 


=e 4 ye t(atB) 4 2 e-t(at28) 4 4 gm-1g-t(atmnl 


or 


1-27 cos B+. 
(2) Sum the infinite series 
2 Ang 
waste sgt ®t arsat at Se oh 
We have e=1 +045 ao ge ate. 


put xe’? for x, and multiply by e*, we have then 
ereB+ia _ gia s roi (ath) +5 5 C0420) 4, +5 = ofletae) 4. 
and similarly 


Ta i : 2 F x” ; 
re-*B-ia__ -i —i(at+B) , 2 ,-i(a+28) -t(atnB) : 
ee =e 4+ xe +37@ eto sPoc0 § 


hence the sum of the given series is 


1 {erit+'e—¢ ere tp +} 
Qt 
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1 : Fd 
or gee ee ras) Sa eter 


which is equal to 
e* 88 sin (a+. sin 8). 


257. We shall now give some examples of the application 
of the exponential expressions for the circular functions to the 
expansion of expressions in series. 


(1) To expand (1 — 2a cos 6 + a)“ in a series of powers of a, 
where « is less than unity; we have 


(1 — 2a cos 6 + a) = (1 — we**) (1 — we-*)>,, 
which expressed in partial fractions is equal to 
1 oe en 
expanding each fraction in powers of 2, we have 


68 + wer? 4. grer8 + pee tererteces end wh ara) 


1 
of ain 6‘ 


= —7t6 —2i0 N—1 p—nid 
Hen} @ + we +... + er em + .,.), 
which is equal to 
cosec 0 (sin 6+ #sin 26 + asin 30+...+x"" sin n+...) 
It may be shewn, in a similar manner, that 
1— a? 
Li on COs eas 1 oa Qu cos 6 + 22 cos 26 + wie + 22" cos nO 4+. nein 


(2) To expand log, (1 + 2 cos 6 + x) in powers of a, where « 
is less than unity; we have 


log, (1 + 2x cos 6 + x) = log, (1 + ae) + log, (1 + wet) ; 


hence expanding each logarithm on the right-hand side, we obtain 
the formula (9) of Art. 250. 


(3) To expand e“sin(be+c) in powers of 2, we may write 
the expression 


> (e elttibye — gmte | gla—iba) 
v 


If we expand e(+#)z, ea—wz in powers of a, we find the coefficient 
of a” to be 


Tok ‘ ‘ 
Want {e* (a + ab)" — e~** (a — 2b)" ; 
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let b/a = tan a, then the expression becomes 


1 ; 
x; 3 (a? abe bean {et (c+na) _ et retnely 


1 : 
or oa (a? + b?)4" sin (c + na) ; 


this is the coefficient of «™ in the required expansion. 


(4) Having given sinw=n sin («+ a), to expand in powers 
of n, when n< 1. 


We have ef — ei = 7 {elltta) _ g-iteta)} 
OF. et — 1 = ne-* {er ieta)_ J}, 
. l—ne 
therefore ga eT 
1 — ne 


taking logarithms and expanding the right-hand side, we have 
Qi (a + kar) = n (e* — e-**) + (ee =e) ee: 


hence e2+kr=nsina+ $n*sin 2a+4n'sin 3a+..., 


where & is an integer. 
If B be the angle of a triangle and be less than A, we can 
expand the circular measure of B in powers of b/a; since 


sin B= ui sin (B+C), 
we have, since in this case k = 0, 


bus bt Pe 
B=-sin0+$—sin2C +4—sin3C+..., 
a a a 


EXAMPLES ON CHAPTER XV. 


: nae A+Bs 
1. Prove that the general term in the expansion of j—97 70. +z 


powers of z is fnereeene z®, and that the general term in the 
sin 


A+ Bz 
(1-22 cos +2")? 
(n+3)sin (n +1) b-(n+1)sin(n+3)h 4 (n+2)sin nd —nsin(n+2)h py 
eA 7 ee 
4sin’ p 4sin’ p 
(Euler.) 


expansion of is 
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2. Iftan p= , prove that =nsin at+}n’sin 2at+}n'sin 3a+ .., 


n being less than unity. 


3. If cot y=cot 2+cosec a cosec x, shew that 


y=sin csina—4$sin 2vsin?a+} sin 3rsinea—.... 
4. Iftan}0= Gey tan }¢, shew that 


2 3 
6=h42A sin p+ sin 24 Sin 3p+ sey 


a a\s 
where A=5+ () +2(5) +5(5 y Hewes 


5. Iftand=x+ tana, prove that 


6=a+<x cos? a— $2? cos? asin 2a— 42% cos’ a cos 3a+}.r4 cost asin 4a+..., 


6. If (1+m)tan6=(1—m) tan ¢, when 6 and ¢ are positive acute angles, 
shew that 
6=P-—msin 26 +4m? sin 4h — 4 m3 sin 6 + woes 
7. If tana=cos 2 tandA, shew that 
A—a=tan? sin 2a+} tanto sin 4a+} tan® sin 6a+.... 


8. Ifsinv=ncos(«+a), expand « in ascending powers of n. 


9. Shew that the coefficient of x? in the expansion of (1—2z cos 6+.) -" 
2 {ap cos pO +a ap_1 CoS (p — 2) 6+ a2ap_9 cos (p— 4) O+...}, 
where a, is the coefficient of «™ in the expansion of (1—.2)-". 


is 


10. Prove that nin18 5 apis 
nao (2n-+2) 1° 


11. Prove that in any triangle 
b ve b3 
log c=log a— ao c- Faz C8 20- 5 qa 008 BO — aoey 
supposing 6 to be less than a. 


12. If the roots of the equation aa?+bx+c=0 be imaginary, shew that 
the coefficient of 2” in the development of (ax?+bx+c)~! in powers of w is 


a?” sin (n+1)0 
ct" 41 sin @ 
where 6 is given by bsec 642 /ac =0. 


(1 +)* cos? 6 + (1 —n)*sin?6 
~(1-+n)2cos?6-+(1—n)? sin? 6” expand log,p in a series of cosines 
of even multiples of 8. 


13. If p?= 


14, Expand log, cos (9+ }7) in a series of sines and cosines of multiples 
of @. 
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15. Prove that 
ip lly 713 (—1)"+1 


eS 8113131 eer fgoretn-ml pea 
16. Prove that 
preerie tems See a (V2 +1) 
eT 1s ee oe ee 
17. Find all the values of (/-1)¥~!. 


18. Prove that (a+a,/—1 tan G)!8e (48e¢$)—$V-1 is a real number, and 
find its value. 


19. Ifacos6+bsin @=c, where c> /a?+ 2, shew that 


M Tit, c+VP—a— 2 Ee. 
ON Pig) Pa bag gt teD = 
20. From the expression for 2*+1 in factors, deduce that when n is even 
_,__sinné 
Mee! ltcos7é 
sin 20-2 cos = sing sin 26 -2cos >= sin 6 
=tan-1 +tan~! = closets 
1 +.cos 26 —2 cos = cos 4 1+cos 26-2 cos ;, sind 
: E 1 1 a—b 
21. From the identity ony Bae ea) oad) deduce 
cos (6 +a) sin (8 — 8B) — cos (8+) sin (6 — a)=sin (a—) cos 26, 
sin (9+) sin (6 — 8) —sin (6+) sin (6 —a)=sin (a—8) sin 26. 
22. Prove that 
tan—la _, tan—18 tan! y va 2+,/3 ming ete 
a Pee peas Teor DEN EET We ee YP 


where a, 8, y are the three cube roots of cas 
23. Express the logarithms of c+di to the base a+ bi, in the form A+ Bi. 
24. If tan™(}r+4yp)=tan" (7+), shew that 
ites tan-2 222 
a a 


25. In any triangle, shew that 
a” cos nB+b* cos nA =c"—nabc*-? cos (A — B) 


aie a8) atone -4cos 2(A—B)-... 


n being a positive integer. 


26. If log, log, log. (a+78)=p +74, 
then e ©°89 cog (eP sin g) =} log, (a? + 8%), 
Pango a\ctan-1 6 
and e° "7 sin (¢? sing)=tan~) 7. 
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27, Shew that the coefficient of 2 in the expansion of e*cosw in 


gh” 


: : nr 
ascending powers of z is —_ rT 


28. Prove that 


(E-F¢c0s 4a Qd+...+(—1)*2 sec’ Zd tan A (1+4+7 cos 2) cos NO + seee 
where 2) is the least positive value of sin—1e 
29. Prove that the series 


rere 1 
Sine 


(Qmpl) 3.5.7..@m+43)° °° CME 
; A,rt+Dy 
can be expressed in the form ~™———", where 4,,, B,,, Cy are whole 
™ 

MUSES Ay le ono ancom— iy Chel 

By=(2m—1) Br-1-2(m—1)! 
30. Prove that 
sin" 6 cos np =sin® ¢ cos n6 +n sin"—! ¢ cos (n —1) 6 sin (6—¢@) 

+ 2a) 1) 


sin*~? d cos (n—2) 6 sin? (6 -p)+...+sin"(6- ¢), 
n being a positive ae 


31. Prove the identity 


cos 2a 
sin 4 (a—) sin $(a—y) sin} (a— Nn ere TT y +e) 
32. Prove that 1h ee 


ey 
SGN SOT / OR 
33. Reduce tan-! (cos +7sin 6) to the form a+ 62, and hence shew that 


cos @— 5 008 30-+7 008 58—...= +7 


the upper or lower sign being taken, according as cos 6 is positive or negative. 
34, Prove that one value of Log, (1+cos 26+7sin 26) is log, (2 cos 6) +76 
when 6 lies between —}m and $m. Deduce Gregory’s series. 
Prove that one value of sin~! (cos 6+7sin 6) is 


cos~! /sin 6 +2 log, (/sin 6 + 1+ sin 6), 
when @ lies between 0 and $7. 


35. Find the sum of the series 5 A, e@"*1)sin (2n+1)y in which 
0 


Te tae? Seren A eS 
*8n+1 In—1~ Wn+3° 
36. In any triangle, shew that if a<e 
cosnA 1 n(n+1) a 
a a {lng cos B+ —_— 21 or a 8 2B 


n(n+1)(n+2) a 
+ 31 ae cos 3B+.. I. 
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37. Prove that 
(tan~! 7?=2?-4(1 +4) a44+3(1444})26-.., 


=i) eee! 
eyes (4p+t US) oe, 
; n 3 2Qn-1 
where x. lies between +1. 


38. If u=log, tan (F+h2) =e tase agate, 
prove that T=U — 2,43 + a,U5 — oon 
39. Rationalize tan {ic log. — : 
at+bi 
40. Prove that 


COs & £5 cos 2a nd 4 conne — rh (L cos 7)" 1 
(n—1)!(n+1)! ° (W—2)!(m +2)! °° Qnyt (2n)! ~ 2(n!/ 
41. Ifx is a positive integer, and 

a 5 (n+r—2)! ay 
S=1+2 cos eT area hI ETT ah 6 cos(r—1)8+..., 


prove that 
28 sin® 6={1+(-1)"}(—1)!” cos nO +{1 —(—1)} (—1)8 @-» sin 26, 


42. Prove that the expansion of tan tan tan... tan x, (n tangents) is 
a x  8n gt 
peas Bey ee ree (at we 
a+2n 5 +4n (bn leit 3 (1752 84m +11) 77+ soe 
43. If tan({a—¢d)=tan' ja, then shew that 


sin 3a - oe. 


| he | oe 1 
o=73 SIN a— 533 810 dat 33 
44, Shew that, if tand<1, 
tan? 6—4 tan‘ 6+4 tan®d—...=sin?6+4 sin‘ 6+} sin? 6+... 
45. Prove that, m being a positive integer, 


yo lc aaah 
= ; fan+(- 1)*. 2cos al : 
46. Shew that the equations 
x2sin 2a+y?sin 28 +2? sin 2y— 2yz sin (8+ y) — 22x sin (y +a) — 2aysin(a+f8)=0, 
2?c0s 2a +4? cos 28 +2? cos 2y — 2yz.c0s (B+ y) — 22x cos (y +a) — 2xy cos(a+f)=0 
are satisfied by any of the following values: 
@:y:z::sin?4(8—y) : sin? $(y—a) : sin? }(a—f) 

:: sin? $ (8B —y) : cos? $ (y—a) : cos? $ (a—8) 

2: cos? 4 (8 — y) : sin? 4 (y—a) : cos? $ (a—8) 

3: cos? $ (8 — y) : cos? 4 (y—a) : sin? $ (a—). 
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47. If 6,, 62, 63, 4, are distinct values of 6 which satisfy the equation 
acos 26+ sin 26+c cos 6+d sin 6+e=0, 


shew that 
F004 Demet =e) —-a e | 
coss sins Scos(s—6) Ssin(s—@) cos$(6,+0,—0,—-%)’ 
where 2s =6,+ 6,+ 43+ 44. 
48. Prove that 
dn _- et) 
(—1)2” tan" 6=1 - nsec 6 cos + ~~ sec? 6 cos 26—... (m even), 
(- 1)3@-) tan* d=nsec 6 sin 6— atv sec? #sin 28+... (x odd). 


49. If sin~-12=a,r7+a32°+..., shew that the sum of the series 
4323 + Ag09 + Ay,05+... is {cos (4/1 4+2?+24 —2*)+sin-1 z}. 
50. Ifa, f,y... are the n roots of the equation 2*+p,;2"-1+...+p,=0, 
prove that 


act asin 6 B sin 6 


acosd—2* *" "Bcos8—a 
—tanni p, sin 6.2*~1+4p.sin 26. a"~2+...4+p, sin n6 
2" +p cos 8. 2"—1+ p2 cos 26, u™~ 2+... +p, 008 NO 
51. If (l—c)tan@=(1+c) tan q, then each of the series 
csin 26—$c? sin 40+4c% sin 66-..., 
csin 2f6+4c?sin4d+4c3 sin 6P+... 
is equal to @—q, where 6 and ¢ vanish together, and c<1. 
52. Prove that 
cos $r+4 cos &r+4cos 87+... ad inf. =0. 
53. Shew that the series 


cos 2-+5~5 c0s 30+ 5*-- cos bots" cos TEA 0 


assumes the following values, 
(1) sin-!(cos$%—sin4xz), when r>2x>0, 
(2) —sin-!(cos$v+sin4$z), when 27 >ar>n, 
54. If c=cos? 6—} cos? 6 cos 30 +4 cos® 6 cos 56—..., 
shew that tan 2c=2 cot? 6, 
55. Shew that 
2° 0°88 sin (asin 8) +e* °F sin (asin 28) -+...67°°8 -1)F sin (asin (n— 1)B}=0, 
if B=2r/n. 
66. Prove that 
sin 6, sin 6—4sin 26sin* +4 sin 36 sin’ @— ,.,=cot-! (1+ cot 6 + cot? 6), 


57. 


58, 
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Prove that 
log (cosec x) = 2 (cos? 7 — $ sin? 22 +4 cos? 3a.— tsin? 47+... ye 


Prove that 


cos"* (1-2) =V/B {145.5 (5) +--+ = BSE G) +4. 


59. 


2 4.6...2n — 
Shew that the sum of the series 

cos 0 
‘/2. cos $8” 


1 533 re) 2 
1-5 cos 6+5— 5 COS 26 — 5 7G C08 BOF sesees is 


where 6 lies between +7. 


Sum to infinity the series in Examples 60 —71. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
71. 


cos 6—4 cos 36+4.03 56 —...... 


cos26 . cos46 or 


at 4! 


cosec @ cosec? 6 
Tr °° 26+ 21 


cos 6+ COS BO + seas. 


cos 6 cos 26+ cos 26 cos 30+, cos 36 cos 4045 cos 44 cos 5O+-... 006 


F Tee dike 32 
sin 6— 5 sin 39 +57 sin 58 — estes 


cos 6 cos26  cos30 
Teh FAS eRe tees re 


cos (a+28)  cos(a+48) , cos (a+6f) 
Sileeah -Glvcaamn die 0033 


cosa+ 


cos 6 cos p — $.cos 24 cos 2p +} COS 34 cos 3H —.. 106 


; 2asin3 tan3 a sin 4x 

tan a sin yp h Saps AL aL aici ae is 
2! 3! 

2.cos@ ’ e303 8 

a cos (2 sin 6) + 31 


sin 6.sin @—4sin?6.sin 20+} sin? @.sin30-...... 


é 


cos (3 sin 6)+..... 


1+¢°*9 cos (sin 6) + 


m sin? a—4m?sin?2a+ $m? sin? 3a--.....6, Where m<1. 


CHAPTER XVI. 
THE HYPERBOLIC FUNCTIONS. 


258. THE hyperbolic cosine, sine, tangent, &., have already 
been defined in Chap. xv, by means of the equations 


cosh u=}(e“+e), sinhu=4$(e"—e-“), tanh u=sinh u/cosh u, 
cothu=1/tanhu, sechu=1/coshu, cosech u=1/sinh u, 


where the exponentials e“, e* have their principal values. The 
hyperbolic functions are expressed in terms of circular functions 
of iu, by the equations 


coshu=cosiu, sinhu=—zsiniu, tanhu=—?ztaniu, 


coth u=zcotzu, sechu=secru, cosech wu = 7 cosec 2u. 


Relations between the hyperbolic functions. 


259. We have, at once from the definitions, the following 
relations between the hyperbolic functions 


cosh* —sinh? wack Belcan loead.. (1), 
HOCH WF PANN we Loe cacscaves eaweeacet (2), 
CON 4 — -GOseCh? Uae Ls. ices wcaxenaseessin vcs (3). 


These correspond to the relations 
cos? 6 +sin?9=1, sec?@—tan?@=1, cosec? @—cot? @=1, 


between the circular functions, and are at once deduced from them 
by putting @=iu. By means of the relations (1), (2), (3), com- 
bined with the definitions, any one hyperbolic function can be 
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expressed in terms of any other one. The results are given in the 
following table. 


sinh u=2|cosh u=2] tanh u=2|coth u=.xlsechu=2 cosechu=a 


: esc z 1 Vi-a 1 
sinh w= x ea) —— = 
Me thake lilies eta leatee 
ae 1 x | 1 V1+a2 © 
cosh u= 1+. ——— _ | ——_ = 
/ +2 x | V1 — 7 V2 — 1 | zr x 
tanh w= in va?=1 fs - vies 1 
/1 4.x? x x adie beat PS 
/ x24] x 1 1 
cothu=| * —— = 3 
a vet] | * |yrcm| iF 
i ee, 
sech u= wef E V1-22 ee x = 
ieee & V1+22 
1 1 1-2? x 
cosech u= = — v= 
Vz%—1 x Va?—1 V1—2 | a | 
The addition formulae. 
260. We have 
cosh (wu + v) = cos t (u + v) = cos tu cos tv F sin tu sin wv; 
hence cosh (w + v) = cosh w cosh v + sinh w sinh 4......... (4). 


Similarly we have 
sinh (w + v) = sinh w cosh v + cosh w sinh v......... (5). 
These are the addition formulae for the hyperbolic cosine and 
sine; they may, of course, be verified by substituting the expo- 
nential values of the functions. From (4) and (5) we deduce 
tanh wu + tanh » (6) 
Fer ghanaanh neh es ; 
coth uw coth v + 1 (7) 
Ahi aoe : 


tanh (wu + v) = 


coth (vu +v)= 
261. Since 
sinh (u + v) + sinh (u — v) = 2 sinh u cosh », 
sinh (u + v) — sinh (u — v) = 2 cosh w sinh », 
cosh (u + v) + cosh (uw — v) = 2 cosh u cosh 2, 
cosh (u + v) — cosh (wu — v) = 2 sinh u sinh 2, 
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we have, by changing wu, v into 4$(u+v), 4(u—v) respectively, 
sinh wu + sinh v = 2 sinh 4 (w+) cosh 4 (u—v) 
sinh u — sinh v = 2 cosh 4 (u + v) sinh 4 (wu — v) 
cosh u + cosh v = 2 cosh 4 (w + v) cosh $ (u — v) 
cosh w — cosh v = 2 sinh 4 (w + v) sinh 4 (u — v) 
which are the formulae for the addition or subtraction of two 
hyperbolic sines or cosines, 


Formulae for multiples and submultiples. 


262. From the formulae (4), (5), (6), and (8), the relations 
between the hyperbolic functions of multiples or submultiples 
may be deduced, as in the case of the analogous formulae for 
circular functions. We find 

sinh 2u = 2 sinh wu cosh wu, 
cosh 21 = cosh? u + sinh? u = 2 cosh? uw — 1 = 1 + 2 sinh? u, 
2 tanh uw 
1 + tanh? w’ 
sinh 8u=3sinhu+4sinh*u, cosh 3u = 4 cosh’ u — 3 cosh u, 


Tay Sees 3 tanh u + tanh? u 
» 148 tanh*a.- 


cosh tu = ae, sinh hu + ie u—l 
2 2 
cosh wu — 1 sinh u 
Sarl | ee 1 + cosh u’ 
Series for hyperbolic functions. 
263. We have 


e“=coshu+sinhu, e=coshw—sinhw; 


tanh 2u = 


thus the series for cosh u, sinh uw, in powers of wu, are 
a> gh 
ee + a 


cosh u=1+ 55 ai 


oe 
. wu as 
sinh WS Ub ait Ey tee 


As in Art. 233, we see that coshhu=1+R, sinhu=u+S, where 
|B] <4\ultell, |S] <g}ufel™ 
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Also the principal value of (cosh u + sinh wu)" is always 
cosh mu + sinh mu, 


whatever m may be; this corresponds to De Moivre’s theorem for 
circular functions. We may express the theorem thus 


cosh mu = $ {(cosh w + sinh wu)” + (cosh u — sinh uy™}, 


sinh mu = } {(cosh w + sinh w)™ — (cosh u = sinh u)™}. 


264. We obtain from the last expressions, by expansion, 


m (m—1)(m— 2) 
3! 


sinh mu=mcosh™— wsinh w+ cosh®-* y sinh?w+.... 


m(m—1) 


cosh mu = cosh™ w + 71 cosh”? y sinh? » 
eee ee) cosh™=! u sinh* U + mead 


As in the case of circular functions, we can deduce from these 
series the expansions of sinh mu, cosh mu in powers of sinhw; it 
is however unnecessary to repeat the work of collecting the various 
coefficients, as we may obtain the result at once by substituting vu 
for 6 in the formula of Art. 214, Chapter xvi. We thus obtain 


sinh mu =msinh u + 


4m (m?— 2 (m? — 3?) 


sinh!wu-+..., 


sinh’ u +..., 
2 . 2 7 Ma ts 92 
cosh mu = 1 eae sinh? w + ae Ma) 
74 4! 
which series hold for all values of m, provided they are convergent, 
which is the case if sinhu <1. If we put sinh u=1, we find 
u = log (1+ 2). 


265. From the series for sinh mu we deduce, as in the case of 
the circular functions, a series for u in powers of sinhu. Equating 
the first powers of m, we obtain 


aah AES ny ee ze nae Pagar 
u=sinhu— 5. + sinh’u + 5~4- 5 sinh U5 4 6:7 sinh’u+.... 
This series is convergent if sinh w < 1, or if wS log (1+ 2). 


In particular, we have 


1 ] 
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Periodicity of the hyperbolic functions. 


266. ‘The functions cosh wu, sinhu have an imaginary period 

Qt, since e“=e"+2"*, We have therefore 
cosh wu = cosh (u + 2izk), sinh wu = sinh (u + ih), 

where i is any integer. Since e“+™=—e%, e-(utmi) ——e-", we 
have cosh (u+ ir) =-— cosh wu, sinh (u+ir)=—sinhw; therefore 
tanh (wu + 7%) = tanh w, or the period of tanh w is iz, only half that 
of coshw, sinhu. We find the following values of sinh u, cosh u, 
tanh wu corresponding to the arguments 0, 3772, 77, 37. 


0 4x 
sinh Ts ins 2 
‘ cosh ide 0 
tanh 0 OX se 
ie Poth 0 (0) 
sech 1 : eo) -1 ee) 
cosech ve > -t oe) ! z 


Just as the circular functions are the simplest single periodic 
functions with a real period, so the hyperbolic functions are the 
simplest singly periodic functions with an imaginary period. 


Area of a sector of a rectangular hyperbola. 


267. Let Q be a point on a rectangular hyperbola of semi- 
transverse-axis a and centre O, and let QN be the ordinate of Q. 
We have then, from the property of the rectangular hyperbola, 
ON?—QN?=a*; if then we let ON=acoshu, we shall have 
NQ=asinhu, where we assume u to be positive or negative 
according as the ordinate VQ is measured positively or negatively. 
We proceed to consider the area OAQ bounded by OA, OQ and 
the arc AQ of the curve. As in the case of a circular sector, con- 
sidered in Art. 12, we inscribe in the are AQ an unclosed recti- 
linear polygon AP, P,P,...P,...P»Q, and we define the measure 
of the area OAQ bounded by OA, OQ, and the are AQ, as the 
limit of the measure of the area of the closed polygon 


OAP,... Pa_,QO, 
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provided this limit exists, when the number of sides of the in- 
scribed polygon is increased indefinitely in such a manner that the 
limit of the greatest side converges to zero, provided also this limit 
has a unique value for all sequences of polygons subject to the 
prescribed condition. Let u, be the value of u corresponding to 
the point P,, and let 6, denote the circular measure of the angle 
P,OA ; let wu and @ correspond to the point Q. 


Q 
A V 
We have tan 6,= tanh u,; hence we find 
sinh u, cosh u, 
in 9, =—__—_———, and. cos 6. = ______., 
ane (cosh Qu,)? : (cosh Qu,)2 


From these values, and the corresponding expressions for sin 6,.4,, 
cos 6,4,, we find that 


inh (u,+4, — Uy 
sin (0,4: — 9) = sin (u +1 ) 


(cosh 2u, cosh Qdiy4s)? 
Now OP,=a(cosh?u,+ sinh? Uy)? = a cosh? 2u;, 


and Cro cosh? Duet, * 


hence 
A OP, P41 = 4 OP, . OP 741 8in (9,41 — 9,) = $a" sinh (Up4y— Ur) 


The measure of the area of the rectilineal polygon oounded by 
OA, OQ and the sides of AP, Py... Pr Q is therefore 
r=n-1 
4a@ & sinh (ty41 — Ur) 
r=0 
where Uy = 0, tt, =U 
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This measure is equal to , 
ba Suen — Uy) + Oy (Up as — Uy) ert Mr}, 
Pa 
in virtue of a theorem proved in Art. 263, where all the numbers 
a, are less than 1/6. 
The length of the side P,P,4, is 
a {(cosh u,4, — cosh u,)? + (sinh w,4; — sinh ur) }3, 
which reduces to 
2a cosh? (Uy + Upyr) Sinh $ (U4, — Ur). 
Also 2,4, — Uy < sinh (t,4; — Ur); therefore the ratio 
(Ur4a — Ur) | PePria 
is < a cosh 4 (Uy 4. — u,)/cosh? (tp + Upyr) < a7? cosh 44, 


Since now (2,4,—U,)/P,P,4, 18 less than a fixed number inde- 
pendent of r and of the particular polygon, we see that in any 
sequence of polygons the greatest of the numbers u,4,,—, in one 
of the polygons converges to zero as the greatest of the sides 
P,P, does so. In the polygon we may therefore suppose 


Urti — Ur < Mn» 
for all values of 7, where 7, converges to zero as the number of 


sides is indefinitely increased. 
We now see that the measure of the area of the rectilineal 


n—1 
polygon differs from 4a? > (u,4,— u,), or $a°u, by a number less than 
r=0 


n-1 
) Net 
ia? nnie"™ = (Urgr— Ur) or a%,2e"™u 3 
r= 


and this converges to zero when 7, does so. It has now been 
proved that $a?u is the unique limit of the measure of the areas of 
the rectilineal polygons in any sequence subject to the prescribed 
condition. Therefore the area of the sector OAQ bounded by 
OA, OQ and the are AQ of the rectangular hyperbola is }a?u. 

The area of any sector of which the extremities are represented 
by u, w’ is clearly measured by }a?(u ~ w’). 

It should be observed that, to represent points on the other branch of 
the rectangular hyperbola, « must be changed into ix — wu, since 

cosh (tm —w)= — cosh w, 

and sinh (¢m — wv) =sinh « 
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268. If we describe a circle! of radius 0A = a, and let P be 
any point on the circle, MP its ordinate, then denoting the angle 
POA by 0, we have area OAP=}a*0. Let PN be the tangent 
at P, we have then 


OM =acos#, MP=asin0é, NP=atan0, MA=avers@. 


From N draw NQ perpendicular to OA and equal to WP, then 
ON?— NQ =a’; therefore the locus of Q is a rectangular hyper- 
bola of semi-axis a. Now denote the area of the sector OAQ 
by }a’u, then as we have proved in the last Article, we have 
ON=acoshu, NQ=asinhu. Thus we see that, just as the 
ordinate and abscissa of a point P on the circle are denoted by 
asin 6, acos 6, respectively, where 4470 is the area of the circular 
sector OAP, so the ordinate and abscissa of the point Q on the 
rectangular hyperbola are denoted by asinh u, a cosh u, re- 
spectively, where $a*u is the area of the sector OAQ. Thus the 
hyperbolic sine and cosine have a property in reference to the 

1 The figure in this Article is taken from a tract by Greenhill entitled ‘A 
Chapter on the Integral Calculus.” 
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rectangular hyperbola, exactly analogous to that of the sine and 
cosine with reference to the circle. For this reason the former 
functions are called hyperbolic functions, just as the latter are 
called circular functions. 


269. We have, from the figure of the last Article, when we 
consider the point Q on the rectangular hyperbola, corresponding 
to the point P on the circle, 

atan@=NQ=asinhu, and asec@=ON =acoshu; 
therefore the arguments @, wu, for corresponding points, satisfy the 
relations tan @=sinh u, sec@=coshu. Since 


sinh u 
Ee 5 a Brae fe 
tan @ sin 6 


= tan 36, 


we have tanh oo es, pot eas Ts 


or 6 and u satisfy the relation tanh 4u = tan $0, 
Since AOQM < sector OAY < AOAQ, we have 


tanh u<u<sinh uw. 


Neerolinwaet bat eihos anitasor oa nal 


, when w is indefinitely 


diminished, are each unity, since coshO=1. 


270. We have 
e“= cosh wu + sinh u=sec 6 4+ tan 0; 
therefore wu=log,(sec 0+ tan 0) =log, tan ($7 + 46). 


Various names have been given to the argument 6; it is called by 
Cayley the Gudermannian function of wu, and denoted by gd u, so 
that 0=gdu, u=gd— @ = log tan(ta7 +46); this name was given 
in honour of Gudermann, who however called the function’ the 
longitude of u. By Lambert, 6 was called the transcendent angle, 
and by Hoiiel? the hyperbolic amplitude of u (written amhwu). A 
table of the values of log tan (47 +46) for values of @ from 0° to 
90° at intervals of 30’, and to 12 places of decimals, is to be found 
in Legendre’s Théorie des Fonctions Elliptiques, Vol. u. Table tv. 
The table which we give at the end of the Chapter, for intervals of 
one degree, was extracted from Legendre’s table by Prof. Cayley. 
1 See Crelle’s Journal for 1833. 


® See ‘‘ Théorie des Fonctions complexes.” 
5 See the Quarterly Journal, Vol. xx. p. 220. 


THE IYPERBOLIC FUNCTIONS 331 


_ The table enables us to find the numerical values of the hyperbolic 
functions of u, by means of the relations 


sinhu=tan 6, coshu=sec 6, 


using a table of natural tangents or secants of angles. 


Those who desire further information on the subject of the hyperbolic 
functions and their applications, may refer to Laisant’s “Essai sur les Fone- 
tions Hyperboliques” in the Ménroires de la Société des Sciences de Bordeaux, 
Vol. x., also the treatises “ Die hyperbolischen Functionen” by E. Heis, and 
“Die Lehre von den gewoéhnlichen und verallgemeinerten Hyperbol-funk- 
tionen” by Giinther. 


Expressions for the circular functions of complex arguments. 


271. The circular functions with a complex argument may, by 
the use of the notation of the hyperbolic functions, be conveniently 
expressed in the form a+7, where a and 8 are real quantities. 


Thus sin (x + vy) = sin # cos ty + cos # sin ty ; 
hence sin (x7 +%y)=sinacoshy+icosxsinhy ......... (9). 
Similarly we find 

cos (a+ ty) =cos «cosh y—tsinasinhy ..,...(10). 


sin (7 + ty) cos (x —1y) 


Also tan («+ iy) = ee ear TORRE) 
_ sin 2a +sin 21y 
~ cos 2a + cos iy 
hence eee 
tan (a + ty) =—— CPASND SY ayunearys 4 (11). 


cos 2a + cosh 2y 


The inverse circular functions of complex arguments. 


272. We shall first consider the function sin («#+72y). Let 
sin (a +ty) =a+78, then 
a +1y =sin (a +78) =sin a cosh 6 +7 cos asinh f, 
or «=sinacosh8, y=cosasinh 8; we have therefore, for the 
determination of 8, the equation «*/cosh? 8 + y°/sinh’8 =1, or 
a? (cosh? 8 ~ 1) + y? cosh? 8 = cosh? 8 (cosh? 8 — 1). 
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If we solve this quadratic for cosh? B, we find 
cosh*B =4(a?+ 41) 43V(e+y +1) — 40; 
therefore coshB=+4Va°+y?+2a+14 iVor+ y— 2041, 
and since cosh £ is positive, we must have, if x is positive, 
cosh B=4NV@+lPtyttv(@—1P+y. 
The corresponding value of sina is 
alcosh 8 or 4V(et+1P+yFv(a—1y¥t+y; 
now cosh 8 >1 > sin a, hence we have 
cosh 8=4VG@4IF Fy +4V@- IP Fy 
sina =4V@ rl Fy- Ie 1 ty =o. 


These are the values of cosh 8, sina, whether « is positive or 
negative. 

The quadratic cosh8=wu gives B=+ log {wt V w— 1} ; we 
have therefore 


sin (a + ty) = kr + (— 1)'sin7 v + ¢ log {u+Vw?— I}, 


where k is an integer, and sin? v is the principal value of a, which 
satisfies the condition sina=v. To determine the ambiguous 
sign, put «=0, then sin7iy=ka tilog(v1+ 4+); hence 


iy = + cos kr sin [t log (V1 + y? + y)] 
1 1 — 
=+(-1 A —Vy ih=s( ky 
CUS Sasi 9 rate Cre, 
hence the ambiguous sign must be that of (—1), or 
sin™ (# + ty) = ker + (—1)' sin v + (— 1)' i log {u + Vu? — 1}...(12), 
where u=3V(at+1Pty+4v(e—1) 4 9, 
and v=4V(e+1P+y—sV(ce—l ty. 

If we consider sin v+7log {w+Vu?—1} as the principal 
value of sin“(«+ ty), and denote it by sin(#+7y), the general 
value is ka +(—1)'sin“(«+7y), which is the same expression 
as for real arguments. 

A special case is that of «>1, y=0; in this case w= 2, v=1, 


and the principal value of sin-# is $7 +tlog{a+Va?—1}. We 
know a prior that sin # can have no real value when > 1. 
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273. Next let cos—(a + iy) =a+ 78, we have then, as in the 
last case, « = cosa cosh 8, y=—sinasinh B, and we find, as before, 
cosh B=3V(e@+1P+¥4+4V(e—1yP+y=u, 

cosa = $V (a + 1Y+y?- 1V(a — 1P+ Y=; 
hence cos" («+ ty) = 2k + cos v t tlog {w+ Vu? — I}. 
To determine the sign of the last term, we put #=0, then 
ty = cos [+ $a tt log (y+ Vy? + 1)] = F sin {+ flog (y+ Vy + 1)} 
= (F) (+ ty) ; 
hence we see that the second ambiguous sign must be the opposite 
of the first, or 
cos" (a + ty) = 2khm + {cos v — 4 log (w+ Vu? — 1)}...(18). 
If cosv—ilog(u+Wu?—1) denotes the principal value of 
cos! (a + 1y), then the general value is 2k7 + cos™ (# + ty). 


274. Let tan? (#@+7y)=a+78, then 


pe sin 2a +7sinh 28 
cos 2a + cosh 28’ 
ee ee ee ee 
cos 2a+cosh 2B’ “  cos2a+cosh2B’ 
we have 


poe sin?22+sinh?2@ _ cosh?28—cos*2a _ cosh 28 — cos 2a 
tae (cos 2a + cosh 2B)? (cos 2a + cosh 28)? — ~ cosh 28 + cos 2a’ 


2 cos 24 aiid Tne yp 2 2 cosh 28 


or 1-2? —-7?= 


cosh 28 + cos 2a’ cosh 28 + cos 2a’ 
therefore tan2a= =. , and tanh 28 = erie : 
Since a = ee we have e# = ate 


hence the values of tan (# + vy) are given by 
ba ee. bi toe ey tact Vital): 
tan (x+1y) =kr+}tan7 ea +42log \ +(y—1) ...(14). 
The inverse hyperbolic functions. 


275. If sinha=z, then a is called the inverse hyperbolic sine 
of z, and is denoted by sinh~z. A similar definition applies to 
cosh z and tanh z. 
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If z=sinha=—?sinia, we have iz =sinva, or a= 7 sin (72). 
ae : ; | her eae 
Similarly if z=cosha=costa, we have a= 7 cos 125 we find 


also if z=tanha, a= : tan-!(7z). We have therefore the inverse 


hyperbolic functions expressed as inverse circular functions by the 
equations 


sinh zg = — 7 sin (iz), 
cosh z = —icos(z), 
tanh z= — 7 tan (72). 


276. By means of the expressions we have found for the 
inverse circular functions of a complex argument, we may find the 
values of the inverse hyperbolic functions. We shall however find 
the expressions for them independently. 

(1) If z=sinha, we have e*—e~*=2z; solving this as a 
quadratic for e*, we find e=ztVv1+aZ, 
hence a= 2tkm + log. (z+ V1+2 *) or tk + log, (z— V1+2), 
both values of a are included in the expression 

thr + (—1)Flog (2+ V1 + 24). 

Thus the general value of sinh~y is ik +(— 1)*log,(z + V1 + 2), 
and its principal value is log, (z+1+2*); this principal value is 
the one which is usually denoted by sinh z, 

(2) If z=cosha, we have e* + e-* = 2z; hence we find 

ee=z+Vz2— 1, thus a= Site lope 1), 
hence 2ika + log,(¢+z*—1) is the general value of cosh>z; 


the principal value, which is the one generally understood to fs 
denoted by cosh™'z, is log, (2 + Vz?—1). 


“—] l+z 
3 If z=tanh he et = Canoe eens 
(3) Fm bn h MAW OTNAYS apc GBT see 5 hence 


: 1 nm 
a=tkr + 4dlog, (== ) ; this is the general value of tanh z, the 


principal value being } log, (j “ *). 


(4) We find for the principal values of coth—z, sech— z, 
cosech™ z, the expressions 


epi 1+Vv1l—2 
$ log. i): log, Mere x log, 


respectively. 


eres, 
Zz 
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The solution of cubic equations, 


277. We have shewn, in Art. 117, that when the roots of 
the cubic a*+qx+r=0 are all real, and q is negative, they 
are V—4qsin@, V—4qsin(6 +27), V—4q sin (6+ 47), where 


Q7r2\t 
sin 30 = (- a) . We shall now shew how to solve the cubic 


in the case when two of the roots are imaginary, In this case, the 
condition 277? + 49° > 0 is satisfied. 
(1) Suppose q positive; consider the cubic 
4 sinh uw + 3 sinh wu = sinh 3u, 
let «=a sinh wu, then @ satisfies the equation 
x + $a?.2— 4a’ sinh 3u=0; 
this will coincide with the cubic a+qa+r=0, if g= 3a’, 
27 a 
64 g?/ ° 
Now the roots of the cubic 4sinh?u +3 sinh wu = sinh 3u are 
sinh u, sinh (u+ 372) and sinh (u+477), hence the roots of the 
cubic 2° + gva+r=0 are 
4qsinh u, V4q sinh (u +277), V4qsinh (u + 477), 
or V4qsinh u, V4q(—sinh u + 2/3 cosh w), 


r= —4a'sinh 3u, or sinh Bu = — 4( 


where sinh Bu=— 3 (27 a We find the number 3w from a 


table of hyperbolic sines, when the numerical values of q and r 
are given, and then sinh u, cosh u from the same tables; thus the 
numerical values of the roots will be found. 


(2) When q is negative; consider the equation 
4 cosh? u — 3 cosh u = cosh 8u, 


we find, as in the last case, that if g= — 3a?,r =— }a* cosh 3u, the 
cubic which acoshw satisfies is 2°+qe+r=0; thus the roots 
required are 


V—4qcoshu, V—4q cosh (w+ 21), W— 4q cosh (u + $772), 
or 4q cosh u, V—1q (— cosh u + V3 sinh w), 


2 
where cosh 3u =—4 (- 27 “y. Hence, as in the last case, we can 
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employ tables of hyperbolic functions to find the numerical values 
of the roots of the cubic, when the values of g and r are given, 


278. Table of values of u for given values of 8. 


2 


6 u=log, tan (t7+4 6) 6 u=log, tan (}7 +46) 
O° | 0 0 46° | -8028515 9062755 
1° | :0174533 0174542 47° 8203047 9316316 
2° | 0349066 0349137 48° | -8377580 *9574669 
3° | 0523599 0523838 49° *8552113 “9838079 
4° | 0698132 0698699 50° 8726646 1°0106832 
5° | 0872665 0873774 51° *8901179 10381235 
o | *1047198 "1049117 52° “9075712 10661617 
7° | °1221730 1224781 53° | °9250245 10948335 
8° | -1396263 "1400822 54° 9424778 11241772 
9° | -1570796 "1577296 55° 9509311 11542346 
10° | °1745329 1754258 56° | °9773844 11850507 
11° | -1919862 1931766 57° | 9948377 12166748 
12° | -2094395 ‘2109867 58° | 1:0122910 1:2491606 
13° | ‘2268928 2288650 59° | 1:0297443 12825668 
14° | 2443461 2468145 60° | 1:0471976 1:3169579 
15° | -2617994 2648422 61° | 1:0646508 13524048 
16° | :2792527 2829545 62° | 1:0821041 1:3889860 
17° | -2967060 3011577 63° | 10995574 14267882 
18° | *3141593 *3194583 64° | 1:1170107 14659083 
19° | :3316126 3378629 65° | 1:1344640 15064542 
20° | :3490659 3563785 66° | 1:1519173 15485472 
21° | :3665191 3750121 67° | 1:1693706 15923237 
22° | -3839724 3937710 68° | 1°1868239 16379387 
23° | -4014257 4126626 69° | 1:2042772 16855685 
24° | -4188790 4316947 70° | 1:2217305 1°7354152 
25° | -4363323 4508753 71° | 1:2391838 1°7877120 
26° | -4537856 “4702127 72° | 1:2566371 1°8427300 
27° | 4712389 4897154 73° | 1:2740904 1:9007867 
28° | -4886922 5093923 74° | 1:2915436 19622572 
29° | 5061455 5292527 75° | 1:3089969 2°0275894 
30° | ‘5235988 5493061 76° | 1°3264502 2°0973240 
31° | °5410521 5695627 77° | 1:3439035 2°1721218 
32° | °5585054 5900329 78° | 1:°3613568 2°2528027 
33° | °5759587 6107275 79° | 1:3788101 23404007 
34° | 5934119 6316581 80° | 1:3962634 2°4362460 
35° | *6108652 6528366 81° | 1°4137167 25420904 
36° | 6283185 6742755 82° | 1°4311700 2°6603061 
37° | 6457718 6959880 83° | 1:4486233 2°7942190 
38° | °6632251 “7179880 84° | 1:4660766 2°9487002 
39° | -6806784 *7402901 85° | 1°4835299 3°1313013 
40° | -6981317 7629095 86° | 1°5009832 3°3546735 
41° | °7155850 “7858630 87° | 15184364 3'6425334 
42° | °7330383 8091672 88° | 1:°5358897 4°0481254 
43° | *7504916 8328406 89° | 1°5533430 4°7413488 
44° | °7679449 *8569026 90° | 1:5707963 ro) 


45° | *7853982 8813736 
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EXAMPLES ON CHAPTER XVI. 
1 Prove that 
8 sinh ra sinh? 2 =2 sinh (n+2) «—4 sinh nv +2 sinh (n —2) 2x. 
2. If cos (a+78)=cos $+7 sin ¢, shew that sin p= +sin? a= +sinh?@. 
3. If cos (6+7) cos (a+78)=1, prove that tanh? cosh? 8 =sin?a, 


and tanh? 8 cosh? ¢ =sin? 6, 
4. If tan y=tana tanh f, tan z=cota tanh p, 
shew that tan (y+z)=sinh 28 cosec 2a, 
5. Reduce e" (*+) to the form A+B. 
(ys abe - log, sin (+7p) =a +7, 
shew that 2 cos 20=2 cosh 2g — 4¢"%, 
and cos (6 — 8) =e"* cos (6+). 


7. If tan (#+2y)=sin (w+), shew that coth v sinh 2y=cot w sin 22, 
8. Express {cos (6+7) +7 sin (6 —7)}*** in the form 4+7B. 

9. Prove that 

Tees (=e 26 ae) ‘ened (= 6—tanh £) Pe eer e collie, 


tan 29—tanh 2 tan 6+tanh p 
10. If u=Cos a—} cos 3a+} cos 5a—...... ’ 
v=sina—} sin3a+} sin5a-...... : 
prove that u=}r, when 0Sa<4m and cosh 2v=seca. 


11. Prove that the sum of the infinite series 
cos46  cos88 cos 126 
14+ 4! + 8! + 12! a POSS 
is 4 {cos (cos 6) cosh (sin 6) + cos (sin 6) cosh (cos 6)}. 


12. Prove that 
“ee (-1)* sin (2m+1) n6 
ery (CZ) sin n6 
where a is the unit of circular measure. 


=2 oo {cos (cos p@) cosh (sin p6)}+cos a, 
p=1 


13. From Euler’s theorem 


SID? = cos $a cos $x COS BL. ..005 
deduce that 
1 Wether ed Bele 2151 
(1) SS = - i - Faun DoW e 
log,@ ev=-1 2i+a2? 41+4* 81+25 
1 1 1 1 1 1 yt ? 
(2) sax cosech? +5, sech?5 w+ 7, sech® 7 # +g, 8ech cides ciasiee 


CHAPTER XVII. 
INFINITE PRODUCTS. 


The convergence of infinite products. 


279. LET 2, %,...2n,-.. be a sequence of real or complex 
numbers formed according to any prescribed law, and consider the 
product Py = 2,2... 2n of the first n of these numbers. 

If P,, converges to a definite limit P, different from zero, as n 
is indefinitely increased, P is said to be the limit, or limiting 
value, of the infinite product 2,2,2,...%,..., and that infinite 
product is said to be convergent. 

It is convenient to exclude the case of those products for which 
P, converges to zero from the class of convergent infinite 
products. 

If P,, =| P| (cos 6, +7 sin 0,), where | P,| denotes the modulus 
of P,, it is necessary and sufficient for the convergence of the 
infinite product that both | P, | and @, should converge to definite 
values as n is indefinitely increased. In case |P,| increases 
indefinitely, as n is indefinitely increased, the infinite product is 
said to be divergent. In other cases in which the product is not 
convergent it is said to oscillate, but oscillating products are 
frequently spoken of as divergent. 

The necessary and sufficient condition that the infinite product 
2,2, ...2,-.. Should converge to a definite value (other than zero) 
is that, corresponding to each arbitrarily chosen positive number e, 
an integer n can be so chosen that | Zn4:2n42-+- Zntr — 1|<e, for all 
values 1,2,3,... of r. To shew that this condition is necessary, 
let us assume that P, converges to P, a number different from 
zero. All except a finite set of the numbers | P,|,|P,|,... | Pn]... 
are greater than | P|—7, where 7 is an arbitrarily chosen positive 
number such that | P|— >0; also none of these vanishes, there- 
fore there exists a positive number & which is less than all the 
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numbers |P:|,|P2|,...|Pn|.... Since P,, converges to a definite 
limit, n may be so chosen, corresponding to e, that | Pay, — Pal < ke, 
for 7 =1, 2,3,.... 

Hence we have | ZnyiZnya--- Zngr— 1| < ke/| 2,24... Zn |<e, and 
therefore the condition stated is necessary. 

To shew that the condition is sufficient, let us assume it to 
hold. For an assigned value of e¢, m can be so fixed that 
Znti2n42 +++ Zn+r =1+ pn, where | pn,-|<e, for r=1,2,3,.... We 
have then Pry, = Py (1+ pp,r), and therefore | Pay,|<|P,|(1+e), 
for all positive integral values of r; it follows that all the numbers 
|Pi|,|Ps|,...| Pal... are less than a fixed positive number 2. 
From | 2Zn4:Zn42-+-2n4r—1|<e, we have |Pyir-—Pa|<Ae, for 
r=1,2,3,..., and since Xe may be chosen as small as we please 
by choosing ¢ small enough, we see that P, must converge to a 
definite limit. 

A convenient method of considering the convergence of the 
infinite product 2,2... 2Z,..., 18 to consider the series 

log, 2 + log, 2+... +1log. Zn +... 

If this series is convergent the infinite product converges to a 
value other than zero, and conversely. If the infinite product 
converges to zero, the series diverges to — 0, and for this reason, 
as before, we exclude this case. 

To prove that the convergence of the infinite series and of the 
infinite product are equivalent, we observe that the necessary and 
sufficient condition for the convergence of the series is that n can 
be so determined, for each e, that | loge (Zni:Zn4a+++ Zn4r)| OF 
| log.(1+pn,r)|<¢, for r=1,2,3,.... 

If this condition is satisfied, we have, on employing the 
theorem |e?—1|<|z|(1+4]|z|e!?!) established in Art, 230, 
| pn,r|< (1 +4ee*). If now 7 be an arbitrarily chosen positive 
number, ¢ can be so chosen that e(1+4¢e')<y, and thus n can 
be so chosen that |pn,| or | Znsi2nto---2nt¢r—1| 18 <7, for 
r=1,2,3,...; therefore the infinite product is convergent. Con- 
versely let us assume that n can be so chosen that | pn,,|< ¢, for 
r=1,2,3,.... It has been shewn in Art. 249" that if |z|<1, 


| log. (1 +2)|< jei(1+4 44), 


i 


(3 


therefore | log. (1 + Pn,r) | <€é (1 UF $ 1 
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or logs (Zn412n42 +++ 2ntr) < n, provided e¢ (1 + +) <n, and if 9 


is prescribed, e can be so determined as to satisfy this condition. 
Therefore the condition of convergence of the series is satisfied. 


280. Suppose %, ts, ... Un, .-. to be a sequence of real positive 
numbers each of which is less than 1; it will be shewn that the 
infinite products 


(14%) (1 +4)... (144m)... oF H(1+w) 


and (1—%™) (1 —we)...(1—uy)... or T(1—u) 
1 


both converge, or not, according as the series uy, + U, +... +Unt... 
is convergent or divergent. 

Since 

(1+) (1+ wm)... 1 +t) >1+u4+ %+...4+Un, 
it is clear that the product I1(1+w) diverges if the series 
U,+U,+... does so. Also 
1 
(eh aye ti ae) >(1 +u,)(1 + tbs eS qa + Un), 

hence if Zw diverges the product (1 — w,) (1 — w%)... (1 — wa) con- 
verges to zero, and is therefore considered as non-convergent. 

Next, if Su converges, let e be an arbitrarily chosen positive 
number less than 1, then n can be so chosen that 


Unsi + Unpo +... + Unie < 6, 
for r=1,2,3,.... We have, as in Art. 226, 
(1 = nar) (1 — Unga) ++ CL = Unser) 
> 1 —(ngit Unge +... + Ung) > le, 


and therefore |(1 — un41) (1 — Uny2) ... (1 — Unyr) —1| <e, and thus 
the condition obtained in Art. 279 for the convergence of the 
infinite product I] (1 — w) is satisfied, 
Also 
(1+ tts) (1 + tinge) + (L + Unter) 
og WA a eB een be 
(1 — Ungi) (1 — tinge)... (1 = tna) * Teae! 


and thus | (1 + #n4:)(1 + Unga) «+» (1 Ungx) — 1 |< i . If 9 be 
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arbitrarily assigned, we can determine ¢ so that ¢/(1— €) <<, and 
thus n can be so determined that 
| aE Unt) (1 + Un42) “ele Gd + Unsr) — 1 | <1, 

forr =1,2,3,..... Hence the product II(1+4u) is convergent. 
It is clear that the condition that 2, w,...u,,... should all be 
less than 1 can be replaced by the wider condition that all except 
a finite set of these numbers are less than 1. For we can remove 
a finite set of factors in I (1 + w) or in (1 —1) without affecting 
its convergence. 


281. Next let us consider the infinite product 
(1+) (1 + um)...(1 +Un)..., 
where %, U2, ... Un,+-. are complex numbers. We shall shew that 
if the series of moduli of 2, w:, ... Un, .-., 1€. the series, 
[ey |+| we l+...+]uml|+..., 

is convergent, then the infinite product is also convergent. In 
this case the infinite product is said to be absolutely convergent. 

We see that 

| (1 + Un) (1 + Ung)... + Unger) — 1 | 

| S(1+|un|) A+] Until) 1+] date!) — 
since the modulus of the sum of any set of numbers cannot exceed 
the sum of their moduli. Now if the series 2 |u| is convergent, 
the infinite product II1(1+ |w|) is convergent, in accordance with 
what has been shewn in Art. 280; it follows that, corresponding 
to any assigned e¢, n can be so determined that 

(1+ | tn |) (1 +] Until) --- (1 +] unyr |)-1<e, 
for r=1,2,3,.... It follows that 
[(1 + tn) (1 + Unga) ++. (1 + Ungr) —1 |<, 

for all positive integral values of 7, and therefore the product 
II (1 +4) is convergent. It may happen that II (1+ wu) is con- 
vergent whilst the series = |u| is divergent ; in this case II (1 + u) 
is said to converge non-absolutely, or to be semi-convergent. 

It follows from the above theorem that the infinite product 

(1 + az) (1 + a,2)...(1 + GnzZ)... 


is convergent if |a,|+|as|+.-. [an] +. 


is a convergent series. 
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Let b,, b,,b;, ... bn, ... be a sequence of real numbers all of the 
same sign, and let Z b,,=0, but suppose the series 
n 


b +b, 4+...+0n+... 

to be divergent. It will be shewn that the infinite product 
II1(1+7b,) is not convergent. To prove this we see that 
1+ 2b, =(1 + b,2)2e+*, when tan ¢, =|b,|, and the upper or lower 
sign in +7, is taken according as b, is positive or negative, 
If 7 be an arbitrarily chosen positive number less than unity, we 
have ¢, > (1—7) tan gn, for all sufficiently large values of n; and 
therefore 2d, cannot converge. It follows that II (1 +7b,) cannot 
converge, although IT(1+ b,2)2 will converge in case the series 
=b,? is convergent. It is clearly sufficient for the validity of the 
theorem that all the numbers b,, with the exception of a finite 
set, should be of the same sign. 

If z be acomplex number w + ty, and the numbers Qj, ay, ...n,.-. 
be all positive and such that Za, is divergent, the product 
II (1+ an2) is certainly divergent if the real part of z is positive. 
For the product of the moduli of the terms 1 +a,z is greater than 
II (1+ 4,2), and this is divergent when z is positive. 


The product (1 + z) (1 + 5) ie (1 + 5) ..., When w is a real number, does 
not converge in case p <1, but converges if p>1. For > in is divergent when 
p <1, and is convergent if p> 1. 


The product ( +3) (1 + 5) 900 (1 +;) ... is certainly divergent if the real 


part of z is positive, and it does not converge if the real part of z is zero. 
When the real part of z is negative the product converges to zero, and is 
. z Be. ee 
therefore considered as non-convergent. For log, (1 +5) = anal te) 
where | 7, | is less than a fixed number for all sufficiently large values of 2; the 


real part of 3 log, ( +2) consequently diverges to — co when the real part of z 
is negative, whence the result follows. This depends on the facts that = = is 


é 1 
divergent and = Pr) convergent, 
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Expressions for the sine and cosine as infinite products. 
282. We shall now find expressions for sin a, cos # as infinite 


products involving the circular measure #; we first suppose w to 
be real and positive. 


We have 
‘ . ©. @e@+r 
sing =2 = 
x sin 5 sin 5 
= Pgin sin et gin ete gin Ut OF 
4 4 4 4°" 


and continuing this process, we obtain 


, oO CET. Gl: . o+(n—1)7 
sin «= 2"—' sin — sin a aa we 
where n is any positive integral power of 2; hence 
. dt shy ote 
sin # = 2— sin — cos — (sin — — sin? ) 
nn n n 


sg Tt, 2 sg fh OF 42 
sin? — —sin?—}... ( sin’ — sin? —}; 
n n 2n n 


. : © 
since EZ sin « cosec — = n, we have 
z=0 n 
Slop tant 29F . n—2r 
n= 2" sin? — sin? — ... sin? ; 
n 2n 
hence, by division. we find 
3 sin? eo sin? — sin? — 
sin £ ” ” 
esl Th ie - J 1 C 
whale Slope: Se LL . ,n— 27 
n sin — cos — sin? — Sie sin? = 
n n n n 


2n 
This is the particular case of the theorem (19), of Art. 87, 


when n is a power of 2. We might, of course, assume the general 
theorem. 


Let 4(n—2)=r, then if m be any number less than 7, we have 


sin? “a sin? — sin? — 
: et x 
sinz=nsin—cos—| 1— 1- wf le R, 

n 5. Ls 2 7 _ mr 

sin? — sin? — sin* — 
n n n 
sin? — sin? — 
where R=|1- .f l= =e |: 

.,m+1r * 
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Now, n being taken greater than 2x/7, m may be so chosen 
that «<(m+1)7, then R is positive and less than unity ; also, as 
in Art. 226, R is greater than 


m+ lor TT 
1- sin? = Jeosec +...+ cosec? “= E 


Now we have shewn in Art. 96, Ex. (1), that if @< 47, 


sin@_ sin4ar 


then r art 


2 


: pr n gt nai 
hence, if p< 5 , cosec? —— < tp also sin a i 


# 1 1 1 
hence aah aes gee 


spe sterol sige 1 + ee! 
ACES ETC SCS) eee bye 


s : 2 Ox? 
Since # is between 1 and 1 — dm? We may put R=1 = 


where @ is between 0 and 1; we have then 


sin? — sin? — 


sinwz=nsin—cos—|{ 1— 
n n 


,2 
n 1 0 

a: ner 4m)?’ 
n 


where m is any number less than }n, such that «<(m+1) 7. 
Now let n become indefinitely great, m remaining fixed, we 
have then, since each sine in the product may be replaced by the 


° : ‘ xv weet . 
corresponding circular measure, and since cos — has the limit unity, 
n 


OMY fhe os, Sar RaW aps LRG 
sine=a(I =) (1 gai)-(1- =F) (1- Z=), 


where @, is the limiting value of 6, when n is indefinitely in- 
creased, and is thus such that 05 0,81. 
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345 
Now by increasing m sufficiently, we may make the factor 
pene 
4m 


as nearly equal to unity as we please, hence we have the 
expression 


P ge ae 
sInc=2x (1- th =\(1 = sens) (1- ina) 
for sin x as an infinite product? 


The restriction that # should be 
positive may clearly be removed 


283. From the formula (17), in Art. 86, if n is even, 


sin? — sin? — sin? Fe 
? 
cosa=| 1l— 1- 5 1l- 7 
7 aie n T 
sin? 5 sin" 35, sin? 


we may shew that 


4a? 4a? 4a? 
cose = (1 ~ ==) (1-5) AAG (1- \ 


where m is any finite number such that 24 <(2m+1)7, and @ is 
between 0 and 1; hence we obtain for cos as an infinite product 
the formula 


4, 42° 4a? 
cos#= (1-2) (1-5) (1- ) 


2 ar 52a? 


284. On account of the importance of the formulae (1) and 
(2), we shall give another proof, taken from Serret’s Trigonometry. 
Taking the formulae 


wee 
te nr k(n-2) sin * 
sin «= sin — Cos > oI 1- — |, 
r=1 . ey hen 
sin? — 
El 
sin? — 
r=hn n 
cosa= II | 1 
r=1 


= nee » 
gint 20 
2n 


1 The investigation of this Article is due to Schlémilch, see his Compendiuin 
der héheren Analysts, Vol. 1 


346 INFINITE PRODUCTS 


which hold for even sree of n, we transform them by means of 


the f la 1 — =cos?a(1 a) into the forms 
e formula are cos? a tan® A)’ 
x 
gtah(n-2) tan? — 
sinz=ncos"~.tan— II 1- — |, 
€ ag tan? = 
n 
£ 
x r=hn tan’— 
cos # = cos” — ———_— 
r=1 tan?(o” = l)7 


Now it has ee shewn in Art. a Ex. (1), that as @ increases 


from 0 to har, = 5 ne diminishes, AG 7 nee increases, hence 


(1 my sin? “) Z (1 ) ~ (1 _ ban’ ‘) 
sin? 8 5 tan? 8)’ 
where the absolute value of each expression is to be taken. 


Suppose n so large that +a/n<47, then + sin“ < + < <+tan =; 


and + cos = <1, the signs being so taken that each expression has 


its arithmetical value; the two expressions for sin 2 shew that 


: eu. 1 lem 
sina<+@a = 
+ = r=1 ( = 4 
: r=} (n-2) xz 
and +sina > +cos"~.a Il (-=5), 
n rel 7 


and the two expressions for cos # shew that 


= 5n 2 
beose< 4" Il el eS a ), 


da Aa 
r=hn 2 
and + cosa >+cos"” ul (1-—<_); 
r=1 2r — 1/?ar? 


x Ei e 
now we know that cos” = = 1 —e,, where e€, is a number which con- 


verges to zero as n is indefinitely increased ; we have therefore 


sine=a(1-)...(1- = 5) (1- On), 


cos a= (1 — =) Gs a) se s oe) 
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where 6,, 0,’ are numbers which converge to zero when n is in- 
definitely increased ; we thus obtain the expressions (1) and (2), 


If we had used the formulae 


A . et=h(n-1) 
singv=nsin— IL 


r=1 * Qt 


gr=t(n-1) sin? x 
cosv#=cos—- I1 ———— 
NN r=1 . ye ’ 
‘sin 
2n 


which hold for an odd value of n, 


and the formulae 


bho 

. x ag r=h(n-1) ae 
sin &=cos*- . tan I 1- Fi 

a) tan? 

2 

tan? — 

x r=t(n-1) n 
cos4+=cos*— II - ——— |, 

% r=1 »2r—Inr 
tan? 
2n 


obtained from them, similar reasoning would have led to the same results. 


285. We shall next consider the case of a complex variable 
z=ax+1y; we find, as in Art. 282, 


uz Aes ead 
sin? — sin? — sin? a 
s me Zz n ; 
TROPA aPC Od recent | fl erase ld DM Serre R, 
sin? — sin? sin? —- 
n n 
3 Zz 6 Zz 
sin? — sin? 7 
nm 
where R=|1- | l= > 
O8. m + lr sin? rT 
sin A 


where n is an even integer, and r= 4(n— 2); we have to determine 
NOS 
limits for the value of R. Let p denote the modulus of sin~, 


then as in Art. 281, since the modulus of the sum of any numbers 
is less than the sum of their moduli, we see that the modulus 
of (R — 1) is less than 
p? 
.,m+1r 
sin? ———— 


2 
14+—-~—)-1 
sin? = 
n 


1+ 
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Now we know that e4*>1+ Ap’, if A is any positive number, 
hence the modulus of R—1 is less than 


m+1r 


= 
p? ( cosec* +...+cosec? =) 
Cj 


and this is less than 


-1, 


anna 1 1 
ae n loript mropt tat y 


1 1 1 
2p? nn? tr Be he + See 
e 1 


or than ne wel? mpl mae ea 


therefore the modulus of (R — 1) is less than 


) pent 
—l,orthane ™-1; 
pent 


thus the modulus of (R —1) lies between zeroande ™—1. Now 
p?=sin? = cosh? © + cos? = sinh?” = sin? ? + sinh? Z , 
n n n n n n 


hence the limiting value of pn? is w+ y*, therefore the limit of 


the modulus of (R— 1), when n is increased indefinitely, lies between 
at+y? ait+y2 


zero and e *” —1; now e #” may be made as near unity as we 
please, by taking m large enough, thus | R—1]| may be made as 
small as we please, by taking m large enough. When n is in- 
definitely increased, each of the sines in the expression for sin z 
becomes ultimately equal to its argument, therefore 


3 2 2 2 
sin z= 2 (1 _ =) (1 = a3) (1 - Sema) es 


The formula 


42? 42? 423 
cos 2 = (1 _ i) (1 - | (1 _ ss) 


may be proved in a similar manner. 


286. We remark about the formulae (1) and (2), that they 
satisfy the condition of absolute convergency given in Art. 281, 


a} : x 1 4a? & 1 
since the two series — > — Fatal yale, oats Tse 5 
es and — ACESS, are convergent, 
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Each quadratic factor in either product may be resolved into 
two factors linear in a, thus 


sing = «(1 a =) (1- =) (1 +5) (1 = aa) 


wren (048) (1-8) (1439 (1-29. 
T 7 3 31 2 


which may be written in the forms 


, Tl a 
sin 2 =x (1+ =) Sesnesorass.0> scent (3), 


—-@ 


cd Qa 
cos «= TT (1+ =) SARA AC AEA 4). 
2r — Ilr (4) 


In these latter forms, the products are semi-convergent, since 
the products 


G+) 81-5), 00+ 5), i(i- =), 
1 rT 1 rr 1 2r —l1r 1 2r—1r 


are divergent, the series > 2 ,= ae being divergent. A semi- 
1 1 =a 


convergent product has the property analogous to that of semi- 
convergent series, that a derangement of the order of the factors 
affects the value of the product; we are entitled to consider the 
formulae (3) and (4), as correct, only when it is understood that 
an equal number of positive and of negative values of r are to be 
taken; thus (3) and (4) must be regarded as an abbreviation 
of the forms 


sne= al... Il (1 + =), COS fa ee I (1+ a i} 
ae T10 


—-n 2r —17 


287. It has been shewn by Weverstrass’, that the divergent 


product 
#(14 =) (1+5-) (1 +X)... 


may be made convergent, by multiplying each factor by an 
exponential factor; thus the product 


Nein rege re Oe 
z {(2 a “Je } i( ok s)e } 10 + ae ee 
is absolutely convergent. 


1 See the Abhandlungen of the Berlin Academy, for 1876, 
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We have, as has been shewn in Art. 230”, 
men 
at De L+u 
E - ni + a ( + Un), 
where | u,, | converges to zero as 7 is indefinitely increased ;_ there- 
fore, if « be an arbitrarily chosen positive number, | un |< e, for all 


values of n which exceed some fixed value dependent on e«. We 
have now 


Zz a z Zz 
(1+ = em a(1t eal {i - Zt all +u,)} 


2 


The series of which the general term is 


—_ 


2 


Z 
2n? ar? i SP Rae it = 


is absolutely convergent, since the series 35 — ee ; are convergent, 


and | un|<e,|1+tn|<1+e, for all ae tee values of n. 
Therefore, in accordance with the theorem proved in Art. 281, the 
infinite product of which the Bae term is 


2 
1—-— oat — Un) + ontar pay a. Un), 


= 
or (1 + =) e ™, is absolutely convergent. 
If f(z) denote the limit of the absolutely convergent product 
ll (1 + =) e ™, and f(—z) that of Il (1 - ~) e”™, we have 
1 nT. nr 


fofea=m, 


The above result may be cies to evaluate the limiting 
value of the expression 


siom(d) (gz) OH 
..(1+ 4) 


when m and n are made indefinitely great, but so that their ratio 
has a definite finite limit. 
If s, denotes the series 1 +27 +4+3-+4...4n7, we see that 


z 
= (sn -- Sm) | 
’ 


sinz =z Ld(z).e 


INFINITE PRODUCTS 351 


now it is well known that the limit, when n is infinite, of s, — log, n 
is a finite number 0°5772156..., called Euler’s constant, hence 
the limiting value of s,—s,, when m and n are infinite, is that of 


log. ~~. We have therefore, 
Lo (e)= Kr RE, 


where k= Im/n, and the value of Ld (z) is eee only when m and 


n become infinite in a ratio of equality. 


288. The formulae (2) or (4), for cos z, may be deduced from 
(1) or (8), by means of the formula cos # = sin 2/2 sin a, 
We have 


eee sil (1+ +=) Qn II (1 + =), 
are r1T 


2 sin az aa 


the factors in the numerator, for which 7 is even, cancel with 

those in the denominator, hence if we consider the product in the 
oe 2n 2 ; 

numerator to be the limit of I (1+ =), and that in the 


—2n 


n 
denominator to be the limit of II (1 + =), when n is infinite, 


—n 


2x 
we see that cos # = II i (1 + <ss) which agrees with (2) or (4). 


The condition of convergence of the products shews that taking 2n 
instead of n, in one of the products, does not affect the limiting 
value of that product when n is indefinitely increased. 


289. We may deduce the product formula for sinz from that 
of cos #, or vice versa, by means of the formulae sin e=cos (47 — 2), 
cosa =sin(47—2). From the formula (4) we have 


sine = TI (1+ =— ae) = nt (===) 


-o 2r — Ir 2r —1r 
= é 1-——}, 
aS 2r—1 “iui ( =) 


where the factor 2 corresponds to r=0; taking the limit of 


2 
gin @ for «=0, we see that we must have g-qrh 


hence sing=all(1-). 


-@ 
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290. The product formulae for sinxw and cosa may be easily 
made to exhibit the property of periodicity which those functions 
possess. 


Let f@=2l (14+ 2), 
then 
fe+m)=(@+m)(1+* ae ae 37)... 
(42 nT “) (1- = 22 Pall a a) 


ie a (1+ @) (1+ x)-- (ey ele 


_at(nt+1)a7 


NIT — xX 


f (2); 


now when n is indefinitely increased, we have Lf (x + 1) = — Lf (2), 
which is the equation sin (x+)=-—sin«; the formula (4) may 
be made, in a similar manner, to exhibit the property 
cos (x + 7) =— cosa. 
The function sinw vanishes when gee: +n, +27..., and these values 
correspond to the factors 2, 1 +=, 1 +e .. in the formula (3); also it has 


been proved in Art, 235, that sin does not vanish for any imaginary value 
of x, thus if it be assumed that sinw can be expressed in the form of an 


infinite product A Oe aa the values of a, b, c... must be 0, 
mw, —m, 27, —2Qr7.... The value of A is then determined by putting x=0, and 
using the theorem riz. 1, we obtain the formula (1) or (3). This is of 


course worthless as a ped of the formula, since we have no right to assume 
without proof that sin x is capable of expression in the required form. 


291. It is important to notice the forms which the formulae 
(1) and (2) take in the case of an imaginary argument iy; we 
obtain in that case, the expressions for sinh y, cosh y as infinite 
products 


raig t= yf y poe 
sinh y= y (a + i) (1 co ss] (1 + sia) Wore (5), 


4 2 2 2 
cosh y = (1+ 34) (1+ au ) (1+ =f teat (6). 
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The formulae (1), (2), (5), (6) were first obtained by Euler, by means of 
the identity 


n=m-—1 


nur 
1—22 cos a +22 
2™_—1=m(z-1) 


OR 2—2 cos 
m 
putting 2=14=, it becomes 
ae 
m —m yn n=m-1 
(1+3)"— (145) "-—2"9" 4 rt; 
1s (1+2) (2m sin5 ) 
m ™m 2m 


if m be now made to increase indefinitely, this becomes 


SS N=0 1 2 

Sea iGo) 

which is the formula (5). This evaluation of the limit requires an exact 
investigation, as in Art. 285. 


The formula (1) was deduced by changing x into iz. The formulae (2), (6) 
were obtained in a similar manner, from the expression for 2?" +1 in factors. 


EXAMPLES. 
292. (1) Investigate Wallis’ expression for m. 


In the expression for sinz in factors, put x=47, we have then the 
approximate formula 


7 1 1 1 
1=5 (1-5) (1-3) sad (1-55): 
where 7 is large; this may be written 


— 2.4.6...2n 
Wee (20-+1)=7 35 @n—1)? 
which is Wallis’ formula. 
(2) Factorise cosh y — cosa, cos X — cos a. 


Wehave coshy—cosa=2sin}(a+zy) sin (a—7y) 


nash Cf 


ms 2 \32 
putting y=0, Lacon ra Q ~ara) 5 
hence 
cosh ¥ — cos a 
1—cosa 
2\ cw ry WO t 1 

77 ¢ +3) es ( tas) (2 y =) ( ¥ fa ¢ Saaae =) : 

therefore 


2' 
2 


cosh y—cosa=2sin?}a ea +o} lth. 
y ae 5 a (2nm +a)? (2am — a)? 
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Writing ix for 7, we have 


: r2\ © a Fad 
fo = 2 eek oe eerie peat Sead biol 
cos —cosa=2sin* $a. (a =.) nu {1 amrotl {1 acces 
(3) Prove that 


1 1 
-1 =—{ 23° 
tan gttan gttan-} on ~4+tan-1 a a aaaate 


=tnr—-tan-} (tant 4 Ned cot 53): 


: ry)? 
We have sin (#+7y)=(#+7y) I {1 2 BD } ; taking logarithms, this 
1 


becomes 


© —72 
log (sin cosh y +éc0s 2 sinh y)=log (x + iy) +3 log {1 —= oe ii a i 
1 


Fs) Nr®| ? 
equating the imaginary parts on both sides of the equation, we have 


22. 
tan~1 (tanh y cot r)=tan~ 1Z_§ b tan pa 


let x=y=1/,/2, 


we have then 


> tan- 1 =} — tan” 1 (tanh 45. cot). 
1 


Representation of the exponential function by an infinite product. 


292", A representation of the exponential function e?, in the 
case in which | z| <1, has been given by Mathews’. 


Let us assume that z is the limiting sum of a convergent series 
> ky log.(1+2"). We find then that 4,=1, and 
n=l 


for n>1, where 6 is any proper integral factor of n, and 8 =n/6, 
each such value of 6 giving one term. From this it follows that 


ny = & (— 1)® Sks = Z (— 1) bk; 
and the values of all the numbers k, are to be determined from 


the set of equations of which this is the type. It can be shewn by 
induction that 


(1) Ifn=2”, then &,=1/2. 
(2) If n is the product p,p,...p, of mw different odd primes, 
then k, =(—1)#/n. 


1 Proceedings of the Cambridge Philosophical Society, Vol. x1v. p. 228. 
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(3) Ifnm=2™p,p,...p,, then ky =(—1)#2"-/n, 
(4) If has the square of an odd number as factor, then 
Kn = 0, 
That, with the values of k, so determined, the series 
= ky log. (1+ 2") 


converges when | z|<1 is easily seen. The exponential function e 
is consequently represented, for all values of z such that |z|<1, 
by the infinite product 


T+ 2%'n=(L4+z)(1+2y2(1+2)9(14 298 ,,,; 
1 : 
or, since 1 = (1 —z)"?(1 + 2z)*(1 +. 2*)”..., we have by division 


1+ 2\/2 1+ 2?\(-) lp 
e= (772) Lier?) hase. 


where p is the product of ~ unequal odd primes, and all values of p 
of this form are to be taken. 


Series for the tangent, cotangent, secant, and cosecant. 


293. Since sinz=z II H (1 = =): we have, when z is not a 
multiple of 7, 
‘ & Ez 
log, sin z = log,z + 2 loge (1 _- =) : 


Let h be a positive real number; changing z into z+Ah,. and 
subtracting the two expressions, we have 


sin (z +h) 
gin 2 


h\ 45 h h 
= log, (a + 5) +2 fog (1 ~ =) + log. (1 “ep aa) : 
Now, employing the theorem given in Art. 249”, we have 
hyo hee ht 
log (1+ =)=5-45(1 + 0) 


h h 
= ———— — 5 — if in 
log. (1 + ———) Z $ (1 + Up), 


—nr *(2—nr)? 


log. 


h lee 
log. (14 ==) = z+nT ol + Wn), 
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where |%|,|%|,|wn| all converge to zero when h is indefinitely 
diminished. Moreover, z having any fixed value which is not 
zero or @ positive or negative integral multiple of 7, for all 
sufficiently small values of h the numbers |1|,|%|,|%|... and 
|w,|,|%2|... are all less than an arbitrarily chosen positive 
number e¢, since the moduli of |z|,|z—n|,|z+n7| are greater 
than some fixed number independent of n. 
We have now 


1 sin (z +h) 

j 8 sin z 

= (2-35 Tee 47 14+ 
i 3 (1 + %) += 2-0 oe (2 — nr)? ah ‘G+nry : 


ee the series on the an side converges when z is not a 
multiple of 7. 

Let us assume that z is such that (r—1) 2 <|z|< rz, where r 
is a positive integer ; then if z*/r°4?=7 <1, we have | 2|?/n*z? = 7, 
for all values of n which are Zr. We have now 
1 1 serene et 


me—2\ ee |l—2/no|— woe l—n’ 


provided n Zr; it follows, since the series of which n~? is the 


general term is convergent, that the series of which ——— 
nr? — z 
is the general term is absolutely convergent. 
Since the two series of which the general terms are 


Qz iets Pay | 1+ 14% a 1+ T+ 
Zn? 2— na (g¢—n7y? (+n) 
are both convergent, it follows that the series of which the general 
term is 
1+, 1+ 14+ Uy 
ld Car a Coe 

is also convergent. If h be sufficiently small, the modulus of this 
general term is less than 


1 
4h(1 +e eae 
now |z—nr| Zur —|z| 2 nmr—(r +1) a, hence 
1 1 
[2mm FS (arpa 
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where n>r +1, and it then follows that the series of which the 


general term is is convergent. Similarly the series of 


|z—nzr|? 


which the general term is is convergent. 


| 2 -+ nar |? 
We now see that the modulus of the sum of the series of 
which the general term is th oat bh Gree does not 


exceed anumber $h (1+) A (z), where A (z) is a positive number 
dependent only on z; this modulus diminishes indefinitely as h is 
indefinitely diminished. It now follows that 


Ls WS 2z sin(z+h) 
aie = Panel converges to he i 10 EN Scenes vc 
Since Bilal) Seba p-tin heotz=1+hcotz(1+6), 


where | €| converges to zero with h, we have 


] sin (z +h) 
x! Siete = flog. (1 + heot2(1 + £)} 


=cotz(1+¢)(14+£), 
where | ¢’| converges to zero with h; hence 


i sin (z+ h) 
ele h loge sin Z 


It has now been shewn that when z is any real or complex 
number which is not an integral multiple of 7, cotz is the sum 
of the convergent series 

ae 1 ies a (7) 
2+u 2—-m 2+20 2-2r "" 


or = 22 Poll Stina F090 las (8). 


na1l2— V7? 


= COL Ze 


In the form (7) the series is semi-convergent, and in the 
form (8) it is absolutely convergent, except for z=0, + 7, + 27,..., 
for which values the series is divergent. 

In order that the student may appreciate the necessity for the investigation 
in the text, we remark that if f(z) be the sum of an infinite convergent series 
Uy (2) + Uz (2) +... +%n (2) +...) We are not entitled to assume that 


pfEH=$0_g 1 wletW ml), 
%=0 h 1 h=0 
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Suppose 2,, (2) is the remainder of the series after m terms, then 
SF (2) = (2) + Ue (2) + oo + thn (2) + Bm (2), 


FS (eth) =u (2 +h) + ug (2 +h) +... + Um (241) + Bn (2+4) 5 
hence 
fet O—fO_& 7 UletM-w@) , 7 Rm(e+h)- Rm (2), 

h=0 h 1 h=0 A h=0 h ; 
now since the given series is convergent, R»(z), Rm (z+) become indefinitely 
small when m is indefinitely increased ; it does not however necessarily follow 


that ptaleth)— SY) does the same, and it is only when it does that 
h= 

we are entitled to employ the derived series to represent the derived function 

of f(z). If for example #,, (2) were of the form 4 sin mz, we should find 


1 Bals+i)— Fal) 4 cooms 


which does not converge to zero when m is indefinitely increased, but oscillates 
between the values + 4. 


294. From the expression 


42? 42° 422 
cos z= (a _ =) (1 — ai) (1- =) 2. 


we obtain, by a method similar to that of the last Article, the 
infinite series 


1 1 1 
Se ed ea Treats fo s—in int eee 
J 1 
Te tsOm—1)w hea }Omao late Od 
= 1 
tan z= 82> ; 
or nz Se (m—lypatcde ct (10); 


the series (9) is semi-convergent, but (10) is absolutely convergent 
for all values of z except t $a, + $7... 


295. We may find a series for cosecz by means of either of 
the formulae cosec z = cot } z— cot z, cosec z= 4cot$z+4tan}z; 
using the first of these formulae, we find on substituting the 
series for the cotangents 
+237 2-20 Beare 

1 1 1 1 1 1 z 

[Streets tiptoe inte |: 


E 
cosec z = | —+- 
as | 
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hence cosec z 


Slated BATS rey Tgidc 1 1 
e 84a g—4 et2n 2—-In +30 2-80 UY) 
s (—1)" 22 


or cose == 4 3 KN Be 


© ea Fig) cette (12), 
In the formula (11), change z into 2+47; we have then 


ve ae) 1 1 1 
Bae ieee Mr ie) ta ype) 
GI @r-)a 
or sec z= Soo aD a sees eecsceoess (14); 
this series, when r is large, has its general term approaching the 


Gate 


One ig therefore the series is only semi-convergent. 


value 


The cotangent and tangent series may also be obtained as follows: 
Using the expressions for sin (z+/) and sinz as infinite products, we find 
by division 
sin (z+A) =(1+% m?— 2 —h?—Dhz\ (22n?—22-h?-Dhz\ 
sinz Z wr? — 2 22 at — 22 pnt 
if we assume that the product on the right-hand side can be expanded in powers 
of A, by multiplication, and put the left-hand side in the form cos h+sin A cot z, 
then expand in powers of h, and equate the coefficients of h on both sides ot 
the equation, we find 


cotga + ae + cad 
02 Gage!) 22222 


DIR Sr es Ren ee (8). 


The justification for our assumption that the infinite product may be arranged 
in a series of ascending powers of h, the coefficients of which are the infinite 
series obtained by ordinary multiplication, would require an investigation of 
the conditions that such a process gives a correct result ; to do this would 
however require certain general theorems for which we have no space. The 
tangent series may be obtained in a similar manner oe the infinite product 
cos(z+h)  (m®—422—4h?-8hz\ (3? 2? — = 3 ee)... 
cose ( — 422 ) (“Sea a 


If the cotangent of z is expressed in the form 
22 2 
n(1-=-) an(1-F5) 
Mm 2m — 1/2 2 m* ar 
and this expression be transformed into partial fractions, the denominators of 


a we should obtain the series (8); a 


g2 


9 
2a2 


which are the factors in aut ( 


similar remark applies to tan z, sec z, cosecz. The series have been obtained! 
by Glaisher, directly, by carrying out this transformation. 


1 See Quarterly Journal, Vol. xvil, 
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Expansion of the tangent, cotangent, secant and cosecant 
in powers of the argument. 


296. We have shewn in Art. 293 that 


Tea Ae ee 
cot z =— -2———, 
z 1) LY eS 


ae Finns 
where || is a number which may be made as small as we 
please by taking m large enough. Now if the modulus of z is 
less than rz, we have 
1 1 oe Ze es ) : 

rq? — 22 re (i erent | ig ee? 
hence if we suppose that the modulus of z is less than 7, we may 
expand each of the fractions 1/(r*s?— z*) in this manner, and we 
have, arranging the result in powers of z, as we are entitled to do 
since each of the series is absolutely convergent, 

Lo 2ay kal uy oof 1 ey 1 

cobe= 5S (ptgt.-+ )- (Gtgteta)- 


0 mm 7) \ 1S et m4 


Qm17 1 1 oa 
~ <r (Gat gate toe)—-t ms 


let S,, denote the sum of the convergent series 


at om bt ome to 
1 1 I ‘ : 
then S,,, = 1m higan “hives i + €m, Where € » 18 a number which 


may be made as small as we please, by making m large enough ; 
we have then 
1 22 ee 


22 
Os Pcie ear kes Sms! Meeks ia 


R Qz 22° saa: 
ss m+ eee t was Tan Ean F sees 


We see that e, >«,>,..., hence the modulus of 
2z 228 
SquGyar i 


vin 


gt... 


Q\2|  2les|2 
7 


is less than ¢, multiplied by the sum of ——~ + ——1 +... which 
Tv 


is a convergent series, since mod. z < 7, therefore the modulus of 
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2n—1 
—s 


—_ 


€n may be made as small as we please, by making m large 


wa We have therefore the infinite series for cot z, 


9 9-5 
Coty em 2g Ser gha ne (15), 
za a 7 


2 


which holds for all values of z such that mod.z<7, and in 
particular for all real values of z between +7. 
From the theorem 


Zz 
tan z = 8] ——_________ + R,, 
a ie fae Din ae ee 
we may obtain, in a similar manner, the séries for tan z in ascend- 
ing powers of z. This series may however be deduced from (15), 


by means of the identity tan z= cot z —2 cot 2z; we find 


2(P=Ve gy , 20-12 2-De es gy 
7 T mie 
which holds if the modulus of z is less than 47, and in particular 
for real values of z between + 47. 

Substituting for cot 4z, cotz their values from (15), in the 
formula cosec z= cot 4z— cot z, we have 


tan z= S,+ 


8 2-1 
coseee => + (2-1) 28,47 + = St om az S,+ ..(17), 


2 


which holds if mod. z < 7. 


297. To obtain a formula for sec z, in powers of z, we use the 


formula 
oy 1 bagi it 
exe (=a 3%? — 422 ' B27? — 422°” 

jie 1 ee ell we >) 4 R,.”: 

+ Om — 1)? 7? — 42? iioL 
supposing the modulus of z to be less than 37; we have on 
expanding each fraction 

i, ah a (-1)">) ee Hhoogeal 

seos= fit gt Ores Bhal TP 38 5 
(- Deo es ye Q2n+2 “m men = it 
(2m — 1) ee qt 7 pent Qa 


1)"- ; 
+ Gacnapnt te + Bn 
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Now let ony; denote the sum to infinity of the infinite series 
1 1 1 


[ani Bent + pintl ose? 
and let the remainder after the first m terms be €on;,, then we 


have 
2n+2 


ee ee 
secz=— 3, + 4235 + oe FS oe SE .. 


Tr ‘ mses 
Pa es 23 
pet 1 etel ae gee 


a es + Bes 


let e’ be the greatest of the numbers «4, ¢;,..., then the modulus 
2 4 
of a6 + a ae, +... 18 less than e’ times the sum of 


92 98 
Sal gine lattes 


which last series is convergent when the modulus of z is less 
than $7. 

We have thus shewn that the remainder of the series we have 
obtained for sec z is a number of which the modulus diminishes 


indefinitely as m increases, hence we have for secz the infinite 
series 


2 
sec z= zs + 
Tr 
which holds if mod. z< 47. 
298. It is a well-known theorem in Algebra, that the function 


2/(e?—1), where e has its principal value, can be expanded in a 
series of the form 


1 B, B, B, 
ee SRA: jo ee, 2 A a —] 
Nasa ax tanya ete Gat Gayton to 
where B,, B,,... B,,... are certain numbers called Bernouwilli’s 


numbers, and that this expansion holds for all values of z for 
which the series is convergent. 
If we multiply by e?—1 we have 


a ark 5 gn 1 B, ‘ 
e= {2 + Spt + Gayit n fl—get east 
By 
Deakin. Oe: 
2) 


(@n)1" 
|z| being taken so small that both the series on the right-hand 
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side are absolutely convergent, we may multiply them together, 
and arrange the product in a series of powers of z; the resulting 
series will be absolutely convergent, hence equating oe coefficients 
of the powers of z above the first, on the right-hand side, to zero, 
we have a series of equations 


ems UA 0 Bee Labs Wale, 
iis Vink eal Sho le Shes la’ 
the general type of which is 
B, ie sine (—-1)" B, Gly 1 (1) 


(Qn)i_ 31@n—2)!* "+ Gn—1!2!— nyt 2+ @nad!- 


By means of these equations, the numbers B,, B,, B;,... may 
be calculated ; we find 


= =— 691 ail 
B,= 4; B,= 35, B= 44, B= 45, B= #5, Bo=$Ps5, B,=%, Xe. 


299. The coefficients in the expansions of cot z, tan z, 
cosec z, in powers of z, may be expressed in terms of Bernouilli’s 
numbers. 


1Z —iz a 
We have cotz=2 Pe Bele = (1+5 ee rae \; 
e%— e-% oe 1) 
hence, if mod. z is small enough, 
2 By 2B. il ipo 
cobe=t— A = oye eae (Qn ny 17 gent — se (19). 


Also cosec z= cot $2 — cot z; hence we have the series 


2(2-1)B,, , 2@*-1)B 


cosee 2 =* + 21 At 2+ ane 
as 2014... (20). 
Again, since tan z = cot z — 2 cot 22, we have the series 
ae tine aes 


It has been shewn that the series (19) and (20) are convergent 
if mod. z <7, and that (21) is convergent if mod, Zz <3. 
The series in (19), (20), (21) must be identical with those in 
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(15), (16), (17), respectively ;shence equating the coefficients in 
(19) to those in (15), we have 


2 2 piste’ ge 2 Qn 
S.= 97 Bs qi Su Gy Bes «++ Fan Sm = ayy Bai 


7m 
hence using the values of B,, B,,... in Art. 298, we have 
Oi 1 78 7 ON eS ee 
Sag. Si=gq» So= ggg» Se= ga507- Se = ay Bm 


thus S,, may be calculated by means of the formulae which give 
Das 


The series (19) and (21) give a ready means of calculating the tangent or 
cotangent of an angle, the first few terms of the series are 


Oreo 7 Godeak gag 
Bo ahs Nie 
tanv=2+3+55 + 35+ 


The calculation of tan = 90°, cot - 90° may be carried out as follows: 


tan (m/n 90°) = cot (m/n 90°) = 
2Qmn/(n® — m*) x 6366197723675 n/m x °636619772367581 
+m/n x ‘2975567820597 — 4mn/(4n? — m?) x °3183098861837 
+m3/n3 x (0186886502773 — mn x 2052888894145 
+-m5/nd x ‘0018424752034 — m3/n3 x ‘0065510747882 
+m! /n™ x 0001975800714 — m5 /n8 x 0003450292554 
+m®/n® x 0000216977245 — m’'/n™ x 0000202791060 
+m! /n" x 0000024011370 — m®/n® x 0000012366527 
+mi3/n13 x 0000002664132 —m/n4 x 0000000764959 
+m'5/n'® x 0000000295864 —m'3/n}8 x -0000000047597 
+m" /n7 x 0000000032867 — m5/n'5 x 0000000002969 
+m9/n!9 x 0000000003651 — m7 /ni7 x -0000000000185 
+m! /n?! x 0000000000405 — m}9/n}9 x -0000000000011 


+ m*3/n25 x “0000000000045 
+m*/n* x -0000000000005 
1 


: 82 22 : ; 
In these expressions, the terms ee eb Ps which occur in the 
— ‘ peal. “2 


formulae (10) and (8), are first calculated separately, the series being then 
more rapidly convergent. 

These series are taken from Euler’s Analysis of the Infinite; they aro 
however given by him to twenty places of decimals, 
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Series for the logarithmic sine and cosine. 


300. We have shewn in Art. 285 that 
tiple lee) ik a 
sine=2(1-2) (1-5)... (1- =.) - 6) 


42° 42? 42? 
cos 2 = (1 — =) (1 - = 5)...(1- == re) (1-6, 


where 0m, 8m are numbers whose moduli may be made as small 
as we please by taking m large enough; taking logarithms, we 
have 


. 2 2 
log sin z = log z + log (1 - ee + log (1 aS ) ‘eo 
+ log (a _ =) +log (1 — Om), 
42? 42° 
log cos z = log (2 ~ =) +log (1 = aa) aig 


42? 
—————_} + log (1— 4’); 
2m — na) a og ( ) 


+ log (1 - 


expanding the logarithms, we have, assuming that |z|<7 in the 


5 in the second case, so that the logarithms may 


be expanded in absolutely convergent series of powers of z, 


first case and < 


7 =00 1 on 
log “BF =—"S (= ee Ace cr etait’ 


REO i 2 Qn m 


11 1 ; 
log cose=— "= (a5 tgat tae) ae arias + log (1 — Om’). 
Now 
ie Deen 
cp tngeet eae 


Let a L(t 2, 4,..); 


1 1) 1 2 —] 


hence Ja t 3m 3m + Fs am toe =— Fin Son, 
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we have therefore 


sin z gn gm 
log ——— = = > nn on > tn op — 6), 
9m _. 
log cos z=— = oan I ang, + 2— 7am Se ea log (1 — Om’), 


where €n, Nom are the remainders after m terms in the two series 


1 1 1 1 
Jan t+ Gant ee San T Sn F eee 
gm : ; |z on 
The modulus of > Tom em is less than e pare and that of 


92 22n 92n | g |2n 
»> ey Nm 18 less than 7’ = ve 


, where ¢’, 7’ are the greatest 


nr” 


values of ém, Mn respectively ; hence 


sin z Chek 
8 nae Sm 
Qn] 
ta cosz=> ee 2™ Syn. 
2 2-1 7 steeds : 
Since S,, = =o i . By, we have the following infinite series for 
sin z 
log —— log cos 2, 
sin 2 B, # B, 24 _, Dn 2 
ee et gal rear A eee — Se yrmy ts vacua), 
where mod. z< 7, 
log cos 2 = — 2 (2?— 1) 2S — 993 1)2: a 
ee 2 shy 43 
— 92n—-1(/92n _ 
2%-1(2 —1) Bs Gayl —. ee ee) % 


where mod. z < $7. 
The first few terms of the series (22), (23) are 


BS =~ 6 180 2835 
og tol Ree ee ; 
Diva Dik Sb et wae 
hence also 
tet 622 


‘log tan 2 = log z + 5 stl + ooes 


30 T 2835 
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The series (22), (23) may be employed to calculate tables of logarithmic 

sines and cosines; it is best to calculate separately the first logarithms, 
422 

log (a - 2), log (a - =) as we thus obtain the series in a more convergent 


form than in (22), (23). 
We have 


- Mr m m2 B, 7, 1 mr 
log sin => =log + +log In t 108 (\-5)- = ((F Gry! - 3) uae 


mr _ m? 27-1 B. 3 1\ m*" 
log cos pea log (1-5) -2{ —— ain) ae 


Multiplying the logarithms on the right-hand side of these pgveene. by the 


modulus -4342944819, we get the ordinary logarithms of sin — = 90°, cos = 90° to 


the base 10; the formulae thus found are 


LI (sin m/n 90°) = LI (cos m/n 90°) == 
log m+ log (2n — m) +log (2n +m) log (n- m) + log (n+m) —2log » 
— 3 log m+9°594059885702190 +10°000000000000000 
— m?/n? x -070022826605901 — m?*/n? x 101494859341892 
— m*/n4 x ‘001117266441661 — m4/n* x :003187294065451 
—m/n8 x ‘000039229146453 — m§/n® x 000209485800017 
— m8/n8 x °000001729270798 — m$/n8 x °000016848348597 
— m}/n19 x -000000084362986 —m9/n!0 x -000001480193986 
— m}2/n}2 x :000000004348715 — m!2/n}2 x 000000136502272 
— m4/n14 x -000000000231931 — m'4/n'4 x -000000012981715 
— m'8/n}8 x -000000000012659 — m'8/n}6 x -000000001261471 
— m}8/n38 x 000000000000702 —m}8/n}8 x 000000000124567 
—m™/n® x :000000000000039 — m/n® x -000000000012456 
— m2/n2 x 000000000001258 
— m™/n® x 000000000000128 


- m*6/n*® x 000000000000013 


These series were given by Euler, the.decimals being given to twenty places, 


EXAMPLES. 


301. (1) Find the values of Sn-2, 3n-4, 3 (2n- 1) =3, 3 (2n-1)-* 
1 
We have 
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tale 


we — Sn-2=4n?, Sn-4=yyr4. Again 


BS ial lo al pay ee 
(Qn—-1)22J) oa? “(Qn-1)2 wt (Qn—1)8 ** 


ome gi e\ a) a \ > 
and log cos r=log Q-F+H9--)=-G - 5) <3 (5) ’ 


therefore equating the coefficients of x? and x‘, we find 
= (2n—1)-2=h0%, 3 (2n-1)-4=yr' 
re 1 
124x2 © 324x2 rr 
In the theorem (10), put 2z2=crm; we thus find for the sum of the series, 
* tanh $x, Thesum might have been obtained directly from the expression 


log cos a = 2 log {} 


(2) Sum the infinite series 


for cosh rx in factors, by taking logarithms and differentiating. 


(3) Shew that the sum of the squares of the reciprocals of all numbers which 
are not divisible by the square of any prime ts 15/1. 


Let a, B, y,... denote the prime numbers 2, 3, 5,..., then the required 
sum is equal to the infinite product 


(+8) i) 8) 

this is equal to (ra) Ora) Org) on 
Sree 

(1 +5tat-) (1 tat gt) (145 +t aye 

(tat ate.) Ctatet) (ltt ate 


1 
ee at pte 


a 
ltatatat.- 


or to 


1 we 33 
and this is equal to 


gn? 


or to ial which is equal to 15/7. 

(4) An infinite straight line is divided by an infinite number of points into 
portions each of length a. Prove that if a point be taken such that y is its 
distance from the straight line, and x the projection on the straight line of its 
distance from one of the points of division, the sum of the squares of the 
reciprocals of the distances of this point from all the points of division is 

sinh 222. 
cul a 
$y. cosh 22 — cos 22k 
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. . 2 1 Re! ; 
The series to be summed is 2 ee Cerner which is equivalent to 


2) 1 1 hee 
iy ie (= We at ay Tia) . The sum of the series is therefore 


a {eot™ as cot = ee) 5 
vy a a 

sin raed 
Tv 


ea ee, SR Ee EY PERN 9 
Quya Feats (@ ie vy) ama & vy) 


or 


which reduces to the given result. 


EXAMPLES ON CHAPTER XVII. 


1, Prove that 
: 5 cos? 6 cos? 6 
cos (47 sin 8)=}0 cos? 6 (14°) (14 apne 
2. Prove that 
, Qa)2) 2 Qar)2) 2 
L+sin =} (+22) | (ee p-es Se50t ne 


3: Prove that 3 3 : =-—7, where 7, 7 have all unequal 


=w —« (%7+1) (%+J) 
integral values, and x is not an integer. 


4. Prove that 


5. Prove that 


4x7? 4x 
2 — —— eeee 
ps Sesto pit OOH) ts) 
a a = “2 xr . 
1+2 2, +2 3 +2 (1+?) (1+) Q +) eoeeee 


6 Prove that : 2 
Lest Ba Or04 10 mt, 
git gatmat ort 600dee =F (1 is) 


C) a \2 oo 2 a\? 
Menai f1-()}, w@afifi-(gai-a) 
express A (x+43<) in terms of » (x), and p(#+4a) in terms of (a), and thence 


1.3.5...(2m—1) 2m +1. 


find the limit when m is infinite of 
2mm! 
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ie! 3 
8. If P, denotes the products Re JR? ga? agree taken r at a time, shew 
wen qr 2n—2 7h 4 a] 
an ; — Py a Pot vee «+a Py-i1tPa. 
Bl rhe ey nyt Gaza? (Sn a) +35 Pat ts 
9. Prove that 
Pe gee? oot “3 
oe ae Ate oe 


10. Sum the series ' 
1 1 
Tt, 3¢ + grat Ga gat cee 


11. Shew that the sum of the products of the fourth powers of the 
38478 


reciprocals of every pair of positive integers is BT.91" 


12. Prove that 


2 2 1 1 1 fad 
Qt+oept ee ue per -) (Gqutaataet-~)-F 


13. Prove that the sum of the series 
1 2 1 a 1 2 
(333) +(s33) +(523) as 
is 7?- 39. 


14. Shew that 


L (m?—1) (22m?—1)...... (r2m?— 1) 
gaa {m*—(m—1)*} (22m? —(m— Dy cater wee (72m? — (m — 1)?} 


is m—1. 


3 5 


: 1 
15. Shew that the sum of the series Paw yet RA 


dm sech $rz. 
16. Prove that 
tan~12—tan-!4a+tan-!}2-...,..=tan—! tanh tow. 
17. Prove that 
Jog 12— 2 og m=) + 38,4486 sess 2 Soy evsee 


—... is 


where S, is the sum of the reciprocals of the rth powers of all numbers which 
are not prime. 


18. The side BC of a square ABCD is produced indefinitely, and along it 


are measured CC,, C,C2, C203, ...... each equal to BC; if 0,, 69, ..... . be the 
angles BAC,, BAC,, BACs, ......, shew that sin 6, sin 6, sin 63...... ad inf. 
== A/ ir cosech zr. 


19. If 2, 3, 5,... are all the prime numbers, shew that 


(1 -31) (1 -3) ( 4 5) ee 6 la’ 
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Q2 32 52 
2241° 3241° 5241 

tw Ste att , 
+1" 341° Em dl /105. (Euler.) 


and seve = 77/15, 


20. Express the doubly infinite series "3 mis hi —])mtn petit lla Hy 
m=1 n=1 mn (m3 +n?) 
the form of a singly infinite series of cosines of multiples of y. 


21. Prove that 


0 {= ee = (sinh? 8 4/2 + cos? 8 1/2 —2 cos 2a cos 8 1/2 cosh B V2 


+ cos? 2a)/4 (at-+ 84) 
where 7 has all integral values, positive and negative, excluding zero. 


22. Prove that 


1 1 1 
1.903.4'6.6,7/6.°0:10,11.19 tt 82 


1 l 1 
1.3.5.719.11.13.15 + 17.19. 21.93 


+... 96 (2+,/2)° 


23, If (ia) =(1 +2) (1 +3) (1 +o) aed +4B, shew that 


B 
tan-} <+tan- 1S +tan t+... mtan ie 5 


and hence shew that 


tan — ~tanh 7 
2 2 
tan =? 4 tan-17 4 tan-! 4......=tan-} v/ v/ 
1? 2 . tan +tanh ~~ 
V2 V2 


24, Prove that 


2 
25. Prove that aah faa aapayi7 cone 6. 


26. Prove that 
ebt+x4 ec- 2 
aS 4(b-c)a+4 
4 (b-c) “+4? ser oet tf -¢c)# Ft eve 
- {1+ m?+(b—c)? hf 9m? +(b—c)? : 25n? +(b—c)? 


teens 20 4(b—c) w+4x9 A aa ee 
one = (145-5) {I+ 4n?+(b—o}? } {i+ 16n2+(6—c? 
( Euler.) 
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ye 1k ‘ 
1 1 1 1 1 1 
ona —m n+m 3n—-m 3n+m 5n—m ~ Bam t a - 
1 1 1 1 
al ary xe (n+m)* * (32 — my)? = (8n-+m)t vio i 
1 1 1 1 
R= omy? (nt nom)! (neal 
1 1 1 1 
Slam Gen (Saal SA 
prove that 
pelt ga (2k+2)n? p_(6H46L)n> —_ (2444-32148) nt 
eee ee oe re eT ee 2.4.6.8.n§ ” 
where k=tan : (Luler.) 


28. Prove that the sum of the series 1— i ae 3 : Int «eeeeey in Which all 


odd numbers not divisible by 3 are taken, is 13/18 ,/3. (Zuler.) 


29, Prove that the sum of the squares of the reciprocals of all numbers 
which are not divisible by 3 is 412/27. (Zuler.) 


30. Prove that 


sinhy+sinho _ = (142) (1- ~ 24-8) 142 +Y (1 Qey — y2 
sinhe r+e dx?+c ~ Sages) 

and 

come = ( -#) (1-254) 1424+) (,_ 2ey-y" 

1—coshe co 4n?+o iors) ( - ign) Jaret 

(Zuler.) 
31. Prove that when 7 is odd 
cot? 5 + cot? +. as +003 @— 0) ths =}(n-1)(n-2), 
Qn 4n n-l 
cott = toot! s+ BopoeE ee = gy (n— 1) (n - 2) (n?+3n— 18). 


32. Prove that the infinite product (1+) (+5 um) (1 in) . is 
equal to 


1 1 
ary Tl "(cosh max +CO8 mB), or — sie) cosh $nx T * (cosh max + cos 78x), 


according as m is even or odd, a,, 8, denoting sin = » cos ee respectively, 


where r is an odd number, (Glaisher.) 
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eeeeee 


2n 2 
33. Prove that the infinite product 2” (1+) (1455) ( +n) 
is ca, to 


1 5 n-2 
or sie 1). ————- sinh rx un (cosh 2rax — cos27Bx), 


a 
mite as n is even or odd, a, 8 having the same meaning as in the last 
question. (Glazsher.) 
34. Prove that 
1 1 tor 
p24 an x Q2n + gin * Bem 4 gn © *eeeee 
_ 7 *Stasinh2rax+fAsin2InBe 1 
nx" F  coshQrax—cos2rBa 2%? 
a, 8 having the same meaning as in the last question. (Glaisher. ) 


35. Shew that 


ax+by ax+by+r (a?+b?) an + by — comeelt 
py 9) a1 - . (x—ra)?+(y—rb)? 


is equal to 


nsin (2S i) / {eosh (20 a is feat i) 


CHAPTER XVIII. 
CONTINUED FRACTIONS. 


Proof of the irrationality of m. 


302. Ler /(c) denote the sum of the convergent series 


1 a Oe eee eee 
Tacials onc (G+ Dea skonatacles Ieee) 
then fie+)-f(o= 


c(c serif et 
# ACH) ob a f(c+2) 
hence SCE em CES bw CES E 


therefore f(c+1)/f(c) can be expressed as a continued fraction of 
the second class 


1 a@/e(e+1) #/(c+1) (c+ 2) 2/(c+ 2) (c+ 3) 
io21 = = rs 
Let c=4, and write 42 for x, the series f(c) becomes 


hetselhaaA** 4 
Poel 20s «ae 


Thess 


or cos az, and f(c+1) becomes —; 


hence iearraitig yee a Sal Sale 
an expression for tan # as a continued fraction of the second class. 


303. Lambert’s proof? of the irrationality of aw depends on the 
continued fraction found in the last Article. Put «=47, and if 
possible let 47 =m/n, where m and n are integers; we have then 
mm mv m ; 
n—3n— 5n—Tn—"""? 


1 Published in the memoirs of the Academy of Berlin in 1761. 


l= 
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now after a certain term, the denominators of the fractions m/n, 
m?/3n, m?/5n, ... exceed the numerators by a number greater 
than unity, hence, by a well-known theorem!, the continued frac- 
tion on the right-hand side of the equation has an irrational limit, 
and cannot therefore be equal to unity. Hence 42 cannot be equal 
to a fraction m/n in which m and n are integers, and therefore 7 is 
irrational, This result is of course included in the much wider 
theorem of Art. 251, that a is a transcendental number, 


Transformation of the quotient of two hypergeometric series. 


304. The fraction F(a,8+1,y7+1, x)/F (a, B, y, x), where 
F(a, B,y, 2) denotes the hypergeometrical series 


a.B  a(at+1).8(B+1) , 
i eae ciel Ales (pe LA 4P sof 


can be transformed into the continued fraction 
lee ae 
Eke ay 
where 
ay 8) (Pal) Gy +l—a) 7 (arly Fl 8) 
y(ytl1)’? 7 (yt) (yt+2) 7? * (y+ 2) (y +8) > 
p= B+2) y+ 2—4) k _(atn-D(yt+n—1—-8) 
“ (y +8) (y+ 4) 70 OO" (gy + 2n— 2) (y+ 2n— 1)” 
_ (B+n)(yt+n-4) 
(y+ 2n—1) (y+ 2n)’ 
As an example of the use of this transformation, taking the 
series 


ky = 


k. 


Ws ORAS. 
g=sin 600s $41 - 3 Sin’ $ + 55 sint $ + ake 


and putting a=1, 8=0, y=4, «=sin’¢ in the above formula of 
transformation, we find 


Meg deg Oe cs 
Tae ee eT $ ad 
aa eS 1- 1- I- 


The second convergent gives Snellius’ formula for , 
_sing@cosd_ _— 3 sin 2p 
ne 1—2sin?¢ 2(2-+ cos 2¢) 


1 See Chrystal’s Algebra, Vol. 11, p. 484. 
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Euler’s Transformation. 


305. Other series may be transformed by means of Euler's 
theorem! 


U U, 
gl Ba A pg a a Ua eee 


1 — Uy + Ug— UstUs— Us tu —" 
which may also be written in the form 
1 + ee: ae Teo 1 a? as 


Gls mr 1 1 1 1 1 


the theorem 


Cape SLL 1] m-  (n—m) (n+my (2n—m)? (2n+m)? 
igs —m+n—2Qm+ 2n+ W%Ww+ Wt n—@Zn+" 


EXAMPLES ON CHAPTER XVIIL 


Investigate the theorems in Examples (1) to (13). 


om Ces 2x (nt — 2 
Tigra a: tan x (n 1) tan?x (n — 4) tan’ x (n? — 9) tan? oe 
i= 32 5a 7- 
when «<47, n being unrestricted. 


ntanz (n?—4)tan?x (n?—16) tan?x 


hss = —— ee taher 
be shave! l—tan’x—- 3-3tan?x-— 5—5tan?z— 


$= 2 ae 2 
4. tanne= One (n 1) tan?x (m?—9) tan2z 


1- 3-tan?’z— 5-3tan?z—"""™ 
xz x 47 
tang ¢=-—— — = *.... 
5 an! x ip see 
riper ae 4x? 1642 


1~a?+ 3-3094 5-524 °°" 


1 See Chrystal’s Algebra, Vol. 1. p. 487. 


10. 


LT 


12. 


13. 


tan-! y= seal nhhed i de 
1+ 3-254 56-3294 


tan nz= 


T v 
— cosec -=1+ 
n n 


EXAMPLES. 


on 


1 
n-1+ 


923 


rs 


(n—1)n2 n(n+1) (2n—-1) Qn 


n tanh x (n?41) tanh? x (n?+ 4) tanh? x 
= SS. SS 


5— 


1+ nm—1+ 1+ 
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erase 


sinnz_,, & l+x 1-7 2(2+x) 2(2—2) 
A FS eae eae ns eae 
14” l+e2, 1-2 3(34+2) — 
cos = l- #- 2+2- “= cose 
Hare? WAU BPR, oo 
a eae pl Oo 24 1d ba 24 
1 eh ee pee 
sing 1.3. 2 5-5 sin?hd = 


coc ote 


MISCELLANEOUS EXAMPLES. 


1. Prove that if m is a positive integer 


cos ML —COS Ma 


=cosec a {2 sin a cos (m—1) 2+2 sin 2a cos (m— 2) + veeeee 
cos —cosa 


+2sin (m—1)acosx+sin ma}. ( Hermite.) 


2. Prove that if m and 7 are positive integers 


sinmz 1 
sinnz 2n 


=(—1)}' sin macot=—*, 


where a=!" , and that the expressions are also equal to 


1 : 
= =(-1)*sin macot(x—a), 
1 me 
or =— =(—1)F sin ma cosec (#— a), 
2n 
according as m+v7 is even or odd. (ermite.) 


3. Prove that 
cot (« — a) cot (x —B)...... cot (7 -A)=cos}na+3A cot («—a), 
where A=cot (a—8) cot (a—y)...... cot (a—A). ( Hermite.) 
4. If A, B, Che the angles of a triangle, and 2, y, z are real quantities 
determined by the equations 
cosh x (sin Bsin ot =cos} A, 


cosh y (sin C'sin A)t =cos $B, coshz(sin Asin Bt =cos $0, 


then any three points so situated that the distances between each pair are 
proportional to 2, y, z, respectively, lie on a straight line. 


5. If«>4, shew that tan gl < ee 


ae and 
L+a%~ loa4+a??’ 


1 p=m k=n-1 Qk , 
6. Prove that ne = P —- is equal to the greatest integer in m/n. 
p=1 =0 
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7. Prove that 


tan~1 US a eee See t ey a 
Qa+ b+ 3b Gar aayepape tse tan oon 1b)? 3b? 
: nb? 
is equal to tan-! ne Bai and hence shew that the sum of the infinite 
series cot—1 (12+ #)+cot-! (2?+ 3) + cot-1 (324 3)4...... is cot-14, 
8. If tan A sec B+tan Bsec A=tan C, 
prove that 


tan A sec A +tan Bsec B+ tan C'sec (+2 tan A tan B tan C=0. 
Trace a connection between this result and the known theorem that 
sin A cos A+sin Bcos B+sin Ccos C—2 sin A sin Bsin C=0, 
where A, B, C are the angles of a triangle. 


9. If m and m be any numbers, prove that 


F f n(n+1) ae 
“aieatcerierersip | 
n(n+1) (n+2) (n+3) of 
+ Gata) mtn 1) (m-tn+2) (nbs) 41 
Db g e3 
(mt nen). 5 
1 Kod 


—{m(m+1)(m+ 2)+n(n+1)(n +2) cos x} COCL CrE git 
10. Prove that 


1 cos a, cos(a+f), cos(a+B+y), cos(a+B+y+8) 
COS a, 1 cos B, cos (8+y), cos (8+y+8) 
cos (a+), cos B, 1 cos y, cos (y+ 68) 
cos(a+B+y),  cos(8+y), cosy, 1 cos 6 
cos(a+B+y+6), cos(B+y+58), cos(y +8), cos 8, 1 
=0, 


11. Prove that the determinant 
1, cos A, sin A, cos(3A+-X) 
1, cosB, sin B, cos(3B+X) 
1, cosQ, sin@, cos (30+X) 
1, cosD, sinD, cos(83D+ YX) 
is equal to Ssin(A+S+4X) multiplied by the product of the sines of half the 
differences between A, B, C, D, and also by a numerical factor, S denoting 
4(4+B+C+ D). 
12. Prove that, if 
cos (4x — y — z)sin(y —z)+cos(4y —2—~2) sin (z— 2) +cos(4z—#—y)sin(«—y)=0, 
and no two of the three , y, z are equal, or differ by a multiple of 7, then 


cos 27+cos 27 +cos 2z2=0, 
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13. Prove that, if y and 3 be two values of @ between 0 and m, which 
satisfy the equation 
sin 26 cos? (a+) +sin 2a cos? (8+ 6) +sin 28 cos? (a+6)=0, 
then a and £ satisfy the equation 
sin 2h cos? (y+8) +sin 2y cos? (8 + fp) +sin 28 cos? (y+ >) =0. 


14. If tana, tan§, tany are the three values of tan : obtained when 
tan 6 is given, prove that 
(1) cosacos cos ysin (a+B+y)+sin asin 8 sin y cos (a+8+y)=0. 
(2) sin (6++) sin (y+a) sin (a+f)=sin 2a sin 28 sin 2y. 


15. Shew that 


= sin (B—y) cos vee co 
sin (8 —y) cos? 8 cos 248 cos mat SRY 
ar sin 2(a+B+y)+2sin (2a+8+y) 
cos 2(a+8+y)+2cos(2a+B+y)’ 
where the summation = refers to the sum formed by a cyclical interchange of 


the angles a, 8, y. 
16, Prove that, if 


A ae ah a 


il sews ~s reer oveeeey 


the error made in taking the nth convergent to w instead of w is 
2(u?—1) 
ire cos!4u 
u-N4—u? cot (—2" 


17. Prove that the series 


1 1 1 
Weenie G “5 — seer ee b0 


5n?-5 
. Tv v 
has for its sum 7 {see a i} : 
18. Shew that the equation tanz=az, where a is real, cannot have 


imaginary roots unless a<1, and that then it has one pair of imaginary 
roots. 


19. Shew that the antiparallels through A, B, C to any three lines AQ, 
BO, CO with respect to the angles A, B, C of the triangle ABC meet in a 
point 0’, and that the six feet of the perpendiculars from O and @’ on the 
sides lie on a circle. 

If GL, GM, GN be perpendiculars to the sides BC, CA, AB from the 


centroid G, and P any point on the circumference of the circle LMJ, 
shew that 


(4a? +b? +c?) 4P?+(a?+ 4b? +c?) BP? 4+(a2+ b?-+- 40?) CP? 
is constant. 
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20. If x be real, and 1>x>0, and if tan-1z mean the least positive 
angle whose tangent is z, shew that 


vs _ _(2r+1)a nce oA Oo 
= r 1 —, -1 Asad 
= ( 1)" tan @r+1i—# 1? 3= tan sinh 3 Sec 4 }. 


21. If P be any point on a circle passing through the centres of the three 
circles escribed to the triangle ABC, prove the relation 


2 
AP (1-008 A —cos B-cos C)+ He (1—cos A +cos B—cos C) 
'P2 
+ a —cos A —cos B+cos C)=1+cos A+cos B+cos C. 


22. If u,=Acosn@+Bsinn6, where A and B are independent of 2, 
prove geometrically the equation 
Un+1— 2Uy, COS everest 
Prove that 


26 sin’? @+sin 76 _ 3 T 3 T 
2° cos’@— cos 76 a 9 tan (0+5) vet (2 6]* 


23. If0,, 02; G1, Ge; Ni, V2; P,, Ps be respectively the two positions 
of the circumcentre, centroid, nine-points centre, and orthocentre of a triangle 
in the ambiguous case, prove that 


20,0,=3G,G, cosec A=4N,N2= P,P, sec A; 
a, b, A being the given parts. 


24, Lines 4B’C’, BC’ A’, CA'B' are drawn through the angular points 
A, B, C of a triangle, making equal angles 6 with AB, BC, CA respectively ; 
and lines AC”B”, CB” A", BA"C” making equal angles 6 with AC, CB, BA 
respectively. Shew that the triangles A’B’C’, A”B’C” are equal in all 
respects, the area of each being A sin? 6(cot @—cot A —cot B—cot C), Shew 
also that if 7’,’, 74” be the tangents to the circumcircles of these triangles 
from the point A, with a similar notation for the tangents from B and C, 


then will ‘ 
aT ,'=cT¢", 67; =aT 4", cT¢ =bTz . 


2, [apse ti} 


where the value n=0 is omitted, and p, g are positive integers to be increased 
without limit. 


25. Sum the series 


26. Shew that, if a=27/17, the quantities 

cos a+ cos 32a +¢08 3¢a+cos 3a, and cos 3a+cos 35a+cos 36a+cos 3’ a 
are the roots of the equation 2?+4z=1, and explain how the process thus 
indicated can be continued to obtain the value of cosa. 

A, B, C, D, E, F, G, H, K are nine consecutive vertices of a regular polygon 
of seventeen sides inscribed in a circle whose centre is 0; a, 8, y, 8 are the 
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projections upon OA of the middle points of the chords BE, CK, DF, GH 
respectively ; shew that the common chord of the two circles on a8 and 8 as 
diameters passes through 0, and is of length 404A. 


27. If a, 8, y, 8 be the distances of the nine-points centre from those of 
the inscribed and escribed circles of a triangle 4 BC, shew that 


1 1 1 1 
A+y+o-1la* y+8-+a-—11p * 8+atP-lly \at+fp+y—118 


and that a?+ 62+ y?+ 69= RK? (13—8 cos A cos B cos C), 


where 2 is the radius of the circumcircle. 


=0, 


28. Prove that tan at sin t= 11. 


29. Prove that if J be the centre of the inscribed circle of a triangle A BC, 
and ZL, M, N the centres of the escribed circles, the circles inscribed in the 
triangles JMN, INL, ILM touch the circle ABC, and the tangents of the 
angles of the triangle formed by the three points of contact are respectively 
equal to 

2 cos$A+cos$}B+cos$ O—sin$}B-sin}C-§ 
1-—cos$B-—cos$C+sin$ B+sin$C 


and two similar expressions. 


30. Shew that if « be not an integer, the series 


2z-+-m+n 
(a+m)? (a+n)?’ 
in which m and n receive in every possible way unequal values, zero or 
integers lying between J and — J, vanishes when J increases indefinitely, 


b) 


31. Shew that sin” @ cos" 6 can be expanded in the form 
Ay (m+n) 04.4, (m-+n- 2044," a, (m+ — 4) 8 + Bee 
when m and 7 are positive integers. 
Shew also that 
(p+2)Apyot+(m—-n) Ayyit(m+n—p) A,=0, 
except in the case of the last terms of the series, when both m and n are even. 


32. The circumference of a circle whose centre is O is divided into n 


equal parts at the points P,, Pz, Ps,......P,, and Q is any internal point. 
Prove that 


tan P,}QO0 +tan P,QO+......+ tan P,QO=n tan P’Q’0, 
where P’ is a point on the circle such that QOP’=n. QOP,, and Q’ isa point 
on QO such that (if the ordinates QR, Q’R’ cut the circle in R, RB’) 


QOR' =n. QOR. 
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33. Prove that, if m, mo,...... m, are the integers less than and prime 
to m, and if p;, pa, ...... are the different prime factors of mM, 


A Rinne! Tesi = rein Ena Oem 
Tisin (+ mom) ee Py Pe oe Pipopapn oie 
1 m 


2" sin -Isin 
P1 


PiPePs eecnee 
34, Prove that the sum of the products 


siN pa Sin g (« + =) sin 7 (a + *) 


for all positive integral values of p, g, 7 which are such that p+q+r=s, when 


s 23, is zero unless s is a multiple of 3, and is —}sinsa, when s isa multiple 
of 3. 


35. Prove that 


tee + St TST att a. \, 


Pet Ag ah reg! 
2sin30 =5 {1-5 307 +5538"~- wf 


where + =tan 26, 
eee es etn aah ele lean atl ee, 

To shew that when m >—1, the absolute magnitude of dn, 
diminishes indefinitely as n increases indefinitely, write s for the 
positive number m + 1, and denote the product of a certain fixed 
number of factors in the expression for |a,| by #; we have then, 
if r is the integer next greater than s, 


[a |= Sc rae 
<*[(1+5) (+a) O+8)] 
<k[ite(t4 peter tyr 


1 
aS = S183. 4, 
The sum of the first r terms of — + moet a8 5+ 


that of the next 2r terms is also > 4, and so on; therefore, for a 
sufficiently large value of n, the sum of the series exceeds a pre- 
scribed multiple of 4; and thus the sum of the series increases 
indefinitely as n does so. It follows that |a,| diminishes in- 
definitely as n is increased indefinitely. When m= -— 1, the terms 
of the binomial series are alternately 1 and —1, and thus the 
series does not converge, 


+ 
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DOVER BOOKS ON SCIENCE. 
: BOOKS THAT EXPLAIN SCIENCE 


CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at the 
Royal Society by Nobel laureate. Why a spinning ball travels in a curved track; how uranium 
is transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals etc. No 
scientific background needed; wonderful for intelligent high school student. 32pp. of photos, 
57 figures. xii + 232pp. 5% x 8. T31 Paperbound $1.35 


THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the sky; 
how are shadows formed? Prof. Minnaert of the University of Utrecht answers these and similar 
questions in optics, light, colour, for non-specialists. Particularly valuable to nature, science 
students, painters, photographers. Translated by H. M. Kremer-Priest, K. Jay. 202 illustrations, 
including 42 photos. xvi + 362pp. 5% x 8. T1196 Paperbound $1.95 


THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable account by 
a Noble laureate. Moving from subatomic particles to universe, the author explains in very simple 
terms the latest theories of wave mechanics. Partial contents: air and its relatives, electrons & ions, 
waves & particles, electronic structure of the atom, nuclear physics. Nearly 600 illustrations, 
including 7 animated sequences. 325pp. 6 x 9. T412 Paperbound $2.00 


MATTER & LIGHT, THE NEW PHYSICS, L. de Broglie. Non-technical papers by a Nobel laureate 
explain electromagnetic theory, relativity, matter, light and’ radiation, wave mechanics, quantum 
physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily that no 
mathematical training is needed for all but 2 of the 21 chapters. Unabridged. Index. 300pp. 
5% x 8. T35 Paperbound $1.75 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has-been a guide to classical scientific and mathematical 
thought. Explains with unusual clarity basic concepts, such as extension of meaning of symbols, 
characteristics of surface boundaries, properties of plane figures, vectors, Cartesian method of 
determining position, etc. Long preface by Bertrand Russell. Bibliography of Clifford. Corrected, 
130 diagrams redrawn. 249pp. 5%, x 8. T61 Paperbound $1.60 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein's 
special. and general theories of relativity, with their historical implications, are analyzed in non- 
technical terms. Excellent accounts ot the contributions of Newton, Riemann, Weyl, Planck, 
Eddington, Maxwell, Lorentz and others are treated in terms of space and time, equations of 
electromagnetics, finiteness of the universe, methodology of science. 21 diagrams. 482pp. 
5%, x 8. T2 Paperbound $2.00 


WHAT IS SCIENCE, Norman Campbell. This excellent introduction explains scientific method, role 
of mathematics, types of scientific laws. Contents: 2 aspects of science, science & nature, laws 
of science, discovery of laws, explanation of laws, measurement & numerical laws, applications 
of science. 192pp. 5% x 8. S43 Paperbound $1.25 


THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thorough 
explanation, in everyday language, of the central core of modern mathematical physical theory, 
treating both classical and modern theoretical physics, and presenting in terms almost anyone 
can understand the equivalent of 5 years of ‘study of mathematical physics. Scientifically im- 
peccable coverage of mathematical-physical thought from the Newtonian system up through the 
electronic theories of Dirac and Heisenberg and Fermi's statistics. Combines both history and 
exposition; provides a broad yet unified and detailed view, with constant comparison of clas- 
sical and modern views on phenomena and theories. ‘'A must for anyone doing serious study 
in the physical sciences,'’ JOURNAL OF THE FRANKLIN INSTITUTE. ‘Extraordinary faculty . . . 
to explain ideas and theories of theoretical physics in the language of daily life,'’ ISIS. Indexed. 
97 illustrations. ix + 982pp. 5% x 8. T3 Volume 1, Paperbound $2.00 

T4 Volume 2, Paperbound $2.00 


A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreyer. (Formerly A HISTORY 
OF PLANETARY SYSTEMS FROM THALES TO KEPLER.) This is the only work in English to give 
the complete history of man's cosmological views from prehistoric times to Kepler and Newton, 
Partial contents: Near Eastern astronomical systems, Early Greeks. Homocentric spheres of Eu- 
doxus, Epicycies. Ptolemaic system, medieval cosmology. Copernicus. Kepler, etc. Revised, 
foreword by W. H. Stahl. New bibliography. xvii + 430pp. 5% x 8. $79 Paperbound $1.98 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do 
ideas come from? What role does the unconscious play? Are ideas best developed by mathe- 
matical reasoning, word reasoning, visualization? What are the methods used by Einstein, 
Poincaré, Galton, Riemann. How can these techniques be applied by others? Hadamard, one 


, i ici i these and other questions. xiii + 145pp. 
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SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in hese 
and fluid bodies by rapid motion; why gyrostat falls, top rises; nature and effect en cana 
conditions of earth's precessional movement; effect of internal fluidity on rotating bodies, etc. 
Appendixes describe practical uses to which gyroscopes have been put in snipes Some 
monorail transportation. 62 figures. 128pp. 5% x 8. T416 Paperbound $1. 
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A CONCISE HISTORY OF MATHEMATICS, D. Struik. Lucid study of development of mathem 


but analytical development of ideas. ‘'Rich in content, thoughtful in interpretation’ U. Sy, 
QUARTERLY BOOKLIST. Non-technical; no mathematical training needed. Index. 60 illustrations, 
including Egyptian papyri, Greek mss., portraits of 31 eminent mathematicians. Bibliography. 
2nd edition. xix + 299pp. 5% x 8. $255 Paperbound $1.75 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of geometrical 
knowledge, the nature of geometry, and the application of geometry to space. It covers the 
history of non-Euclidean geometry, philosophic interpretations of geometry—especially Kant— 
projective and metrical geometry. This is most interesting as the solution offered in 1897 by a 
great mind to a problem still current. New introduction by Prof. Morris Kline of N. Y. University. 
xii + 201pp. 5% x 8. §232 Clothbound Sie 

§233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. Here is how modern physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, and 
demonstrating the inadequacies of various physical theories, Dr. Bridgman weighs and analyzes 
the contributions of Einstein, Bohr, Newton, Heisenberg, and many others. This is a non- 
technical consideration of the correlation of science and reality. Index. xi + 138pp. 5% x 8. 

$33 Paperbound $1.25 


EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory in physics. Synthetic versus analytical sci- 
entific advances are analyzed in the work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a fellow participant. 44pp. 5% x 8. S308 Paperbound 60¢ 


THE STUDY OF THE HISTORY OF MATHEMATICS & THE STUDY OF THE HISTORY OF SCIENCE, 
George Sarton. Scientific method & philosophy in 2 scholarly fields. Defines duty of historian 
of math provides especially useful bibliography with best available biographies of modern 
mathematicians, editions of their collected works, correspondence. Shows that combination of 
history & science will aid scholar in understanding science today. Bibliography includes best 
known treatises on historical methods. 200-item critically evaluated bibliography. Index. 10 
illustrations. 2 volumes bound as one. 113pp. + 75pp. 5%, x 8. T7240 Paperbound $1.25 
SCIENCE AND METHOD, Henri Poincaré. Procedure of scientific discovery, methodology, experi- 
ment, idea-germination—the intellectual processes by which discoveries come into being. Most 
significant and most interesting aspects of development, application of ideas. Chapters cover 
selection of facts, chance, mathematical reasoning, mathematics and logic; Whitehead, Russell, 
Cantor; the new mechanics, etc. 288pp. 5%, x 8. $222 Paperbound $1.25 
SCIENCE AND HYPOTHESIS, Henri Poincaré. Creative psychology in science. How such concepts 
as number, magnitude, space, force, classical mechanics were developed, and how the modern 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics. Introduction 
by Sir James Larmor. ‘'Few mathematicians have had the breadth of vision of Poincaré, and 
none is his superior in the gift of clear exposition,’’ E. T. Bell. Index. 272pp. 5% x 8. 

$221 Paperbound $1.25 
FOUNDAIIONS OF PHYSICS, R. B. Lindsay & H. Margenav. Excellent bridge between semi- 
popular works & technical treatises. A discussion of methods of physical description, construction 
of theory; valuable for physicist with elementary calculus who is interested in ideas that give 
meaning to data, tools of modern physics. Contents include symbolism, mathematical equations; 
space & time; foundations of mechanics; probability; physics & continua; electron theory; special 


& general relativity; quantum mechanics; causality. ‘Thorough and yet not overdetailed. Unre- 
servedly recommended,'' NATURE (London). Unabridged, corrected edition. List of recommended 
readings. 35 illustrations. xi + 537pp. 5%, x8. S377 Paperbound $2.45 


CLASSICS OF SCIENCE 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of Heiberg 
text, together with spurious Book XIV, Detailed 150-page introduction discussing aspects of 
Greek and medieval mathematics. Euclid, texts, commentators, etc. Paralleling the text is an 
elaborate critical apparatus analyzing each definition, proposition, postulate, covering textual 
matters, mathematical analysis, commentators of all times, refutations, supports, extrapolations, 
etc. This is the full EUCLID. Unabridged reproduction of Cambridge U. 2nd edition. 3 volumes. 
Total of 995 figures, 1426pp. 5% x 8. $88,89,90 3 volume set, paperbound $6,00 


OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories of 
wave and corpuscular theories of light, this work is packed with scores of insights and dis- 
coveries. In its precise and practical discussion of construction of optical apparatus, contemporary 
understandings of phenomena it is truly fascinating to modern physicists, astronomers, mathe- 
maticians. Foreword by Albert Einstein. Preface by |. B. Cohen of Harvard University. 7 pages 
of portraits, facsimile pages, letters, atc. cxvi + 414pp. 5% x 8. $205 Paperbound $2.00 


THE PRINCIPLE OF RELATIVITY, A. Einstein, H. Lorentz, M. Minkowski, H. Weyl. These are the 
1] basic papers that founded the general and special theories of relativity, all translated into 
English. Two papers by Lorentz on the Michelson experiment, electromagnetic phenomena. 
Minkowski'’s SPACE & TIME, and Weyl's GRAVITATION & ELECTRICITY. 7 epoch-making papers 
by Einstein: ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PROP- 
AGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 3 others. 7 
diagrarns. Special notes by A. Sommerfeld. 224pp. 5% x 8. S81 Paperbound $1.75 
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THE ANALYTICAL THEORY OF HEAT, sessph Fourier. This book, which revolutionized mathe- 
| matical physics, is listed in the Great Books program, and many other listings of great books 
It has been used with profit by generations of mathematicians and physicists who are interested 
‘in either heat or in the application of the Fourier integral. Covers cause and reflections of rays 
of heat, radiant heating, heating of closed spcices, use of trigonometric series in the theory of 
heat, Fourier integral, etc. Translated by Alexander Freeman. 20 figures. xxii ++ 466pp. 
5% x 8. $93 Paperbound $2.00 


THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method of 
Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Concids Spher- 
oids, etc. This is the definitive edition of the greatest mathematical intellect of the ancient 
world. 186-page study by Heath discusses Archimides and the history of Greek mathematics. 
Bibliography. 563pp. 5% x 8. S9 Paperbound $2.00 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of probability 
to games of chance, natural philosophy, astronomy, many other fields. Translated from the 
6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this edition by 
E. T. Bell. 204pp. 5% x 8. $166 Paperbound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals. 5 basic papers, including the Elementary Theory of the Brownian 
Movement, written at the request of Lorentz to provide a simple explanation. Translated by 
A. D. Cowper. Annotated, edited by R. Firth. 33pp. of, notes elucidate, give history of pre- 
vious investigations. Author, subject indexes. 62 footnotes. 124pp. 5% x 8. 

$304 Paperbound $1.25 


THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Original French text, with Descartes’ own diagrams, and excellent Smith-Latham translation. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On the 
Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. Diagrams. 
258pp. 5% x8. S68 Paperbound $1.50 


DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. This classic of experimental 
science, mechanics, engineering, is as enjoyable as it is important. Based on 30 years’ ex- 
perimentation and characterized by its author as ‘‘superior to everything else of mine,'' it offers 
a lively exposition of dynamics, elasticity, sound, ballistics, strength of materials, and the sci- 
entific method. Translated by H. Grew and A. de Salvio. 126 diagrams. Index. xxi -+- 288pp. 
5%, x 8. S99 Paperbound $1.65 


TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years a 
seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total of 
1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathematical 
Theory of Electricity, Electrical Work and Energy in a System of Conductors, General Theorems, 
Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, Resistance, etc. 
“The greatest mathematical physicist since Newton,’ Sir James Jeans. 3rd edition. 107 figures, 
21 plates. 1082pp. 5% x 8. S186 Clothbound $4.95 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propagation of 
light, color, polarization etc. offers a historical and philosophical treatment that has never been 
surpassed for breadth and easy readability. Contents: Rectilinear propagation of light. Reflec- 
tion, refraction. Early knowledge of vision. Dioptrics. Composition of light. Theory of color 
and dispersion. Periodicity. Theory of interference. Polarization. Mathematical representation 
of properties of light. Propagation of waves, etc. 279 illustrations, 10 portraits. Appendix. 
Indexes. 324pp. 5% x 8. $178 Paperbound $1.75 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. Un- 
abridged, they form a historical coverage of the theory of free electrons, motion, absorption 
of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman effect, optical 
phenomena in moving bodies, etc. 109 pages of notes explain the more advanced sections. 
Index. 9 figures. 352pp. 5% x 8. $173 Paperbound $1.85 


MATTER & MOTION, James Clerk Maxwell. This excellent exposition begins with simple particles 
and proceeds gradually to physical systems beyond complete analysis: motion, force, properties 
of centre of mass of material system, work, energy, gravitation, etc. Written with all Maxwell's 


original insights and clarity! Notes by E. Larmor. 17 diagrams. 178pp. 5% x 8. 
. ‘ y Y $188 Paperbound $1.25 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year-old 
classic of medical science, only major work of Bernard available in English, records his efforts 
to transform physiology into exact science. Principles of scientific research illustrated by specific 
case histories from his work; roles of chance, error, preliminary false conclusions, in leading 
eventually to scientific truth; use of hypothesis. Much of modern application of mathematics to 
biology rests on the foundation set down here. New foreword by Professor |. B. Cohen, Harvard 
Univ. xxv + 266pp. 5% x 8. T400 Paperbound $1.50 
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PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system of z 
mechanics based upon space, time, and mass, it returns to axiomatic analysis, to understanding ¥ 
of the formal or structural aspects of science, taking into account logic, observation, and a priori — 


elements. Of great historical importance to Poincaré, Carnap, Einstein, Milne. A 20-page in- — 


~ troduction by R. S. Cohen, Wesleyan University, analyzes the implications of Hertz’s thought and 
the logic of science. Bibliography. 13-page introduction of Helmholtz. xiii + 274pp. 5% x 8. 
$316 Clothbound $3.50 
$317 Paperbound $1.75 


ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge's famous action photos of animals, from his ANIMAL LOCOMOTION. 3919 high-speed 
shots of 34 different animals and birds in 123 different types of action: horses, mules, oxen, 
pigs, goats, camels, elephants, dogs, cats, guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, in different actions—walking, running, 
flying, leaping. Horse alone shown in more than 40 different ways. Photos taken against ruled 
backgrounds; most actions taken from 3 angles at once: 90°, 60°, rear. Most plates original 
size. Of considerable interest to scientists as a classic of biology, as a record of actual facts 
of natural history and physiology. ‘‘A really marvellous series of plates,"' NATURE (London). 
‘‘A monumental work,'' Waldemar Kaempffert. Photographed by E. Muybridge. Edited by L. S. 
Brown, American Museum of Natural History. 74-page introduction on mechanics of motion. 
340 pages of plates, 3919 photographs. 416pp. Deluxe binding, paper. (Weight 41% Ibs.) 
773 x 10%. T203 Clothbound $10.00 


THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. This new edition of a great classic in 
the history of science and photography is the largest selection ever made from the original 
Muybridge photos of human action: 4789 photographs, illustrating 163 types of motion: walking, 
running, lifting, etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. 
Men, women, children, mostly undraped, showing bone and muscle positions against ruled 
backgrounds, mostly taken at 3 angles at once. Not only was this a great work of photography, 
acclaimed by contemporary critics as a work of genius, it was also a great 19th century land- 
mark in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full detail. Over 500 action strips. 407pp. 7%, x 10%. 

T204 Clothbound $10.00 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of such 
fields as acoustical physics, physiology, experiment, history of music. It covers the entire gamut 
of musical tone. Partial contents: relation of vibration, resonance, analysis of tones by sym- 
pathetic resonance, beats, chords, tonality, consonant chords, discords, progression of parts, etc. 
33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. Translated 
by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 musical 
passages analyzed. Over 100 tables. Index. xix + 576pp. 6% x9%4. 

$114 Clothbound $4.95 


COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to contain 
the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 3] 
monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of enor- 
mous importance in relativity, topclogy, theory of complex variables, and other areas of mathe- 
matics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. English 
introduction by Hans Lewy. 690pp. 5% x 8. $226 Paperbound $2.85 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are trans- 
lated with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the background 
of his discoveries, their results, future possibilities. Bibliography. Index. Notes. ix + 211pp. 
5%, x 8. $45 Paperbound $1.25 


PRINCIPLES OF PSYCHOLOGY, William James. This is the complete ‘‘Long Course,"’ which is not 
to be confused with abridged editions. It contains all the wonderful descriptions, deep insights 
that have caused it to be a permanent work in all psychological libraries. Partial contents: 
functions of the brain, automation theories, mind-stuff theories, relation of mind to other things, 
consciousness, times, space, thing perception, will, emotions, hypnotism, and dozens of other 
areas in descriptive psychology. ‘'A permanent classic like Locke's ESSAYS, Hume's TREATISE,"’ 
John Dewey. ‘'The preeminence of James in American psychology is unquestioned,'’ PERSONALIST. 
‘The American classic in psychology—unequaled in breadth and scope in the entire psychological 
literature," PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 volumes bound as one. 
Total of 1408pp. T381 Vol. 1. Paperbound Ea 


T382 Vol. 2. Paperbound $2.00 
RECREATIONS 


SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. This is the complete text, unabridged, of 
seven of Wells's greatest novels: War of the Worlds, The Invisible Man, The Island of Dr. 
Moreau, The Food of the Gods, The First Men in the Moon, In the Days of the Comet, The 
Time Machine. Still considered by many experts to be the best science-fiction ever written, 
they will offer amusement and instruction to the scientific-minded reader. 1015pp. 5% x 8. 


T7264 Clothbound $3.95 
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SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enorm ib i 
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_ vention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, The Man 
i Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 22 others! 
 915pp. 5% x 8. 1265 Clothbound $3.95 


FLATLAND, E. A. Abbott. This is a perennially popular science-fiction classic about life in a 
two-dimensioned world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. Relativity, the fourth dimension, and other aspects of modern science are 
explained more clearly than in most texts. 7th edition. New introduction by Banesh Hoffmann. 
128pp. 5% x8. Tl Paperbound $1.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermediate text for serious students. It does not confine itself to old material, 
but contains much that is not generally known except to experts. Concealment, Transposition, 
Subsititution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other techniques. Appendix 
with sequence charts, letter frequencies in English, 5 other languages, English word frequencies. 
Bibliography. 167 codes. New to this edition: solutions to codes. vi + 230pp. 5% x 8%. 

197 Paperbound $1.95 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. Accounts 
of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoerbiger; Bellamy 
and the theory of multiple moons; Charles Fort, dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, etc. Analytical 
accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard and Dianetics; A. Korzybski 
and General Semantics; many others. Brought up to date to include Bridey Murphy, others. 
Not just a collection of anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly 
titled IN THE NAME OF SCIENCE. Preface. Index. x + 384pp. 5% x 8. f 

1394 Paperbound $1.50 


REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Bogolyubov, Capablanca, Vidmar, Rubinstein, Lasker, Reshevsky, other 
masters. Only first-rate book with extensive coverage of error; of immense aid in pointing out 
errors you might have made. Centers around transitions from middle play to various types of 
end play. King & pawn endings, minor piece endings, queen endings, bad bishops, blockage, 
weak pawns, passed pawns, etc. Formerly titled PRACTICAL END PLAY. 62 figures. vi + 177pp. 
5%, x 8. T417 Paperbound $1.25 
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PUZZLE QUIZ AND STUNT FUN, Jerome Meyer. 238 high-priority puzzles, stunts, and tricks— 
mathematical puzzies like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries and 
deductions like The Bridge of Sighs, Dog Logic, Secret Code; observation puzzlers like The 
American Flag, Playing Cards, Telephone Dial; more than 200 others involving magic squares, 
tongue twisters, puns, anagrams, word design. Answers included. Revised, enlarged edition 
of FUN-TO-DO. Over 100 illustrations. 238 puzzles, stunts, tricks. 256pp. 5% x 8. 

1337 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kaufman. More than 150 word puzzles, logic puzzles. 
No warmed-over fare but all new material based on same appeals that make crosswords and 
deduction puzzles popular, but with different principles, techniques. Two-minute teasers, in- 
volved word-labyrinths, design and pattern puzzles, puzzles calling for logic and observation, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. Answers 
to all problems. 116 illustrations. 192pp. 5% x 8. T143 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC by C. R. Wylie, Jr. Designed for readers who enjoy 
the challenge and stimulation of logical puzzles without specialized mathematical or scientific 
knowledge. These problems are entirely new and range from relatively easy, to brainteasers 
that will afford hours of subtle entertainment. Detective problems, how to find the lying fisher- 
man, how a blindman can identify color by logic, and many more. Easy-to-understand intro- 
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MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royal V. Heath. Over 60 new 
puzzles and stunts based on properties of numbers. Demonstrates easy techniques for multiply- 
ing large numbers mentally, identifying unknown numbers, determining date of any day in 
any year, dozens of similar useful, entertaining applications of mathematics. Entertainments 
like The Lost Digit, 3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, circles, other 
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LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rate your improvement, 
by playing against Marshall, Znosko-Borovsky, Bronstein, Najdorf, others. Formerly Mas 
CHESS BY YOURSELF, this book contains 10 games in which you move against masters, an 
grade your moves by an easy system. Games selected for interest, clarity, easy principles; 
illustrate common openings, both classical and modern. Ratings for 114 extra playing situations 
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THE COMPLETE NONSENSE OF EDWARD LEAR. Original text & illustrations of all Lear's non- — 


sense books: A BOOK OF NONSENSE, NONSENSE SONGS, MORE NONSENSE SONGS, LAUGH- 
ABLE LYRICS, NONSENSE SONGS AND STORIES. Only complete edition available at popular 
price. Old favorites such as The Dong With a Luminous Nose, hundreds of other delightful bits 
of nonsense for children & adults. 214 different limericks, each illustrated by Lear; 3 different 
sets of Nonsense Botany; 5 Nonsense Alphabets; many others. 546 illustrations. 320pp. 5% x 8. 

T167 Paperbound $1.00 


CRYPTOGRAPHY, D. Smith. Excellent elementary introduction to enciphering, deciphering secret 
writing. Explains transposition, substitution ciphers; codes; solutions. Geometrical patterns, 
route transcription, columnar transposition, other methods. Mixed cipher systems; single-alphabet, 
polyalphabetical substitution; mechanical devices; Vigenere system, etc. Enciphering Japanese; 
explanation of Baconian Biliteral cipher frequency tables. More than 150 problems provide 
practical application. Bibliography. Index. 164pp. 5% x 8. 1247 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights into elementary prob- 
lem-solving. A mathematical expert guides you along by-paths not generally travelled in ele- 
mentary math courses—how to divide by inspection, Russian peasant system of multiplication; 
memory systems for pi; building odd and even magic squares; dyadic systems; facts about 37; 
square roots by geometry; Tchebichev’s machine; drawing five-sided figures; dozens more. 
Solutions to more difficult ones. 50 illustrations. 145pp. 5% x &. T350 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical problems 
from Greek, Medieval, Arabic, Hindu sources; modern problems based on “‘mathematics without 
numbers,'' geometry, topology, arithmetic, etc. Pastimes derived from figurative numbers, Mer- 
senne numbers, Fermat numbers; fairy chess, latruncles, reversi, many other topics. Full solutions. 
Excellent for insights into special fields of math. 181 illustrations. 330pp. 5% x 8. 

T163 Paperbound $1.75 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these delightful 
problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, more than 
180 others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 


NEW WORD PUZZLES, Gerald L. Kaufman. Contains 100 brand new challenging puzzles based 
on words and their combinations, never published before in any form. Most are new types 
invented by the author—for beginners or experts. Chess word puzzles, addle letter anagrams, 
double word squares, double horizontals, alphagram puzzles, dual acrostigrams, linkogram 
lapwords—plus 8 other brand new types, all with solutions included. 196 figures. 100 brand 
new puzzles. vi + 122pp. 5% x 8. 1344 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 
matics, stage mind-reading, other ‘'magic’’ explained as applications of probability, sets, theory 
of numbers, topology, various branches of mathematics. Creative examination of laws and their 
application, with sources of new tricks and insights. 115 sections discuss tricks with cards, 
dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand needed; mathe- 
matics guarantees success. 115 illustrations. xii -- 174pp. 5% x 8. T1335 Paperbound $1.00 


MATHEMATICS ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, Henry Sticker. This handy volume offers a tried and true method 
for helping you in the basic mathematics of daily life—addition, subtraction, multiplication, di- 
vision, fractions, etc. It is designed to awaken your ‘'number sense’ or the ability to see rela- 
tionships between numbers as whole quantities. It is not a collection of tricks working only on 
special numbers, but a serious course of over 9,000 problems and their solutions, teaching 
special techniques not taught in schools: left-to-right multiplication, new fast ways of division 
etc. 5 or 10 minutes daily use will double or triple your calculation speed. Excellent for the 
scientific worker who is at home in higher math, but is not satisfied with his speed and accuracy 
in lower mathematics. 256pp. 5x7\%. T7295 Paperbound $1.00 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring circle, trisecting angle, 
doubling cube, considered with full modern implications: transcendental numbers, pi, etc. Notes 
by R. Archibald. 16 figures. xi + 92pp. 5% x 8. T348 Clothbound $1.50 

1298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier's theorem, probability, theory of errors, calculus of 
variations, determinants. ‘‘lf the reader is not familiar with this book, it will repay him to 
examine it,’' CHEM. & ENGINEERING NEWS. 800 problems, 189 figures. Bibliograph 


shat ROR 
+ 641ipp. 5% x8. 8193 Paperbound $2/60 


a 


ARIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
© most important aspects of plane and spherical trigonometry. They will hel 
you to brush up or to clear up difficulties in special areas.—The first portion of this book caver 
plane trigonometry, including angles, quadrants, trigonometrical functions, graphical representa- 
tion, interpolation, equations, logarithms, solution of triangle, use of the slide rule and similar 
topics-188 pages then -discuss application of plane trigonometry to special problems in naviga- 
tion, surveying, elasticity, architecture, and various fields of engineering. Small angles, periodic 
functions, vectors, polar coordinates, De Moivre's theorem are fully examined—The third section 
of the book then discusses spherical trigonometry and the solution of spherical triangles, with 
their applications to terrestrial and astronomical problems. Methods of saving time with nu- 
merical calculations, simplification of principal functions of angle, much practical information 
make this a most useful book—913 questions answered. 1738 problems, answers to odd num- 
bers. 494 figures. 24 pages of useful formulae, functions. Index. x ++ 629pp. 53%%x8. 
1371 Paperbound $2.00 


CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English as 
a refresher for engineers, technicians, students who either wish to brush up their calculus or 
to clear up uncertainties. It is not an ordinary text, but an examination of most important 
aspects of integral and differential calculus in terms of the 756 questions most likely to occur 
to the technical reader. The first part of this book covers simple differential calculus, with con- 
stants, variables, functions, increments, derivatives, differentiation, logarithms, curvature of 
curves, and similar topics—The second part covers fundamental ideas of integration, inspection, 
substitution, transformation, reduction, areas and volumes, mean value, successive and partial 
integration, double and triple integration. Practical aspects are stressed rather than theoretical. 
A 50-page section illustrates the application of calculus to specific problems of civil and nautical 
engineering, electricity, stress and strain, elasticity, industrial engineering, and similar fields. — 
756 questions answered. 566 problems, mostly answered. 36 pages of useful constants, for- 
mulae for ready reference. Index. v + 43lpp. 5% x 8. T370 Paperbound $2.00 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven't gone beyond or have forgotten high school algebra. 9 
monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, fun- 
damental propositions of algebra, algebraic equations, functions, calculus, theory of numbers, 
etc. Each monograph gives proofs of important results, and descriptions of leading methods, to 
provide wide coverage. New introduction by Prof. M. Kline, N. Y. University. 100 diagrams. 
xvi + 416pp. 6% x9%. $289 Paperbound $2.00 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition. This excellent introduction is an outgrowth of the author's courses at Cambridge. 
Historical introduction, rational and irrational numbers, infinite sequences and series, functions 
of a single variable, definite integral, Fourier series, Fourier integrals, and similar topics. 
Appendixes discuss practical harmonic analysis, periodogram analysis, Lebesgues theory. Indexes. 
84 examples, bibliography. xiii + 368 pp. 5% x 8. $48 Paperbound $2.00 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive approach 
with adequate coverage of classical literature, an introductory volume beginners can follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine equations, etc. 
Full treatment of binary quadratic forms without usual restriction to integral coefficients. Covers 
infinitude of primes, least residues, Fermat's theorem, Euler's phi function, Legendre's symbol, 
Gauss's lemma, automorphs, reduced forms, recent theorems of Thue & Siegel, many more. 


Much material not readily available elsewhere. 239 problems. Index. 1 figure. viii + 183pp. 
5%, x 8. $342 Paperbound $1.65 


MECHANICS VIA THE CALCULUS, P. W. Norris, W. S$. Legge. Covers almost everything from 
linear motion to vector analysis: equations determining motion, linear methods, compounding of 
simple harmonic motions, Newton's laws of motion, Hooke’s law, the simple pendulum, motion 
of a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. 550 problems. 3ri 
revised edition. xii -- 367pp. $207 Clothbound $3.95 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geometry. 
It examines from both a historical and mathematical point of view the geometries which have 
arisen from a study of Euclid’s 5th postulate upon parallel lines. Also included are complete 
texts, translated, of Bolyai’s THEORY OF ABSOLUTE SPACE, Lobachevsky'’s THEORY OF PARALLELS. 
180 diagrams. 43lpp. 5% x 8. $27 Paperbound $1.95 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise coverage of 
Classes and cardinal numbers, well-ordered series, other types of series, and elements of the 


theory of sets of poinis. 3rd revised edition. vii ++ 7lpp. 5% x 8. yal ee 8 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book — 


gives a systematic elementary account of the modern history of the continuum as a type of 
serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical knowledge 
of higher mathematics, it offers an easily followed analysis of ordered classes, discrete and 
dense series, continuous series, Cantor's transfinite numbers. 2nd edition. Index. viii + 82pp. 
5%, x 8. $129 Clothbound $2.75 

$130 Paperbound $1.00 


_ GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimensional 
geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, order, 
motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; volume, hyper- 
volume in space; regular polyhedroids. Glossary. 78 figures. ix + 348pp. 5%, x 8. 

$181 Clothbound $3.95 
S182 Paperbound $1.95 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increasingly 
important subject. Start with simple definitions, finish the book with a sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applications. Complete break- 
down of plane, solid, analytical, differential geometry. Separate chapters on application. All 
fundamental formulae listed & demonstrated. 195 problems, 66 figures. viii + 193pp. 5% x 8. 

$109 Paperbound $1.75 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law of 
causality, energy theorem, damped oscillations, coupling by friction, cylindrical and spherical 
coordinates, heat source, etc. Index. 48 figures. 160pp. 5% x 8. §120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda- 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, permutation, 
etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 exercises, 
problems. Index. xvi -+ 447pp. 5% x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, this is 
still one of the clearest introductory texts. Partial contents: permutations, groups independent 
of representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitution, 
graphical representation, etc. 45pp. of notes. Indexes. xxiv + 512pp. 5% x 8. 

$38 Paperbound $2.45 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. First publication in any language! Excellent 
introduction to 2 topics of modern mathematics, designed to give the student background to 
penetrate farther by himself. Sequences & sets, real & complex numbers, etc. Functions of a 
real & complex variable. Sequences & series. Infinite series. Convergent power series. Expansion 
of elementary functions. Numerical evaluation of series. Bibliography. v + 186pp. 5% x 8. 

$152 Clothbound $3.50 

$153 Paperbound $1.75 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for independent 
study. Subdivisions of main theory, such as theory of sets of points, are discussed, but emphasis 
is on general theory. Partial contents: rudiments of set theory, arbitrary sets and their cardinal 
numbers, ordered sets and their order types, well-ordered sets and their ordinal numbers. 
Bibliography. Key to symbols. Index. vii + 144pp. 5% x 8. $141 Paperbound $1.35 


ELEMENTS OF NUMBER THEORY, |. M. Vinogradov. Detailed Ist course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number theoretical 
functions, congruences, primitive roots and indices, etc. Solutions to both problems and exercises. 
Tables of primes, indices, etc. Covers almost every essential formula in elementary number 
theory! 233 problems, 104 exercises. viii -+- 227pp. 5% x8. S259 Paperbound $1.60 


FIVE VOLUME ‘‘THEORY OF FUNCTIONS’’ SET BY KONRAD KNOPP. This five-volume set, prepared 
by Konrad Knopp, provides a complete and readily followed account of theory of functions. 
Proofs are given concisely, yet without sacrifice of completeness or rigor. These volumes are 
used as texts by such universities as M.I.T., University of Chicago, N. Y. City College, and many 
others. ‘Excellent introduction... remarkably readable, concise, clear, rigorous,’’ JOURNAL 
OF THE AMERICAN STATISTICAL ASSOCIATION. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book, provides the student with 
background for further volumes in this set, or texts on a similar level.” Partial contents: Founda- 
tions, system of complex numbers and the Gaussian plane of numbers, Riemann sphere of numbers, 
mapping by linear functions, normal forms, the logarithm, the cyclometric functions and binomial 
series. ‘‘Not only for the young student, but also for the student who knows all about what is 
in it,)’ MATHEMATICAL JOURNAL. Bibliography. Index. 140pp. 5% x 8. S154 Paperbound $1.35 


: 
: 


Wear) 
Agee! OF FUNCTIONS, PART I., Konrad Knopp. With volume ||, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a complex — 
variable, integral of a continuous function, Cauchy's integral theorem, Cauchy's integral formulae 

series with variable terms, expansion of analytic functions in power series, analytic continuation 
and complete definition of analytic functions, entire transcendental functions, Laurent expansion 

types of singularities. Bibliography. Index. vii + 146pp. 5% x 8. $156 Paperbound $1 35 


Nira OF FUNCTIONS, PART II., Konrad Knopp. Application and further development of general 
theory, special topics. Single valued functions: entire, Weierstrass. Meromorphic functions: 
Mittag-Leffler. | Periodic functions. Multiple-valued functions. Riemann surfaces, Algebraic func- 
tions. Analytical configuration, Riemann surface. Bibliography. Index. x + 150pp. 5% x8. 

$157 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1., Konrad Knopp. Problems in 
elementary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and_ infinite 
series, complex variable, integral theorems, development in series, conformal mapping. Answers. 
viii + 126pp. 5% x 8. $158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp's THEORY OF FUNCTIONS, or any other comparable 
text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, multiple- 
valued functions, Riemann surfaces, conformal mapping. Includes a section of additional 
elementary problems. ‘'The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here masterfully 
accomplished,’ AM. MATH. SOC. Answers. 138pp. 5% x 8. $159 Paperbound $1.35 


SYMBOLIC LOGIC 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be particularly, 
appreciated by those who have been rebuffed by other introductory works because of insufficient 
mathematical training. No special knowledge of mathematics is required. Starting with the 
simplest symbols and conventions, you are led to a remarkable grasp of the Boole-Schroeder and 
Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: Study of forms, Essentials of 
logical structure, Generaiization, Classes, The deductive system of classes, The algebra of logic, 
Abstraction of interpretation, Calculus of propositions, Assumptions of PRINCIPIA MATHEMATICA, 
Logistics, Logic of the syllogism, Proofs of theorems. ‘‘One of the clearest and simplest intro- 
ductions to a subject which is very much alive. The style is easy, symbolism is introduced 
gradually, and the intelligent non-mathematican should have no difficulty in following argument,"’ 
MATHEMATICS GAZETTE. Revised, expanded second edition. Truth-value tables. 368pp. 5% x 8. 

; $164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. FIRST PUBLICATION IN ANY 
LANGUAGE. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers the 
field as a whole. It is a development of lectures given at Lund University, Sweden in 1948. 
Partial contents: Logic of classes, fundamental theorems, Boolean algebra, logic of propositions, 
logic of propositional functions, expressive languages, combinatory logics, development of mathe- 
matics within an object language, paradoxes, theorems of Post and Goedel, Church's theorem, and 
similar topics. iv + 214pp. 5% x 8. $277 Paperbound $1.45 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It is the Ist significant attempt to apply logic to all aspects of human endeavour. Partial 
contents: derivation of laws, signs & laws, interpretations, eliminations, conditions of a perfect 
method, analysis, Aristotelian logic, probability, and similar topics. xviii + 424pp. 5% x 8. 


$28 Paperbound $2.00 
ELEMENTARY MATHEMATICS FROM AN 
ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein’s famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic topics in 
each area, illustrating its discussion with extensive analysis. It is especially valuable in consid- 
ering areas of modern mathematics. ‘'Makes the reader feel the inspiration Of Nicene a great 
mathematician, inspiring teacher . . . with deep insight into the foundations and interrelations, 


BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, it 
enlivens abstract discussion with graphical and geometrically perceptual methods. Partial contents: 
natural numbers, extension of the notion of number, special properties, complex numbers. Real 
equations with real unknowns, complex quantities. Logarithmic, exponential functions, goniometric 
functions, infinitesimal calculus. Transcendence of e and pi, theory of assemblages. Index. 125 
figures. ix + 247pp. 5% x 8. $150 Paperbound $1.75 


Voi. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent in 
geometry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifolds: line segment, Grassmann determinant principles, classification of configura- 
tions of space, derivative manifolds. Geometric transformations: affine transformations, projective, 
higher point transformations, theory of the imaginary. Systematic discussion of geometry and its 
foundations. Indexes. 141 illustrations. ix + 214pp. 5% x 8. $151 Paperbound $1.75 


MATHEMATICS: ADVANCED 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr's theory of 


almost periodic functions: (1) as a generalization of pure periodicity, with results and proofs; — 


(2) the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. Bibliography. 


xi + 180pp. 5% x 8. S17 Clothbound $3.50 — 


S18 Paperbound $1.75 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotations of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 5% x 8. $314 Paperbound $1.85 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations problems of math, physics. Partial 
contents: integral equations of 2nd kind by successive substitutions; Fredholm’s equation as ratio 
of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt theory of 
symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. Index. ix + 253pp. 
5%, x 8. $175 Clothbound $3.50 

S176 Paperbound $1.60 


MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposition. 
It provides analytical tools needed to replace cumbersome concepts, and furnishes for the first 
time a logical step-by-step introduction to the subject. Partial contents: geometry & kinematics 
of the phase space, ergodic problem, reduction to theory of probability, application of central 
limit problem, ideal monatomic gas, foundation of thermodynamics, dispersion and distributions 
of sum functions. Key to notations. Index. xiii + 179pp. 5% x 8. $146 Clothbound $2.95 

6147 Paperbound $1.35 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solutions 
in an infinite form, definite integrals, algebraic theory, Sturmian theory, boundary problems, 


existence theorems, Ist order, higher order, etc. ‘'Deserves the highest praise, a notable addition 
to mathematical literature,"' BULLETIN, AM. MATH. SOC. Historical appendix. Bibliography. 
18 figures. viii + 558pp. 5% x 8. $349 Paperbound $2.55 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced level. 
Contains carefully organized analyses of trigonometric, orthogonal, Fourier systems of functions, 
with clear adequate descriptions of summability of Fourier series, proximation theory, conjugate 
series, convergence, divergence of Fourier series. Especially valuable for Russian, Eastern European 
coverage. Bibliography. 329pp. 5% x 8. $290 Paperbound $1.50 


FOUNDATIONS OF POTENTIAL THEORY, O. D. Kellogg. Based on courses given at Harvard this 
is suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much 
material not generally available elsewhere is included. Partial contents: forces of gravity, fields 
of force, divergence theorem, properties of Newtonian potentials at points of free space, potentials 
as solutions of Laplace's equations, harmonic functions, electrostatics, electric images, logarithmic 
potential, etc. ix + 384pp. 5% x8. $144 Paperbound $1.98 


LECTURES ON CAUCHY'S PROBLEMS, J. Hadamard. Based on lectures given at Columbia and 
Rome, this discusses work of Riemann, Kirchhoff, Volterra, and the author's own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical waves 
to apply to all (normal) hyperbolic equations. Partial contents: Cauchy's problem, fundamental 
formula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. Index. iii + 361pp. 5% x 8. $105 Paperbound $1.75 


MATHEMATICAL PHYSICS, STATISTICS 


THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundamentals—theory, application, special problems and 
solutions. Partial contents: Analysis of Strain & Stress, Elasticity of Solid Bodies, Isotropic Elastic 
Solids, Equilibrium of Aeolotropic Elastic Solids, Elasticity of Crystals, Vibration of Spheres, 
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continuous Beams, 
Plates. Rigorous treatment of Volterra’s theory of dislocations, 2-dimensional elastic systems, other 
topics of modern interest. ‘‘For years the standard treatise on elasticity,"" AMERICAN MATHE- 
MATICAL MONTHLY. 4th revised edition. Index. 76 figures. xviii + 643pp. 6% x 9%. 


§174 Paperbound $2.95 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world's most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent functions. 
4th corrected edition, new 76-page section giving tables, formulae for elementary functions—not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; factorial function; 
error integral; theta functions; elliptic integrals, functions; Legendre, Bessel, Riemann, Mathieu, 
hypergeometric functions, etc. Supplementary books. Bibliography. Indexed. ‘'Out of the way 
functions for which we know no other source,'' SCIENTIFIC COMPUTING SERVICE, Ltd. 212 figures. 
A0Opp. 5% x 8. $133 Paperbound $2.00 


—_ 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use various 
methods of numerical differentiation and integration, determine the roots of a single algebraic 

equation, system of linear equations, use empirical formulas, integrate differential equations, etc. 

Hundreds of shortcuts for arriving at numerical solutions. Special section on American calculating 
machines, by T. W. Simpson. 132 illustrations. 422pp. 5% x 8. $273 Paperbound $2.00 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace's equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Joukowski aerofoil for aerodynamists, Schwartz- 
Christoffel transformations for hydrodynamics, transcendental functions. Contents classified -accord- 
ing to analytical functions describing transformation. Twin diagrams show curves of most trans- 
formations with corresponding regions. Glossary. Topological index. 447 diagrams. 244pp. 
6, x 9%. $160 Paperbound $2.60 


FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering classical statistics. It is practical in approach, and one of the books most frequently 
referred to for clear presentation of basic material. Partial contents. Frequency distributions. 
Method of moment. Pearson's frequency curves. Correlation. Theoretical distributions, spurious 
correlation. Correlation of characters not quantitatively measurable. Standard errors. Test of 
goodness of fit. The correlation ratio—contingency. Partial correlation. Corrections for moments, 
beta and gamma functions, etc. Key to terms, symbols. Bibliography. 25 examples in text. 
40 useful tables. 16 figures. xi + 272pp. 5, x 8%. Clothbound $1.49 


HYDRODYNAMICS, H. Dryden, F. Murnaghan, Harry Bateman. Published by the National Research 
Council in 1932 this enormous volume offers a complete coverage of classical hydrodynamics. 
Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent flow, compressible 
fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar motion, resistance of motion 
through viscous fluid, eddy viscosity, hydraulic flow in channels of various shapes, discharge of 
gases, flow past obstacles, etc. Bibliography of over 2,900 items. Indexes. 23 figures. 634pp. 
5%, x 8. $303 Paperbound $2.75 


HYDLODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
appli-ation of pure mathematics to an applied problem. Emphasis is placed upon correlation of 
thecry and deduction with experiment. It examines carefully recently discovered paradoxes, 
theory of modelling and dimensional analysis, paradox & error in flows and free boundary theory. 
The author derives the classical theory of virtual mass from homogeneous spaces, and applies 
group theory to fluid mechanics. Index. Bibliography. 20 figures, 3 plates. xiii -+- 186pp. 5% x 8. 

$21 Clothbound pea 

$22 Paperbound $1.85 


HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard reference 
work on. dynamics of liquids & gases. Fundamental theorems, equations, methods, solutions, 
background, for classical hydrodynamics. Chapters include Equations of Motion, Integration of 
Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid—Dynamical Theory, Vortex Motion, Tidal Waves, Surface Waves, Waves of 
Expansion, Viscosity, Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid 
presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliographical. 
119 figures. xv + 738pp. 6% x94. $256 Paperbound $2.95 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear simul- 
taneous equations, linear ordinary differential equations, partial differential equations, Eigenvalue 
problems by relaxation methods. Detailed examples throughout. Special tables for dealing with 


kwardly-shaped boundaries. I|nd . 253 diagrams. 72 tables. 400pp. 5% x 8. 
awkwardly-shaped boundaries. Indexes iag Bes pt none $0.45 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on elasticity, 
compression theory, potential theory, theory of sound, heat conduction, wave propagation, 
vibration theory. Contents include: deduction of differential equations, vibrations, normal func- 
tions, Fourier’s series, Cauchy's method, boundary problems, method of Riemann-Volterra. 


herical lindrical, ellipsoidal h ics, lications, etc. 97 figures. vii + 440pp. 5% x 8. 
Spherical, cylindrical, ellipsoidal harmonics, applicati g spespiced on evee 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger's 
wave equation, de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie's continuous groups 
of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field equations, etc. 
symmetry permutation group, algebra of symmetric transformation, etc. 2nd revised edition. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, symmetry 
permutation group, algebra of symmetric transformation, etc. 2nd revised edition. Bibliography. 


3 ii 422pp. 5% 8. $268 Clothbound $4.50 
Ss aaa re ve $269 Paperbound $1.95 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, Harry Bateman. Solution of 
boundary value problems by means of definite analyticai expressions, with wide range of repre- 
sentative problems, full reference to contemporary literature, and new material by the author. 
Partial contents: classical equations, integral theorems of Green, Stokes; 2-dimensional problems; 
conformal representation; equations in 3 variables; polar coordinates; cylindrical, ellipsoidal, 
paraboloid, toroidal coordinates; non-linear equations, etc. ‘‘Must be in the hands of everyone 
interested in boundary value problems,'' BULLETIN, AM. MATH. SOC. Indexes. 450 bibliographic 
footnotes. 175 examples. 29 illustrations. xxii -+- 552pp. 6x 9. $15 Clothbound $4.95 
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NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. All 
must pass 2 requirements: easy to grasp and practical, more rapid than school methods. Partial 
contents: graphical integration of differential equations, graphical methods for detailed solution. — 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. ‘‘Should 
be in the hands of all in research in applied mathematics, teaching,’’ NATURE. 21 figures. 
viii + 238pp. 5% x 8. S168 Paperbound $1.75 


ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It discusses 
various procedures for asymptotic evaluation of integrals containing a large parameter and solu- 
tions of ordinary linear differential equations. Bibliography of 71 items. vi + 108pp. 5% x 8. 

$318 Paperbound $1.35 


THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion of 
lectures given at Cambridge. Partial contents: Planchere|’s theorem, general Tauberian theorem, 
special Tauberian theorms, generalized harmonic analysis. Bibliography. viii -- 201pp. 5% x 8. 

$272 Clothbound $3.95 


THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in 
practice can be tackled successfully by the methods set forth by the great Noble laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound theory. Partial contents: 
Harmonic motions, vibrating systems in general, lateral vibrations of bars, curved plates or shells, 
applications of Laplace's functions to acoustical problems, fluid friction, plane vortex-sheet, 
vibrations of solid bodies, etc. This is the first inexpensive edition of this great reference and 
study work. Bibliography. Historical introduction by R. B. Lindsay. Total of 1040pp. 97 figures. 
532. x 8. $292, S293, Two volume set, paperbound $4.00 


ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Chi-square distribution 
and analysis of variance distribution, matrices, quadr tic forms, likelihood ratio tests and tests 
of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, 
etc. 15pp. of useful tables. x + 195pp. 5x 7%. $180 Paperbound $1.45 


by one of this century's most distinguished mathematical physicists, this is a practical introduction 
to those developments of Maxwell's electromagnetic theory which are directly connected with the 
solution of the partial differential equation of wave motion. Methods of solving wave-equations, 
polar-cylindrical coordinates, diffraction, transformation of coordinates, homogeneous solutions, 
electromagnetic fields with moving singularities, etc. Index. 168pp. 5%, x 8. 

$14 Paperbound $1.60 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate discusses 
quantum theory; Heisenberg’s own work, Compton, Schroedinger, Wilson, Einstein, many others. 
Written for physicists, chemists who are not specialists in quantum theory, only elementary 
formulae are considered in the text; there is a mathematical appendix for specialists. Profound 
without sacrifice of clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5% x 8. 

$113 Paperbound $1.25 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages of their authors: the papers 
most often cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, 
»Cockcroft, Hahn, Yukawa. Unparalleled Bibliography: 122 double-columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6% x9'. $19 Paperbound $1.75 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for those whose work involves noise charac- 
teristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. Included is Kac's 
Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 articles; up through 1953. 
21 figures. 337pp. 6% x 9%. $262 Paperbound $2.25 


THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Elementary in 
treatment; remarkable for clarity, organization. Requires no knowledge of advanced math 
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial Contents: 
Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermodynamic poten- 
tials: phase rule, reversible electric cell; Gaseous reactions: Van't Hoff reaction box, principle of 
LeChatelier; Thermodynamics of dilute solutions:: osmotic & vapor pressure, boiling & freezing 
points; Entropy constant. Index. 25 problems. 24 illustrations. x + 160pp. 5% x 8. 


$361 Paperbound $1.75 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, Subrahmanyan Chandrasekhar. 
Outstanding treatise on stellar dynamics by one of world's greatest astrophysicists. Uses classical 
& modern math methods to examine relationship between loss of energy, the mass, and radius 
of stars in a steady state, Discusses thermodynamic laws from Caratheodory’s axiomatic 
standpoint; adiabatic, polytropic laws; work of Ritter, Emden, Kelvin, others; Stroemgren 
envelopes as starter for theory of gaseous stars; Gibbs statistical mechanics (quantum); 
degenerate stellar configurations & theory of white dwarfs, etc. ‘'Highest level of scientific merit,'’ 
BULLETIN, AMER. MATH. SOC. Bibliography. Appendixes. Index. 33 figures. hue 5% x 8. 
ou 


$413 Paperbound $2.75 
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MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written | 
: 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough, systematic Presentation of 
ph ‘sical & mathematical aspects, limited mostly to ‘‘real optics.'' Stresses Practical problem of 
maximum aberration permissible without affecting performance. All ordinary ray tracing methods; 
complete theory primary aberrations, enough higher aberration to design telescopes, low-powered 
icroscopes, photographic equipment. Covers fundamental equations, extra-axial image points 
transverse chromatic aberration, angular magnification, aplanatic optical systems, bending of 
_ lenses, oblique pencils, tolerances, secondary spectrum, spherical aberration (angular, longi- 
tudinal, transverse, zonal), thin lenses, dozens of similar topics. Index. Tables of functions of 
N. Over 150 diagrams. x -+ 518pp. 6% x 9%. S366 Paperbound $2.95 


SPACE-TIME-MATTER, Hermann Weyl. ‘‘The standard treatise on the general theory of relativity,"' 
(Nature), written by a world-renowned scientists, provides a deep clear discussion of the logical 
coherence of the general theory, with introduction to all the mathematical tools needed: Maxwell, 
analytical geometry, non-Euclidean geometry, tensor calculus, etc. Basis is classical space-time, 
before absorption of relativity. Partial contents: Euclidean space, mathematical form, metrical 
continuum, relativity of time and space, general theory. 15 diagrams. Bibliography. New preface 
for this edition. xviii + 330pp. 5% x 8. $267 PapeLsoOnet $1.75 


RAYLEIGH’S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bickley. 
Rayleigh s principle developed to provide upper and lower estimates of true value of fundamental 
period of a vibrating system, or condition of stability of elastic systems. Illustrative examples; 
rigorous proofs in special chapters. Partial contents: Energy method of discussing vibrations, 
stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic stability. Application 
of energy method. Vibrating system. Proof, accuracy, successive approximations, application of 
Rayleigh’s principle. Synthetic theorems. Numerical, graphical methods. Equilibrium configura- 
tions, Ritz’'s method. Bibliography. Index. 22 figures. ix + 156pp. 5% x8. 


$307 Paperbound $1.50 
PHYSICS, ENGINEERING 


THEORY OF VIBRATIONS, N. W. McLachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of bars and 
tubes, transverse vibration of circular plate, sound waves of finite amplitude, etc. Index. 
99 diagrams. 160pp. 5% x 8. $190 Paperbound $1.35 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and application 
to different problems: pure physics, such as scattering of X-rays of crystals, thermal vibration in 
crystal lattices, electronic motion in metals; and also problems of electrical engineering. Partial 
contents: elastic waves in 1-dimensional lattices of point masses. Propagation of waves along 
1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional lattices. Mathieu's equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 illus- 
trations. . Bibliography. Index. xii + 253pp. 5% x 8. S34 Paperbound $1.85 


THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion methods, 
with tables converting any quantity into absolute electromagnetic, absolute electrostatic, practical 
units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduction. Indexes. 
4lépp. 5% x 8. $185 Paperbound $2.00 


APPLIED HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. Presents, for the 
most part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoil theory, entry conditions, turbulent flow in pipes and the boundary layer, determining 


a 


drag from measurements of pressure and velocity, etc. ‘'Will be welcomed by all students of 
aerodynamics,'’ NATURE. Unabridged, unaltered. Index. 226 figures. 28 photographic plates 
illustrating flow patterns. xvi + 3llpp. 5% x 8. $375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. The well- 
known standard work based upon Prandtl’s unique insights and including original contributions 
of Tietjens. Wherever possible, hydrodynamic theory is referred to practical considerations in 
hydraulics with the view of unifying theory and experience through fundamental laws. Presenta- 
tion is exceedingly clear and, though primarily physical, proofs are rigorous and use vector 
analysis to a considerable extent. Translated by L. Rosenhead. 186 figures. Index. xvi 

270pp. 5% x 8. $374 Paperbound $1.85 


DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edition 
of a classic reference aid. Much of its material remains unique. Partial contents: moving axes, 
relative motion, oscillations about equilibrium, motion. Motion of a body under no forces, 
any forces. Nature of motion given by linear equations and conditions of stability. Free, forced 
vibrations, constants of integration, calculus of finite differences, variations, procession and 


i i ti f string, chain, membranes. 64 figures. 498pp. 5% x 8. 
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MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment of 
dynamics of rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics. Exon ee 
75 figures. 208pp. 5% x 8. $66 Paperbound $1. 


\! | | Oa 
TABLES FOR THE DESIGN OF FACTORIAL EXPERIMENTS, Tosio Kitagawa and Michiwo Mitome. 
An invaluable aid for all applied mathematicians, physicists, chemists and biologists, this boo 
contains tables for the design of factorial experiments. It covers Latin squares and cubes, 
factorial design, fractional replication in factorial design, factorial designs with split-plot con- 
founding, factorial designs confounded in quasi-Latin squares, lattice designs, balanced in- 
complete block designs, and Youden's squares. New revised corrected edition, with explanatory 


notes. vii + 253pp. 7% x 10. $437 Clothbound $8.00 
NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennett, Milne & Bateman. Unabridged 
republication of original monograph prepared for National Research Council. New methods of 


integration of differential equations developed by 3 leading mathematicians: THE INTERPOLA- 
TIONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY-STEP 
METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS 
by H. Bateman. Methods for partial differential equations, transition from difference equations 
to differential equations, solution of differential equations to non-integral values of a parameter 
will interest mathematicians and physicists. 288 footnotes, mostly bibliographic; 235-item 
classified bibliography. 108pp. 5% x 8. $305 Paperbound $1.35 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical abstractions with inde- 
pendent observation of actual facts. Partial contents: instruments & their parts, theory of errors, 
systematic errors, probability, short period errors, erratic errors, design precision, kinematic semi- 
kinematic design, stiffness, planning of an instrument, human factor, etc. Index. 85 photos, 
diagrams. xii + 288pp. 5% x 8. $270 Paperbound $1.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a general- 
ization and extension of the theory of solid bodies, this volume covers all types of arrangements 
of solids, thermal displacements of atoms, interstitial atoms and ions, orientational and rotational 
motion of molecules, and transition between states of matter. Mathematical theory is developed 
close to the physical subject matter. 216 bibliographical footnotes. 55 figures. xi -++ 485pp. 
5%, x 8. S94 Clothbound $3.95 

S95 Paperbound $2.45 


THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena of 
1, 2, 3, 4, and multiple component systems, this ‘‘standard work on the subject'’ (NATURE, 
London), has been completely revised and brought up to date by A. N. Campbell and N. O. 
Smith. Brand new material has been added on such matters as binary, tertiary liquid equilibria, 
solid solutions in ternary systems, quinary systems of salts and water. Completely revised to 
triangular coordinates in ternary systems, clarified graphic representation, solid models, etc. 
9th revised edition. Author, subject indexes. 236 figures. 506 footnotes, mostly bibliographic. 
xii + 494pp. 5% x8. S92 Paperbound $2.45 


DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical and physical chapters 
for the convenience of those not expert in mathematics, this volume discusses the mathematical 
theory of gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic theory, quantum 
theory, exponentials, etc. 4th enlarged edition, with new material on quantum theory, quantum 
dynamics, etc. Indexes. 28 figures. 444pp. 6% x 914. $136 Paperbound $2.45 


POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial contents: 
electric intensity, displacement and force, polarization by orientation, molar polarization| and 
molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. 
Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. $63 Clothbound $3.50 

664 Paperbound $1.50 


TREATISE ON THERMODYNAMICS, Max Planck. Based on Planck's original papers this offers a 
uniform point of view for the entire field and has been used as an introduction for students who 
have studied elementary chemistry, physics, and calculus. Rejecting the earlier approaches of 
Helmholtz and Maxwell, the author makes no assumptions regarding the nature of heat, but 
begins with a few empirical facts, and from these deduces new physical and chemical laws. 
3rd English edition of this standard text by a Nobel laureate. xvi + 297pp. 5% x 8. 

$219 Paperbound $1.75 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chemists, 
physicists specializing in other fields. Partial contents: simplest line spectra and elements of 
atomic theory, multiple structure of line spectra and electron spin, building-up principle and 
periodic system of elements, finer details of atomic spectra, hyperfine structure of spectral lines, 
some experimental results and applications. Bibliography of 159 items. 80 figures. 20 tables. 
Index. xiii -++ 257pp. 5% x 8. S115 Paperbound $1.95 


EARTH SCIENCES 


THE EVOLUTION OF THE IGNEOUS ROCKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of apes and chemistry to explain igneous rocks diversity in terms of chemical com- 
position and fractional crystallization. Discusses liquid immiscibility in silicate magmas, crystal 
sorting, liquid lines of descent, fractional resorption of complex minerals, petrogenesis, etc. Of 
prime importance to geologists & mining engineers, also to physicists, chemists working - with 
high temperatures and pressures. ‘'Most important,’’ TIMES, London. 3 indexes. 263 biblio- 
graphic notes. 82 figures. xviii + 334pp. 5% x8. S311 Paperbound $1.85 
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GEOGRAPHICAL ESSAYS, William Morris Davis. Modern geography & geomorphology rests on 
the fundamental work of this scientist. 26 famous essays presenting - most important theories 
field researches. Partial contents: Geographical Cycle, Plains of Marine and Subaerial Denuda- 
tion, The Peneplain, Rivers and Valleys of Pennsylvania, Outline of Cape Cod, Sculpture of 
Mountains by Glaciers, etc. ‘‘Long the leader and guide,'' ECONOMIC GEOGRAPHY “Part of 
the very texture of geography . . . models of clear thought,'’ GEOGRAPHIC REVIEW Index 
130 figures. vi + 777pp. 5% x8. $383 Paperbound $2.95 


INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Compl i 
brought up-to-date, reset. Prepared for the Runoaal: Research Cotrical this re alae 
thorough coverage of such topics as earth origins, continent formation, nature & behavior of 
the earth's core, petrology of the crust, cooling forces in the core, seismic & earthquake material 
gravity, elastic constants, strain characteristics and similar topics. ‘'One is filled with admira- 
tion . . . a high standard . . there is no reader who will not learn something from. this 
book, London, Edinburgh, Dublin, Philosophic Magazine. Largest bibliography in print: 1127 
classified items. Indexes. Tables of constants. 43 diagrams. 439pp. 6% x9. 
$414 Paperbound $2.45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems: fossils & their explanation, 
vulcanists vs. neptunists, figured stones & paleontology, generation of stones, dozens of similar 
topics. 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. 5llpp. 5% x8. T5 Paperbound $2.00 


HYDROLOGY, edited by Oscar E. Meinzer. Prepared for the National Research Council. Detailed 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, lakes, 
infiltration, soil moisture, ground water, runoff, drought, physical changes produced by water, 
hydrology of limestone terranes, etc. Practical in application, especially valuable for engineers. 
24 experts have created ‘‘the most up-to-date, most complete treatment of the subject,'' AM. 
ASSOC. OF PETROLEUM GEOLOGISTS. Bibliography. Index. 165 illustrations. xi + 712pp. 
6% x 9% $191 Paperbound $2.95 


DE RE METALLICA, Georgius Agricola. 400-year old classic translated, annotated by former 
President Herbert Hoover. The first scientific study of mineralogy and mining, for over 200 
years after its appearance in 1556, it was the standard treatise. 12 books, exhaustively anno- 
tated, discuss the history of mining, selection of sites, types of deposits, making pits, shafts, 
ventilating, pumps, crushing machinery; assaying, smelting, refining metals; also salt, alum, 
nitre, glass making. Definitive edition, with all 289 16th century woodcuts of the original. 
Bibliographical, historical introductions, bibliography, survey of ancient authors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
289 illustrations. 672pp. 634 x 1034. Library cloth. S6 Clothbound $10.00 


URANIUM. PROSPECTING, H. L. Barnes. For immediate practical use, professional geologists 
considers uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
occupation. Index. Bibliography. x -+117pp. 5% x8. T309 Paperbound $1.00 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at the Am. Mus. 
of Nat. Hist. Probably the most used text on amphibia, unmatched in comprehensiveness, 
clarity, detail. 19 chapters plus 85-page supplement cover development; heredity; life history; 
adaptation; sex, integument, respiratory, circulatory, digestive, muscular, nervous  systerns; 
instinct, intelligence habits environment economic value, relationships, classification, etc. “Nothing 
comparable to it,'' C. H. Pope, Curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 biblio- 
graphic references. 174 illustrations. 600pp. 5% x 8. $206 Paperbound $2.98 


THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. Ist prepared in 1941 by 
the staff of the Roscoe B. Jackson Memorial laboratory, this is still the standard treatise on the 
mouse, assembling an enormous amount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontaneous neoplasms, gene & chromosomes 
mutations, genetics of spontaneous tumor formation, genetics of tumor formation, inbred, hybrid 
animals, parasites, infectious diseases, care & recording. Classified bibliography of 1122 items. 
172 figures, including 128 photos. ix + 497pp. 6%, x 9'%4. $248 Clothbound $6.00 


BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Oustanding scientific study; 
a compendium of practically everything known about social life of the honeybee. Stresses be- 
havior of individual bees in field, hive. Extends von Frisch's experiments on communication 
among bees. Covers perception of temperature, gravity, distance, vibration; sound production; 
glands; structural differences; wax production, temperature regulation; recognition communication; 
drifting, mating behavior, other highly interesting topics. Bibliography of 690 references, Indexes. 
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ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. A pioneer classic, the first major attempt 
to apply modern mathematical techniques on a large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial Contents: Statistical meaning of irre- 
versibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chemical, inter- 
Species equilibrium; parameters of state; Energy transformers of nature, etc. Can be read with 
profit even by those having no advanced math; unsurpassed as study-reference. Formerly titled 


: AL BIOLOGY. 72 figures. xxx 460pp. 5% x 8. 
TORE Aerials geen * " "$346 Paperbound $2.45 
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Gf THE ORIGIN OF LIFE, A. Ty Oparin. A classic of biology. This is the first modern statement a 
Rees the theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation. 
of Oparin's theory in light of later research, by Dr. S. Margulis, University of Nebraska. xxv 


"+ 270pp. 5% x8. ; $213 Paperbound $1.75 


THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doren. This famous source-book of 
American anthropology, natural history, geography is the record kept by Bartram in the 1770's, 

= on travels through the wilderness of Florida, Georgia, the Carolinas. Containing accurate and 
~~ beautiful descriptions of Indians, settlers, fauna, flora, it is one of the finest pieces of Ameri- 
cana ever written. Introduction by Mark Van Doren. 13 original illustrations. Index. 448pp. 

5% x 8. T13 Paperbound $2.00 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of THE EVOLUTION OF ANATOMY, classic work tracing evolution of 
anatomy and physiology from prescientific times through Greek & Roman periods, Dark Ages, 
Renaissance, to age of Harvey and beginning of modern concepts. Centered on individuals, 
movements, periods that definitely advanced* anatomical knowledge: Plato, Diocles, Aristotle, 
Theophrastus, Herophilus, Erasistratus, the Alexandrians, Galen, Mondino, da Vinci, Linacre, 
Harvey, others. Special section on Vesalius; Vesalian atlas of nudes, skeletons, muscle tabulae. 
Index of names. 20 plates, 270 extremely interesting illustrations of ancient, medieval, renais- 
sance, oriental origin. xii + 209pp. 5% x 8. T389 Paperbound $1.75 


NEW BOOKS 


LES METHODES NOUVELLES DE LA MECANIQUE CELESTE by H. Poincaré. Complete text (in 
French) of one of Poincaré’s most important works. Revolutionized celestial mechanics: first 
use of integral invariants, first major application of linear differential equations, study of per- 
iodic orbits, lunar motion and Jupiter's satellites, three body problem, and many other im- 
portant topics. ‘‘Started a new era . . . so extremely modern that even today few have 
mastered his weapons,'’ E. T. Bell. Three volumes; 1282pp. 6%, x 91%. 

Vol. 1. S401 Paperbound S 

Vol. 2. S402 Paperbound rS.. 

Vol. 3. S403 Paperbound ~ 


APPLICATIONS OF TENSOR ANALYSIS by A. J. McConnell. (Formerly, APPLICATIONS O 
ABSOLUTE DIFFERENTIAL CALCULUS). An excellent text for understanding the applicati 
1 tensor methods to familiar subjects such as: dynamics, electricity, elasticity, and hydrodyn: 
It explains the fundamental ideas and notation of tensor theory, the geometrical treatme 
tensor algebra, the theory of differentiation of tensors, and includes a wealth of practict 

terial. Bibliography. Index. 43 illustrations. 685 problems. xii + 38]pp. 
$373 Paperbound 


BRIDGES AND THEIR BUILDERS, David B. Steinman and Sara Ruth Watson. Engineers, histc 

and everyone who has ever been fascinated by great spans will find this book an endless : > 
of information and interest. Dr. Steinman, the recent recipient of the Louis Levy Medal, is one — 
of the great bridge architects and engineers of all time, and his analysis of the great bridges 
of all history is both authoritative and easily followed. Greek and Roman bridges, medieval 
bridges, oriental bridges, modern works such as the Brooklyn Bridge and the Golden Gate 
Bridge (and many others) are described in terms of history, constructional principles, artistry, 
and function. All in all this book is the most comprehensive and accurate semipopular history 
of bridges in print in English. New greatly revised enlarged edition. 23 photographs, 26 line 
drawings. Index. xvii -- 401pp. 5% x 8. T7431 Paperbound $1.95 


MATHEMATICS IN ACTION, O. G. Sutton. Excellent middle-level exposition of application of 
advanced mathematics to the study of the universe. The author demonstrates how mathematics 
is applied in ballistics, theory of computing machines, waves and wavelike phenomena, theory 
of fluid flow, meterological problems, statistics, flight, and similar phenomena. No knowledge 
of advanced mathematics is necessary to follow the author's presentation. Differential equations, 
Fourier series, group concepts, eigen functions, Planck's constant, airfoil theory and similar topics 
are explained so clearly in everyday language that almost anyone can derive benefit from read- 
ing this book, 2nd edition. Index. 88 figures. viii + 236pp. 5% x 8. 

T450 Clothbound $3.50 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY by A. 1. Khinchin. For the first 
time, mathematicians, statisticians, physicists, cyberneticists and communications engineers are 
offered a complete and exact introduction to this relatively young field. Entropy as a measure 
of a finite ‘‘scheme,'’ applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more is covered. Bibliography. vii + 120pp. 5% x 8. 

S434 Paperbound $1.35 
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Indicate your field of interest. Dover publishes books on physics, earth sciences, mathematics, 
engineering, chemistry, astronomy, anthropology, biology, psychology, philosophy, religion 
history, literature, mathematical recreations, languages, crafts, gardening, art, graphic arts, etc. 


Available at your dealer or write Dover Publications, Inc., 
920 Broadway, Department TF1, New York 10, New York. 


CATON UNA ANAN  A 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS 
edited by Sir Thomas Heath 


This is the definitive edition of one of the very greatest classics of 
all time. Utilizing the text established by Heiberg, Heath encompasses 
almost 2500 years of mathematical and historical study upon Euclid. 


This unabridged republication of the 2nd enlarged edition originally 
published by Cambridge University Press contains the complete English 
text of the 13 books of Euclid’s ELEMENTS, together with a critical 
apparatus which analyzes each definition, postulate, and proposition 
in great detail. It covers textual and linguistic matters; mathematical 
analysis of Euclid’s ideas; classical, medieval, renaissance, modern 
commentators and their interpretations; refutations, supports, extra- 
polations, reinterpretations, historical notes, all given with extensive 
quotes. 


This is the full Euclid, not to be found in abridgments. It is one of the 
supreme models in all history of rigorous reasoning. ‘‘The textbook 
that shall really replace Euclid has not yet been written and probably 
never will be,’’ ENCYCLOPAEDIA BRITANNICA. 


3 volume set, Each volume, Paperbound $2.00 


THIS DOVER EDITION IS DESIGNED FOR YEARS OF USE 


THE PAPER is chemically the same quality as you would find in books priced 
$5.00 or more. It does not discolor or become brittle with age. Not artificially 
bulked, either; this edition is an unabridged full-length book, but is still easy 
to handle. 

THE BINDING: The pages in this book are SEWN in signatures, in the method 
traditionally used for the best books. These books open flat for easy reading and 
reference. Pages do not drop out, the binding does not crack and split (as is the 
case with many paperbacks held together with glue). 


THE TYPE 1S LEGIBLE: Margins are ample and allow for cloth rebinding. 


AN ESSAY ON THE FOUNDATIONS 
OF GEOMETRY 


by Bertrand Russell 


This classic of science is a mathematical and physical analysis of 


the place of the a priori in geometric knowledge. It attempts to | — 


answer basic questions in the area where philosophy and higher 
mathematics meet. “What geometrical knowledge must be the logi- 
cal starting point for a science of space?” “What geometry must be 
logically necessary for the experience of any form of space outside 
our minds?” “What are the properties of this space, and how are 
objects in it interrelated?” 


While Russell’s solution to these questions is not the generally 
accepted modern solution, it is still most interesting as an excep- 
tionally clear statement of a most important scientific problem, and 
as a logically coherent system devised by one of the greatest minds 
of our time. It is also a rich mine of insights, expressed with all 
Russell’s usual clarity, precision, and elegantly reasoned analysis. 


This study is especially valuable for its coverage of the contributions 
of such continental thinkers as Kant, Lotse, Vaihinger, Herbart, 
Helmholtz, Erdmann, and Riemann. Besides reviewing and _ high- 
lighting essential features of 19th century non-Euclidean geometry, 


it contains analyses and critiques not obtainable from purely tech- 
nical books. » 


“His insights, as well as his-review of 19th century work i 
Euclidean geometry, remain valuable,” SCIENTIFIC MONTHL 


New introduction by Professor Morris Kline, New York Uni 
200 footnotes, mostly bibliographic. xxii + 201pp. 5% x 8. 


$233 Paperbound 
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